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ABSTRACT

The trimoored design of the current meter array of the Internal Wave Experiment (IWEX) is exploited to
calculate time series of relative vorticity, horizontal divergence, vortex stretching, and (linear) potential vorticity
at five different levels in the vertical. Potential vorticity characterizes the vortical mode of motion which coexists
with the (internal) gravity mode (which does not carry potential vorticity). The amplitudes, and the space- and
time-scales of the vortical mode, or potential vorticity field, are determined by spectral analysis. The observed
variance of potential vorticity (enstrophy) is 107° s~2, implying a Rossby number of order 10, the energy 2
X 107* m? 572 and the inverse Richardson number 0.7. The observed frequencies are interpreted as Doppler
frequencies. A low frequency “steppy” potential vorticity field is advected vertically past the sensors by internal
gravity waves. The advected potential vorticity field is characterized by a vertical wavenumber smaller than 0.2
m~! and by a +2/3 (enstrophy) or —4/3 (energy) power law with respect to horizontal wavenumber. These
results are summarized in a model wavenumber-frequency spectrum. The results indicate that vortical or
potential vorticity carrying motion exists at scales traditionally associated with internal gravity waves and that
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these small-scale vortical motions contribute significantly to the observed shear.

1. Introduction

Traditionally, all oceanic motions in the frequency
band between the Coriolis and Brunt-Viisild fre-
quency have been attributed to internal gravity waves.
However, internal gravity waves do not provide a com-
plete description of the motions in an incompressible
Boussinesq fluid. (The term “Boussinesq” refers here
to a fluid whose dynamical evolution is determined by
density and not by the individual temperature and sa-
linity fields. Such fluids do not exhibit double diffusion,
cabbeling and other two-component effects.) The fluid
does support three modes of motion. Two modes rep-
resent internal gravity waves. The third mode repre-
sents an entirely different type of motion. In a linear
fplane analysis this third mode is the zero-frequency
mode describing steady horizontal geostrophic flows.
The three eigenvectors of the linear problem can be

used to decompose any observed velocity and density

field. The decomposition is unique and complete at
any scale. The algebra is briefly outlined in appendix
A. In such a modal decomposition, the distinguishing
property of the third mode is that it carries potential
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vorticity while internal gravity waves do not. Potential
vorticity is here defined as

PV = f+ (v — dyu) — f0,£ )

where X, y and z are right-handed Cartesian coordinates
with z positive upwards, # and v the horizontal velocity
components, f'the Coriolis frequency, and £ the vertical
displacement. The first term represents planetary vor-
ticity, the middle term relative vorticity, and the last
term vortex stretching. The potential vorticity PV, de-
fined in (1) is a linearized version of Ertel’s (1942) po-
tential vorticity

#=F+VXu-V(z—-§ 2)

which is conserved for inviscid and adiabatic motions.

At large- and mesoscales the third (or potential vor-
ticity carrying) mode is in geostrophic and hydrostatic
balance, is horizontally nondivergent, and satisfies the
thermal wind relations. It is therefore the usual geo-
strophic mode. This mode also exists at small scales
and in the nonrotating case and need not be in geo-
strophic balance. To include such cases this mode has
been termed “vortical” (instead of geostrophic) by
Miiller et al. (1986), to emphasize its defining property
of having nonzero potential vorticity.

The decomposition of an incompressible Boussinesq
flow into its three eigenmodes is a standard operation
and has long been recognized. At small scales, the ex-
istence of the vortical mode has, however, been ignored,
presumably for four reasons:
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e In a linear analysis, the vortical mode has zero
frequency (on an f-plane) and was therefore assumed
to be a large scale phenomenon.

