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Painleve-Kuratowski convergence results are obtained, under sufficient conditions of minimal character,
for approximate Nash equilibria of two sequences of real valued functions. Moreover, an application to a
hierarchical game is given.

1. Introduction

Having in mind to obtain existence and stability results for hierarchical games with one
leader and two followers playing a non cooperative non zero sum game [10, 3|, the aim
of this paper is to give new convergence results for a sequence of Nash equilibria. More
precisely let V7 (respectively V3) be a topological space, Y; (respectively Y5) be a nonempty
closed subset of V] (respectively V5) and fi, fo be two real valued functions defined on
Y] x Y;. The corresponding Nash Equilibrium problem is the following:

find (7,,7,) € Y1 x Y, such that:
fl(gl,yZ) = inf fl(ylag2) and f2(g1ag2) = inf f2(y1,yz)-
Yy1€Y] Y2€Y2

N(fi, f2) {

Let N be the set of solutions to the problem N(f, fo). One is interested, as in optimiza-
tion [1, 4, 7, 21], to a general scheme of perturbations which can include penalizations
and discretizations. Therefore, let (fi,), and (fon)n be two sequences of real valued
functions defined on Y; x Y5. For all n € N, let N(f1, fon) be the corresponding Nash
equilibrium problem and let N, be the solution set of N (f1n, f2.,). Convergence results
for the solutions of N'(f1,, fo) to solutions of N'(f1, f2) have been given in [6] and, more
precisely, sufficient conditions have been given for the condition:

Lim sup N, C N (1.1)

n—oo

that is: for any sequence (yx)x such that yx = (y1x, y2x) converges to y = (y1, y2) and yy
is a solution to N (fi,n,, fon, ), for a selection of integers (ny), we have that y is a solution

to N'(f1, f2)-
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Unfortunatly, even for nice functions and set of constraints, we have not, in general, (see
Example 1.1)

N C Lim inf N, (1.2)

n—00

that is: for any y = (y1,y2) solution to N(f1, f2) there exists a sequence (y,), such that
Yn = (Y1,ns Y2,n) 1s & solution to N (fin, fon) and y, converges to y.

The aim of this paper is to determine a set of approximate solutions to N'(fi, f2) (resp.
N (fin, fon)), called N(e) (resp. Ny(e€)), such that sufficient conditions of minimal char-
acter can be obtained for the condition

N(e) C Lim inf N,,(¢) for any € > 0 (1.3)

n—oo

that is: for any y = (y1,y2) € N(e) there exists a sequence (y,), converging to y and such
that Yn = (yl,myZ,n) S Nn(e)

When N (f1, f) and N(f1, fo.n) are generalized saddle point problems [2, 8], relation
(1.3) has been obtained in [18] for approximate saddle points under conditions of minimal
character involving new semicontinuity properties for multifunctions. In this paper, firstly,
we extend these results to a non zero sum game and, secondly, we slightly weaken the
sufficient conditions given for condition (1.1) in [6]. Let us note that we also extend
to nonzero sum games the results on lower semicontinuity of e-solutions to minimum
problems, obtained in a sequential setting in [16] and in a topological one in [15]. Finally,
to illustrate the usefulness of condition (1.3), an application to a hierarchical game is given,
extending the existence and stability results obtained in [20], in the case of uniqueness of
the solutions to the lower level problem, to the case in which the set of solutions is not
always reduced to a singleton.

Now, let us give an elementary example in which a sequence of functions (f; ), converges
uniformly to a function f; for ¢ = 1,2 and such that condition (1.1) is satisfied but
condition (1.2) is not.

Example 1.1. Let Y7 = Y, = [0,1] and fi(y1,¥2) = fo(¥1,%2) = 0, fin(vi,42) =
Son(y1, y2) = 22 for any n € N. We have N = [0,1]x[0, 1] and N,, = ([0, 1]x {0})U({0} x

[0,1]) for any n € N. Then Lim sup,,_,., NV, € N but we have not N C Lim inf,,_,, IV,.
In fact Lim inf, o N, = Lim sup,,_,,. N, = ([0,1] x {0}) U ({0} x [0,1]) C N.

Therefore, in the following, we consider approximate solutions and more precisely:

Definition 1.2. The pair y = (¥,,7,) € Y1 X Y5 is an e-approzimate Nash equilibrium for
the problem N (fi, fo) if ¥ satisfies:

find (7,,7,) € Y1 x Y; such that:
fl(ylagZ) + f2(g17g2) < /Ul(flayQ) + UQ(f?agl) +€

N(flaf2)(€){

where U1(f1, y2) = infyleYl f1(y1, 312), U2(f2, yl) = innyEYz f2(y1, y2).

Let N(e) be the set of e-approximate Nash equilibria. We note that, for any € > 0, we
have N C N(e) and for e = 0: N(0) = N.
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Remark 1.3. In Example 1.1 we have: N(e) = [0,1] x [0,1] = N, Ny(€) = {(F1 s F2n) €
Y1 x Y, such that 7, ,%,, < %} for any € > 0 and N(e) C Lim inf,,_,o, Ny (€) is satisfied
for any € > 0.

Definition 1.4. The pairy = (y,,7,) € Y1 x Y5 is a strict e-approzimate Nash equilibrium
for the problem N (fi, fo) if ¥ satisfies:

find (7,,7,) € Y1 x Y5 such that:
fl@la%) + fZ(glay2) < Ul(flayZ) + UQ(anyl) +€

N (€) will be the set of solutions to the problem N(fi, f2)(e).

N(flan)(e){

Remark 1.5. An another well known concept of approximate Nash equilibrium (see for
example [3]) for the problem N (f1, f2) is the following:

7= (Y1,7y) € Y1 X Ys is an e-Nash equilibrium if 7 satisfies:

find (v,,7,) € Y1 x Y5 such that:
11, Y2) S vi(f1,9,) +€ and fo(Y1,7) < valfo,¥1) + €

N(f1,f2)(€){

Let N (€) be the set of e-Nash equilibria. The two concepts are not equivalent. However,
we have the following inclusions:

N(e) C N(2¢) and N(e) C N(e) for any e > 0.
Through the paper we will consider e-approximate Nash equilibria and a first result con-
cerning strict approximate solutions is the following:
Proposition 1.6. Assume the following conditions:

(A1) for any (y1,y2) € Y1 x Y3 there exists a sequence (Y ,, Yo )n converging to (yi,yo)
m Y, X Yy such that:

lim Sup[fl,n(yl’n; y?,n) + f2,"(gl,ni yQ,n)] < fl (yb y?) + f2 (yb yZ)’

n—oo

(A2) for any (y1,y2) € Y1 x Yy and any sequence (Y1, Yo.n)n converging to (yi,y2) in
Y1 x Y5 we have:

v1(f1,y2) + ve(fo, y1) < ligf_l)glf[vl(fl,n, Yon) + V2(fom, Yi.n))-
Then, for all € > 0, N(e) C Lim inf,,_,o Ny (e).

Proof. Let (y1,42) € N(e). In light of (A1), there exists a sequence (Y1) Ya,n)n converg-
ing to (y1,y9) in Y7 x Y3 such that:

Hm sup[f1,0(Y1ns Vo) + fon Ui Yon)] < Fr(yr, 42) + f2(y1, 42) (1.4)

n—0o0

In light of (A2), we have:

v1(f1,y2) + va(fo, y1) < ligr_l)glf[m(ﬁ,m%,n) + 02 (fo,n Ui )] (1.5)

and, in light of (1.4), (1.5) and the fact that (y1,y2) € N(e), we obtain the result. O
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Concerning e-approximate solutions we have the following theorem:
Theorem 1.7. Let € > 0 and assume the following conditions: (Al), (A2) and

(A3) the function f1 + fo is conver;

(Ad) the functzon v1(f1,.) +va(fo,.) is concave;

(A5) N(e) #

(A6) let V; (respectwely Va) be a first countable topological and real vector space and Y;
(respectively Y, ) be a conver subset of Vi (respectively V).