& Most nonlinear interaction calculations (recently
reviewed by Miiller et al., 1986) intrinsically exclude
the vortical mode: Lagrangian studies because pertur-
bations are assumed proportional to exp{iwt} and nu-
merical studies by confining themselves to motions in
a nonrotating vertical plane. The only three-dimen-
sional numerical study (Riley et al., 1981) did find
small-scale potential vorticity.

e The lack of any obvious dynamical balance for
such motions. Small-scale vortical motions are not in
geostrophic but presumably in cyclostrophic balance
(where pressure gradients are balanced by the nonlinear
acceleration terms). A complete dynamical balance of
such high Rossby number flows has only been worked
out in the high Richardson number (low Froude num-
ber) limit and termed ““two-dimensional stratified tur-
bulence” (Riley et al., 1981; Lilly, 1983). A Richardson
number of order one is more appropriate for realistic
oceanic conditions. ,

¢ Potential vorticity has yet to be measured at small
scales, a point we will attempt to remedy in this paper.

Interest in the vortical mode comes from many sides.
In going beyond weak resonant interactions, theore-
ticians are forced to carry out a normal mode decom-
position of the incompressible Boussinesq equations
that includes the vortical mode (e.g., Holloway, 1981,
1983; Riley et al., 1981; Henyey, 1983; Miiller, 1984).
On the observational side, there are indications that
the observed variance in the frequency band between
the Coriolis frequency f and the Brunt-Viisild fre-
quency N cannot be attributed to internal gravity waves
alone: :

e Horizontal kinetic energy spectra exhibit levels
which are higher than those inferred from vertical dis-
placement spectra by internal wave theory (e.g., Bris-
coe, 1975; Eriksen, 1978; Pinkel, 1985).

e Horizontal kinetic energy occurs at frequencies
greater than the local Brunt-Vdisild frequency.

e The vertical coherence between horizontal cur-
rents is smaller than between vertical displacements.

All these discrepancies indicate that there exists some
excess horizontal kinetic energy that is not consistent
with linear internal wave theory. Indeed, in their inverse
analysis of the IWEX data Miilller et al. (1978) were
forced to introduce additional signals, “current fine-
structure” and ‘““current noise”, in order to arrive at a
consistent quantitative interpretation. Intensity and
vertical coherence scale of current finestructure were
also estimated by Briscoe (1977). To further understand
the nature of current finestructure, and other excess
energies, is the motivation for the present paper.
Interest in small-scale vortical motions has also been
stimulated by research in meteorology where the sit-
uation is just reversed. The mesoscale part of the at-
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mospheric spectrum is generally interpreted as two-
dimensional stratified turbulence, i.e., as vortical mo-
tion (e.g., Gage, 1979; Lilly, 1983). Only recently have
there been attempts to interpret it as internal gravity
waves (Van Zandt, 1982).

At present, it is unknown to what extent the vortical
mode is excited at small scales, what its energy and
shear content is, and how it is generated and dissipated.
As a first step towards answering these questions we
estimate the amplitudes, and the space and time scales
of relative vorticity, horizontal divergence, vortex
stretching and potential vorticity from the IWEX da-
taset. This particular dataset is chosen because the
trimoored design ‘of IWEX permits estimation of all
these quantities from the current meter array alone,
without recourse to displacement estimates which are
contaminated by temperature finestructure (Joyce and
Desaubies, 1977). We will first review the configuration
of the IWEX mooring, explain our technique for es-
timating potential vorticity, and discuss sampling and
measurement errors. The latter point needs elaboration
since we difference current measurements. We then
determine the space and time scales of potential vor-
ticity and suggest a model wavenumber—frequency
spectrum. A summary of our results and a discussion
of the main problems is given in the last section. The
major point to keep in mind is that we measure and
discuss the linear potential vorticity PV, as defined in
(1), and not Ertel’s potential vorticity.