Then N(€) C Lim inf, o Ny(€).

Proof. Let (7;,%,) € N(e) and (41, %) € N(e). We define: 7;,, = Lg; + (1 — L)y, for
i =1,2 and n € N. Obviously the sequence (¥, ,,7,,) converges to (¥;,7,) and in light
of (A3) and (A4) we have:

fl (gl,nﬂ y?,n) + f2 (gl,n’ y2,n)

< {0 B) + ol 3]+ (1= ){00T2) + 501, 7)

< ~for(fus ) + vallorB0) + (1= Da (i B) + ool 1) +

S vl(flagQ,n) + Uz(fZ’yl,n) + e

Therefore, we proved that N(e) C cl N(e) where cl A is the closure of the set A. Then, in
light of Proposition 1.6, we have: N(e) C cl N(e) C clLim inf,,_,o Ny (e). Since Y; and Y,
are first countable topological spaces, Lim inf,_,. Ny (€) is a sequentially closed subset in
Vi x V3 and N(e) C Lim inf,_, . N, (e) C Lim inf,_,o, N, (e). O

Sufficient conditions on the data of the problem for assumptions (A2) and (A4) can be
easily obtained:

Corollary 1.8. Let € > 0. Assume that Y, and Yy are two sequentially compact subsets
and that the following assumptions hold: (A1), (A3), (A5), (A6) and

(A2%) for any (y1,y2) € Y1 x Yy and any sequence (Yin,Yon)n converging to (yi,y2) in
Y1 x Y, we have:

fi(y1,y2) < Hminf f1 (Y10, Yo,n) and fo(yr,y2) < Hminf fo,, (Y10, Yo,n);
n—o0 n—00

(A4’) the functions fi(y1,.) and fo(.,y2) are concave, respectively, on Yo and Y;.
Then N(e) C Lim inf,_, . Ny, (e€).

In the following example, conditions (A1) and (A2) are satisfied but condition (A2’) is
not.
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Example 1.9. Let Y] =Y, = [Oa 1]a fl(ylay2) = _(yl + yz), f2(?/1,llz) = y; + y2 and for
n>1

1 lf(yl,yg)E{%}X[%,l—%]U[%,l—%]X{%}

0 otherwise

0 otherwise

fl,n(yla ?12) = {

fz,n(yh y2) = {

Remark 1.10. It is easy to determine functions f; and f, which are not linear with
respect to y; and to yo but such that conditions (A3) and (A4’) are satisfied. For example

fi(yr, p0) = y1°> — 132 and Ja(y1,12) = Y22 + 2y19s.
However, if f; and f, are supposed to be convex it can be proved that, under condition
(A4’), f1 and fo cannot be quadratic functions.

Remark 1.11. Clearly assumption (A5) is satisfied for all € > 0 if N # ). Note that
recent existence results for Nash equilibrium, in topological vector spaces and in reflexive
Banach spaces, have been obtained in [22, 5, 11, 12, 23, 24].

Remark 1.12. Even if the different statements on e-approximate and strict e-approxi-
mate solutions could be surprising, assumptions (A3) and (A4) are crucial for lower semi-
continuity property of the e-approximate solutions, as shown by the following example:

Let Y1 =Y, = [07 1]7 f2(2/1,y2) = f2,n(ylay2) =0, for alln € N,

1

if gy € s 2]
_Jr UW }k—e—l’k
fl(y1,y2) {0 if gy = 0

1 1/¢1 1 . 1 1
Lyll— L) ify €)1
_ e T a\k T kH1 k10 k

Jin(y1, 42) {0 £y = 0

Assumptions (A1),(A2) and (A4) to (A6) are satisfied but assumption (A3) is not. In
fact, let € =  with k € N. Then, N(3) = [0, ;] X Y2, No(3) = [0, ;55] x Yo, foralln € N

and condition (1.3) is not satisfied even if condition N(€) C Lim inf,_. N, (€) is satisfied.

Proposition 1.13. Let € > 0 and assume:

(A7) for any (y1,y2) € Y1 x Y and for any sequence (Y1 n, Yo,n)n converging to (yi,ys2) in
Y x Y, we have:

ligg}f[fl,n(yl,m Yon) + fon(Yins Yon)] = fr(y1, v2) + fo(y1, ¥o);

(A8) for any (y1,y2) € Y1 x Ys and for any sequence (Y1 n, Yo,n)n converging to (yi,ys2) in
Y, x Y5 we have:

lim sup[vi (fi,n, Y2,n) + V2 (forn: Y1,0)] < 01(f1, ¥2) + v2(f2, v1)-

n—oo

Then, Lim sup,, .. N,(e) € N(e) and Lim sup,,_,. Nn(6,) € N for any sequence (e,)
converging to 0.
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Proof. Let (yi,y2) such that there exists a sequence (yix,y2x)r converging to (yi,ys)
with (y1k, Y2.x) € Np, (€) for a sequence (ny) of integers. Therefore:

lim inf[fl,nk (yl,ka y2,k) + f2,nk (yl,ka y2,k)] < e+ lim SUP[U1 (f1,nk, y2,k) + UQ(fQ,nkyl,k)]
k—o0 k—00

Moreover, in light of (A7) and (A8), we deduce:
fi(y, y2) + f2(y1,92) < ligglf[fl,nk Y1k Y2,) + fong (Y1k> Y2o1)]

< e+ limsup[vi (fi,n,, Yo.k) + V2(fo,nes Y1,k)]

k—00
<e+ui(fi,y2) +v2(f2,y1)

and the first result follows.

Similarly, we can prove the second part of the thesis. O

Remark 1.14. In [6] the following result is obtained: Assume that the following assump-
tions are satisfied:

(i) for any (y1,y2) € Y1 x Y2 and any sequence (Y1, Y2n)n converging to (yi,y2) in
Y; x Y, we have:

Bminf f15 (Y10, Y2,n) > filyr,92) and - Hminf o5 (Y10, Y2,0) > fo(y1:92);

(ii) for any (y1,y2) € Y1 x Y, and any sequence (ys,), converging to y, in Y5, there
exists a sequence (7, ,)n converging to y; in Y; such that
lim sup f1.n (1, Y2,n) < f1(Y1,92);
n—oo
for any (y1,y2) € Y1 X Y, any sequence (y; ), converging to y; in Y;, there exists
a sequence (¥, ,)n converging to y, in Y5 such that
lim sup fZ,n (yl,na yQ,n) S f2 (yla y2)

n—oo

Then, Lim sup N,, C N.

n—oo

We note that assumption (A7) is strictly weaker than condition (i) and that (A8) is
strictly weaker than condition (ii). In fact, in light of Proposition 3.1.1 in [14], condition
(ii) is equivalent to: for all (y1,y2) € Y1 x Y2 and for all sequence (Y1, Y2,,)n converging
to (y1,¥2) in Y] X Y5 we have:

lim sup v1 (fi,n, Yo,n) < v1(f1,92)

n—00

and
lim sup vo(fo.n, Y1,n) < v2(fa, Y1)

n—00

As an example satisfying (A7) and (A8) but not (ii), we can consider: Y; = Y, = [0, 1],
fi(y1,92) = 0 and

Yi if Y3—; € ]0, 1]

) — nY3—i
fz,n(yla y2) {0 lf Ys s = 0
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forany n € Nand i =1, 2.
In light of Corollary 1.8 and Proposition 1.13, we easily obtain:
Corollary 1.15. Let € > 0 and assume: (A3), (A4’), (A5), (A6) and