2. IWEX

IWEX (Internal Wave Experiment) was performed
for 42 days at a site (27°44'N; 69°51'W) in the Sargasso
Sea. An extremely stable three-legged mooring in the
form of a tetrahedron supported current meters on
eight horizontal levels between 604 and 2050 m. Figure
1 illustrates the geometry of the array and displays pro-
files of the Brunt-Viisili frequency N(z) and the hor-
izontal radius R of the current meter triangles. Except
for the deepest level the current meter were VACMs
(vector averaging current meters) which sampled every
225 s. At the deepest level EG & G 850 current meters
were deployed with a 900 s sampling interval. Further
details of the experiment and its preliminary analysis
are described in Briscoe (1975), and the results of a
rigorous inverse analysis are given in Miiller et al.
(1978).

Our analysis requires three current meters on a hor-
izontal level. There are five such levels, level 2, 5, 6,
10 and 14. Some pertinent characteristics of these levels
are summarized in Table 1. Note that all these levels,
except for the deepest one, lie in the main thermocline
where the Brunt-Viisilid frequency is nearly constant,
within 15% of N = 2.4 cph. Time series of temperature
and temperature difference were also recorded at each
current meter, but are not used here for the reason
given above.
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FIG. 1. Schematic view of the geometry of the IWEX array and profiles of the Brunt-Viisild
frequency N(z) and horizontal radius R(z). Points indicate current meter positions. There are ten
more current meters near the apex which are not shown. The levels that contain three current
meters are indicated. The maximum Brunt-Viisild frequency in the main thermocline is Npax
= 2.76 cph. In the deep water column below 2050 m N is almost constant, Ny, = 0.36 cph.

3. Data analysis

At each level with current meters on all three legs,
one can estimate the area-averaged values of relative
vorticity RV and horizontal divergence HD by using
Stokes’ and Gauss’ theorem

— 1 1
RV=2fdA(axv—6yu)=2§u3dt (3a)

— 1
HD = ZfdA(axu + 0,v) —qu-dn. (3b)

Here t is the tangential and n the normal unit vector
along the circumference and A the area of the circle
connecting the three current meters. The line integrals
can be approximated by decomposing the three ob-

served velocities into normal and tangential compo-
nents. Since the three current meters form an equilat-
eral triangle, the explicit formulas are

— 1
RV = m k=A§’:B’C {vk cos(6 + ¢y)
~ 1 sin(@ + b))} —-2’;R (4a)
R 1 .
D= m Z {Dk sm(B + d)k)

k=A4,B,C

+ uy cos(8 + ¢x)} gg—R (4b)

TABLE 1. Characteristics of the five IWEX levels that contain three current meters.

Horizontal Rms vertical

Depth separation Radius  Cutoff wavenumber N Number of displacement
Level (m) (m) (m) (m™") (cph)  N/f  Record length points (m)**
2 606 8.5 49 3.5x10™ 2.54 65 4d16.5h 1 800 6.9
5 640 440 254 6.1 X 1072 2.60 67 31dé6h 12 000 6.8
6 731 139 80.3 2.1 %1072 2.76 71 31d6h 12 000 6.4
10 1023 450 260 6.5 x 107* 2.05 53 12d 12 h* 4 800* 8.6

+12d12h 4 800

14 2050 1 600 925 1.8 X 1072 0.66 17 40d15h 3900 26.7

* Good data consist of two disjunct pieces.

** rms values have been estimated from measured value at level 4 (Joyce and Desaubies, 1977) and WKB scaling to other levels.
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where u; and v, are the east and north components of
velocity at the three legs k = 4, B and C, § = 7/3 the
orientation of the array, and ¢; = 4x/3, 27/3, 0 for k
= A, B, C. Using the incompressibility condition, d,w
= —(d,u + d,v) and 4,£ = w, we can also estimate the
area-averaged values of vertical strain

a‘,@:fdta=—fdm )
vortex stretching
VS = —fd,¢ (6)
and potential vorticity
PV =RV + VS. )

The estimate of the vertical strain involves a lineariza-
tion since the exact relationship between vertical dis-
placement and vertical velocity is DE/Dt = w, where
D/Dt is the advective derivative. The linearization is
justified as long as the strains are smaller than one.
__Using (4) through (7), time series of RV(¢), HD(?),
VS(¢) and PV(¢) are calculated. Figure 2 shows these
time series for level 6. The time series at the other levels
look similar, except for a systematic decrease in overall
amplitude with depth.

Spectra of the time series are calculated in the fol-
lowing way. Fifty percent overlapping 75 hour-long
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FIG. 2. Time series (mean removed) of area-averaged relative vor-
ticity, horizontal divergence, vortex stretching and potential vorticity
at level 6. The time series are 31 d 6 h long and consist of 12 000
points each.
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subsections of the time series are first subjected to a
Hanning window and then fast Fourier transformed.
From the transforms, one-sided spectra are calculated.
These spectra are piece and frequency averaged to yield
estimates at 40 frequency points spaced about equally
on a logarithmic frequency axis. Coherence between
time series at different levels are also calculated. These
spectra and coherences form the basis for estimating
the amplitude and the space- and time-scales of poten-
tial vorticity and its components. The time series,
means, variances, spectra, and coherences are fully
documented in a technical report by Williams and
Miiller (1986).

4. Sampling errors

Gradients of velocity are very sensitive to sampling
and measurement errors. Sampling errors arise because
the averaged value of relative vorticity and horizontal
divergence are not calculated from the continuous line
integral but from three discrete locations. If Sgy(a, w)
represents the horizontal wavenumber-frequency
spectrum of relative vorticity, then the frequency spec-
trum of the area-averaged relative vorticity

1
RV = mfdszV

is given by
Sivte) = [ daF@Sua, ) ®)
with the filter ,
Fie = S50 ©)

Here J; is the Bessel function of the first kind of the
first order. If the frequency spectrum of RV is estimated
from three discrete points, as in (4), then the filter be-
comes

Fa(a) = — Jo(V3aR)] (10)

,,4_2 1
3(aR)
where J, is Bessel’s function of the first kind -of zero
order. Figure 3 shows these two filters as a function of
aR. For blue wavenumber spectra, aliasing might be-
come significant. Our conclusions will turn out to be
fairly insensitive to the exact structure of the filter at
high wavenumbers. For analytical convenience we ap-
proximate both filters by a tophat filter

1 for O<a<a

(11)
of height one and cutoff wavenumber
o © 1.7
a= f daF () =~ f doFya) =~ — (12)
0 0 R

also shown in Fig. 3.
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FI1G. 3. Filters F,, F;and F as a function of normalized horizontal
wavenumber «R. The filter F, represents the effect of averaging over
acircle, F,; the discrete estimate (4), and F the tophat approximation.

The cutoff wavenumbers &; for the different levels
are listed in Table 1. To put these numbers in per-
spective, Fig. 4 shows a schematic view of horizontal
and vertical wavenumber space. In vertical wavenum-
ber space there exists a traditional classification (Munk,
1981): Gross-structure has vertical wavelengths larger
than 10 m, finestructure wavelengths between 10 and
1 m, and microstructure wavelengths smaller than 1
m. This classification is motivated by the form of tem-
perature gradient spectra which have changes of slope
at 10 m and at 1 m (Gregg, 1977). Shear spectra (Gar-
gett et al., 1981) are very similar to the temperature
gradient spectra and also have changes of slope at 10
and 1 m. Although this classification is purely phe-
nomenological, gross-structure is generally attributed
to internal gravity waves, finestructure to stratified or
buoyancy-modified turbulence and microstructure to
intermittent 3-D turbulence. Indeed, Munk (1981) puts
the internal wave cutoff at 8, = 2#/10 m™' = 0.6 m~!
in his 1981 version of the GM spectrum.