(A9) fori=1,2, the sequence (fin)n is continuously convergent to f; [19] that is: for any
(y1,92) € Y1 x Ya and for any sequence (Y1, Yo,n) converging to (y1,y2) in Y1 X Yo
we have: hmn—)oo fi,n(yl,na y2,n) = fz (yla y2)'

Then the sequence (Ny(€)), converges to N(e) in the Painlevé-Kuratowski sense [9] that
is: Lim supN,(e) = Lim infN,, (e) = N(e).
n—0oQ

n—00

2. An application

Let X be a topological sequentially compact space and [, fi, fo be three real valued
functions defined on X x Y7 x Y5 which rappresent the cost functions of a leader and
two followers in a non cooperative and non zero sum game. We consider the following
problem:

find T € X such that: inf sup I(z,y1,92) = sup UT,y1,92) (P)
T€X (y1,32)eN () (v1,92)EN (@)

where N(z) is the set of solutions to the Nash equilibrium problem N (fi(z, .,.), fo(z, ., .))
and is called the reaction set of the followers.

Such a problem, called “weak hierarchical Nash equilibrium problem”, corresponds to the
case in which the leader cannot influence the followers and minimizes the worst. Existence
of a solution is not always guaranteed, even for nice functions, as shown by the following
example:

Let X =Y, =Y, =1[0,1] and I(z,y1,%2) = = — (Y1 + ¥2), f1(T,y1,%2) = —fo(@,y1,92) =
—y1(T + Y2)-

0,1] % {0} ifz=0

(L0} ifz#0

and there exists no solution to the problem (P).

The set N(z) is: {

Therefore, for any € > 0 we introduce the following regularized problem:

find 7 € X such that: inf sup  l(z,y1,y2) = sup  UT,y1,Y2) (P(e))
TEX (y1,92)EN(z,6) (y1,92)EN ()

where N(z,€) is the set of e-approzrimate Nash equilibria, that is the set of solutions to
the problem:

find (7,,7,) € Y1 x Y5 such that:
N(fiz,.,.), falz, -, ))(€)  Fi(@, 91, 9) + fo(2, 91, %) <
’Ul(fl(xa ) ')7?2) + Uz(fg(x, ! ')7@1) +e

Moreover, let N (z,€) be the set of solutions to the problem:

find (y,,7,) € Y1 X Y5 such that :
fl(xaylaZQ) + fQ(xaglay2) < inf fl(xaylaEZ) + inf f2($:ylay2) + €
y1€EY1 y2€Y>
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For the sake of simplicity we put:

U1(33,y2) = inf f1($,y1,y2)a U2(33,y1) = inf f2($,y1,y2)-
Yy1€EY] Y2€Y2

Then, we can obtain the following result:
Proposition 2.1. Let € > 0. Assume that:

Y1 and Y, satisfy assumption (A6);

The function | is sequentially lower semicontinuous on X X Y, x Yy;

For any (z,y1,y2) € Y1 xY5 and any sequence (x,,) converging to x, there exists a sequence
(1> Yon)n converging to (y1, 1) in Y1 X Yy such that:

lim Sup[fl,n(wna yl,na yQ,n) + fZ,n (l'n, yl,na yZ,n)] < fl (IE, Y1, y2) + f2 (IE, Y1, y2)’

n—oo

The function uy + us is sequentially lower semicontinuous on X X Y] x Ya;
The function fi(z,.,.) + fa(z,.,.) is conver on Y1 X Ys, for all x € X;
The function uq(z,.) + us(z,.) is concave on Yy X Ys for all x € X;

N(z,€) #0.
Then there ezists a solution to the problem (P(e)).

Proof. In light of Theorem 1.7, the multifunction NV is sequentially lower semicontinuous
on X and, in light of Proposition 3.2.1 in [14], the marginal function w defined by w(x,€) =
SUD(y, ys)eN () (T, Y1, Y2) is sequentially lower semicontinuous. O
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