It seems that a similar classification may apply in
horizontal wavenumber space. Dugan (1984) finds that
his horizontal wavenumber spectra of temperature
change slope at horizontal wavelengths of 250 and 25
m, with the field being very intermittent at wavelengths
smaller than 25 m. This suggests that horizontal and
vertical scales are related by an aspect ratio of the order
of 1/25. In the microstructure range the aspect ratio
is, of course, expected to rapidly approach one. If we
follow this classification, the cutoff wavenumbers &; of
the tophat filter fall into the microstructure range for
level 2, into the finestructure range for level 5, and into
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the internal gravity wave range for level 6, 10 and 14.
Only estimates at these latter levels represent variances
from the internal gravity wave range, the estimates at
the shallower depths include variance from the fine-
and microstructure ranges. It will be shown that, even
in the internal gravity wave range, not all of the ob-
served variance is due to internal gravity waves.

5. Measurement errors

There are two types of measurement errors: system-
atic and random. Systematic errors are constant in time
and affect only the mean value of the time series. They
are most likely due to instrument offset errors. Esti-
mation of such offset errors leads to the conclusion
that the observed mean values represent instrument
errors and not oceanic signals. The IWEX array is un-
able to resolve the mesoscale contribution to potential
vorticity. (Note that the mean values of VS and PV
are meaningless even in the absence of any systematic
errors since the constant of integration in (5) is unde-
termined for each VS time series.)

Random instrument errors are fluctuating and affect
variances and spectra. They usually show up as a white
noise floor in the autospectra. No such noise floor is
apparent in any of the spectra of RV, HD, VS and
PV (Fig. 6). Instead, they all have a red frequency de-
pendence with peaks or changes of slope at the Coriolis
and Brunt-Viisild frequency, which are oceanic and
not instrumental parameters. Random noise does not
seem to be a problem.

Part of the variance is due to incoherent current
fluctuations that might represent instrumental noise
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FIG. 4. Schematic partition of horizontal and vertical wavenumber
space into gross-, fine- and microstructure. Lines of constant aspect
ratio § = /@ are indicated. Also shown are the cutoff wavenumbers
&; of the tophat filter (11) for level 2 to 14.



406

s SIGNAL

KINETIC ENERGY SPECTRUM (cm/%) 2 /cph

107? 107! 10° 10
FREQUENCY (cph)

FiG. 5. Partition of the averaged kinetic energy spectrum at level
2 into “signal” and “noise”. The “signal” represents the current fluc-
tuations which are coherent among the three current meters. The
“noise” represents the current fluctuations which are incoherent.

and not oceanic currents with horizontal scales smaller
than the smallest current meter separation (8.5 m at
level 2). This incoherent component can be determined
by decomposing each of the three velocity time series
at level 2 into a “signal” and “noise” contribution

U = . + Sy
, k=4,B,C (13)

U = 'l;k + 5Dk

. and assuming that the signal contributions are totally
coherent whereas the noise contributions are totally
incoherent. The autospectra and coherences squared
are then given by

(uty = (i) + (6uk5u7;>

§ Ulls a uzukfz
G )ity

_ LD,
(i) + (Sudut YN (Urtity + (Suduk:))

with corresponding formulas for the meridional veloc-
ity component v. These twelve relationships allow de-
termination of six signal autospectra and six noise au-
tospectra from the observed six autospectra and the
observed six co- and quad-spectra. The average of all
six signal autospectra, S,(w), and the average of all six
noise spectra, 65,{(w), are shown in Fig. 5. The signal
spectrum contains most of the variance and has a —2

(14)

JOURNAL OF PHYSICAL OCEANOGRAPHY -

VOLUME 18

slope in the fto N band and a —3 slope in the band
beyond N. The noise spectrum 6S,(w) represents the
“current noise” in the terminology of Miiller et al.
(1978). It has a —1 slope in the fto N band and a —2

~ slope in the band beyond N. The rms value is du = 2.3

X 1072 m s™". Its contribution to the spectra of RV
and HD is given by

4
0Srv(w) = 6SEp(w) = 9R2 S, (w) (15)
and to the VS and PV spectra by -
_ 4 f?
Svs(w) = 9 R 0S.{w)
oSpv(w) = 9 R2 [0Srv(@) + 6Svs(w)]  (16)

with a = V3. To be on the safe side one might want to
subtract these contributions from the observed spectra.
We will not do so but will point out the implied un-
certainties in our estimates.

6. Variances

The variances of the time series RV(z), HD(?), VS(¢)
and PV(¢) are listed in Table 2, together with the rms
values normalized by f and the noise variances. The
variance of RV represents the enstrophy of the fluid
motion. The normalized rms values of RV and HD
are estimates of the Rossby number, U/fL, the nor-
malized value of VS is the rms vertical strain. There
are some huge numbers in the table. At level 2, the
normalized rms values are of the order of 10, implying
Rossby numbers O(10) and vertical strain values O(10).

These values are, however, not inconsistent with
what little other information there exists. Values of the
vertical strain can also be obtained by vertically dif-
ferencing isopycnal displacements. Using CTD data
from off the California coast Pinkel et al. (1987) find
rms vertical strain values of 0.17, 0.26 and 0.38 for
vertical differencing intervals of 20 m, 10 m and 5 m,
respectively. These values are consistent with our values
of 0.13, 0.34 and 0.85 obtained from horizontal dif-
ferencing intervals of 925 m, 260 m and 80.3 m (Table
1) if one assumes, as in Fig. 4, an aspect ratio of about
1/25. At level 2, up to 60% of the variance is due to
current noise, at level 14 less than 10%, so subtraction
of current noise will not affect the qualitative results.

7. Frequency spectra

Frequency spectra of all time series are displayed in
Fig. 6. All the spectra are red and decrease in amplitude
from level 2 to level 14. The spectra of RV and HD
exhibit a peak at fand a change of slope from approx-
imately —3/2 to —2 at N. The spectrum of VS can be
obtained by multiplying the spectrum of HD by f%/w?
or more correctly by f2(A£)*/(2 — 2 coswAf) if one takes
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F1G. 6. Frequency spectra of area averaged relative vorticity, horizontal divergence, vortex stretching and
potential vorticity at IWEX levels 2, 5, 6, 10 and 14.

the discrete sampling interval A7 into account. The
spectrum of VS therefore shows a suppressed (or no)
peak at f and steeper slopes. The potential vorticity
spectra show no peak at fand —3/2 and —2 slopes.
The spectra at level 2 show the largest scatter because
they are derived from the shortest time series (Table
1). The spectra are very different from kinetic energy
spectra which have a strong peak at f, a —2 slope in
the fto N band, and a —3 slope beyond N.

Potential vorticity is the sum of relative vorticity
RV and vortex stretching VS. For internal gravity
waves RV = —VS and the potential vorticity vanishes.
If the fluctuations were internal gravity waves the ob-
served spectra of RV and VS should be equal. This is
clearly not the case in Fig. 7. Vortex stretching domi-
nates at low frequencies, relative vorticity at high fre-
quencies. Figure 7 also shows the Garrett and Munk
internal wave model prediction (See appendix B for
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TABLE 2. Total variance, root-mean-square value divided by f, and noise variance of the time series RV, HD, VS, and PV at the five
levels 2, 5, 6, 10 and 14. The noise variance is defined as that part of the variance which is caused by incoherent current fluctuations.

Level Radius [m] RV HD Vs PV
Total variance [s2] 4.5x 1077 1.1 X 1078 5.6 X 1077 9.9 X 1077
rms/f 2 49 9.9 15 11 15
Noise variance [s] 2.8 X 1077 2.8 X 1077 1.4 X 1077 43 x 1077
Total variance [s%] s 52%10°® 6.2 %107 38 %107 7.0 X 107
rms/f 254 34 . 3.7 29 4.0
Noise variance [s7%] 1.1 X 1078 1.1 X 1078 53x107° 1.6 X 1078
Total variance [s~2] 5.8 X107 7.0 X 107° 3.3x10°° 7.2X107°
rms/f 6 80.3 1.1 1.3 0.85 1.3
Noise variance [s7%] 1.1 X 107° 1.1 X 107° 53X 1071 1.6 X 107°
Total variance [s72] 1.3x107° 1.4 X 107° 5.1 1071 1.4 X 107°
rms/f 10 260 0.54 0.56 0.34 0.54
Noise variance [s7%] 1.0 X 10710 1.0 X 107'° 5.1x 10" 1.5 X 1071
Total variance [s72] 1.1 x 107 1.1 x 10710 7.4 X 107! 7.4 X 1071
rms/f 14 925 0.15 0.15 0.13 0.13
Noise variance [s72] 7.9 X 10712 7.9 X 100712 40 X 10712 12X 107"

details). At level 14, 10 and 6 it represents reasonably
well the VS spectrum in the fto N band, but falls short
at levels 5 and 2. The same is true for the HD spectra.
This might be taken as an indication that the observed
VS and HD fields reflect internal gravity waves. The
predictions at levels 2 and 5 fall short simply because
the Garrett and Munk model has a vertical cutoff
wavenumber 8, = 27x/10 m™! and does not represent
motions at smaller scales whereas we argued in Fig. 4
that levels 2 and 5 include variances from fine- and
microstructure scales. The supposition can, however,
not be proven with our measurements of RV and VS.
A rigorous decomposition into internal gravity and
vortical motions requires additional measurements.

8. Horizontal scales

For each variable, the level of the spectrum decreases
monotonically from level 2 to level 14. (The one point
where the level 2 HD and VS spectrum is smaller than
the level 5 spectrum is presumably due to the large
uncertainty of level 2 spectra.) This monotonic decrease
can be attributed either to the fact that spectra taken
at different depths are in a different physical environ-
ment or to the fact that we average over a larger and
larger area with increasing depth. Since levels 2 to 10
all lie in the main thermocline where N varies little,
changes in the spectral level are likely to reflect changes
in averaging area rather than changes in physical en-
vironment. This might even be true for level 14 where
N is about one quarter of the main thermocline value
(Table 1). Internal gravity wave WKB scaling predicts
£ ~ N~'and B ~ Nand hence VS = —f8;¢ to be depth
independent. In contrast, Fig. 6 displays a_one order
of magnitude decrease in spectral amplitude from level
10 to level 14. Indeed, the Garrett and Munk estimates
for levels 10 and 14 would be identical were it not for

the different averaging areas. Therefore, we assume a
homogeneous physical environment and ascribe dif-
ferences between the spectra at different levels to dif-
ferent averaging areas so that the difference between
successive spectra gives information about the distri-
bution of variance with horizontal wavenumber. For-
mally, the difference between two successive spectral
estimates at level i and i + 1 is given by

Si(w) = Sii(w) = fo " da [Fi(e) — F*(2)]S(ex, )

- " daS(a, )

Qi+

a7

where S(a, w) is the horizontal wavenumber-frequency
spectrum and F'(«) the tophat filter (11) at level i. The
quantity
S(Ol,', w) - St(“j) L?x+1((‘~’) (18)

;T Ay
is hence an estimate of the wavenumber—frequency
spectrum at wavenumber «; = (&; + d;+1)/2. Perspec-
tive plots of these spectra are shown in Fig. 8. Here,
and in the following, estimates are presented at all five
wavenumbers: o4, 10, &, s and a,. The estimates
at o4 are the least reliable because they depend solely
on measurements at level 14 for which our homoge-
neity assumption is least applicable. We present o 4-
estimates, but do not rely on them for inferences.

In Fig. 8, the wavenumber dependence is similar for
all frequencies, so it is sufficient to discuss the wave-
number spectra

Stew) = f dwS(ey, w) (19)

which are obtained by integrating over all frequencies.
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These wavenumber spectra are displayed in Fig. 9 and
have slopes of about +2/3. Most of the variance is at
the smallest scales. The slope is diminished somewhat
if one subtracts that part of the signal which is due to
current noise. The blue behavior might raise concern
about our tophat filter approach. However, use of the
exact filter (9) would only shift the spectrum. The ob-
served variance difference would not be ascribed to the
wavenumber «; = (&; + &;41)/2 but to a larger wave-
number.

9. Vertical scales

Vertical scales are usually inferred from the coher-
ences between time series at different depths. The
IWEX array is completely incoherent with respect to
RV, HD, VS and PV. All vertical coherences do not
differ significantly from zero. However, this result does
not put any precise bounds on the vertical coherence
scale or vertical wavenumber bandwidth since the time
series at different depths represent averages over dif-
ferent horizontal areas and degradation of coherence
is caused by both vertical and horizontal destructive
interference. Information about vertical scales is, how-
ever, obtained by interpreting the observed frequencies
as Doppler-shifted frequencies.

The potential vorticity field represents, by definition,
the vortical mode. Its dynamics at small scales is not
known. In the linear limit the vortical mode represents
steady horizontal flows. The observed time dependence
of potential vorticity would be due to advection then,
either nonlinear self-advection or by internal gravity
waves. Indeed, the observed slopes of the potential vor-
ticity spectra, —3/2 in the fto N band and —2 in the
band beyond N (Fig. 6), are suggestive of the “fine-
structure contamination” model of McKean (1974).
This model assumes that a steady layered structure is
vertically advected past a fixed sensor by internal grav-
ity waves. The model was originally formulated to ad-
dress temperature finestructure contamination but can
be applied to any scalar field. Following McKean we
must make the following statistical assumptions:

e The advected steady potential vorticity profile
PV(z) consists of random layers with random incre-
ments APV from layer to layer.

o The increments have a Gaussian distribution with
zero mean and variance ((APV)?).

e The number of layers per unit depth follows a
Poisson distribution charactenzed by a mean layer
thickness .

¢ The advecting internal wave field is a Gaussian
process.

e The vertical displacement field has a band-limited
spectrum P(w) ~ w2 for f < w < N of variance (£?).

Then, McKean’s theory predicts that the frequency
spectrum at a moored sensor is given by
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2
L (w/f)3? for f<w<N
X <£2>l/21 VE
4 —72;(N/f)”2(m/f)“2 for N<ow
(20)

with slopes —3/2 and —2, as observed, and variance

V= Vi <(AI;1V)2> <EZ>1/2. (21)

If we accept this model, we can infer the parameter

combination
d= S(AIZV)ZZ

from the level or variance of the observed potential
vorticity spectra since the rms vertical displacement
(£ in (20) or (21) can independently be estimated
from the temperature measurements in IWEX. These
displacement estimates have their own finestructure
contamination problem. The WKB scaled rms dis-
placements listed in Table 1 represent decontaminated
estimates reflecting more accurately the actual internal
wave displacements (Miiller et al., 1978).

The parameter d also determines the level of the
vertical wavenumber spectrum of PV(z) which is given
by

(22)

S(8) = (23)

62
and has infinite variance. That part of the variance
that is advected to supra-inertial frequencies and rep-
resented in (20) comes primarily from large vertical
wavenumbers, If we assume that it comes from wave-
numbers larger than a cutoff wavenumber 8s, then the
variance (21) must be equal to

V= f K dpS(p) = f K dB2dp™? = 2dB,'. (24)
B« B

Comparison of (21) and (24) yields an estimate of the
cutoff wavenumber

- V§/<£2>’/2.

In McKean’s model, most of the variance seen at supra-
inertial frequencies originates from vertical scales
comparable to the rms vertical displacement of the ad-
vecting internal wave field. If we repeat this argument
for each of the five horizontal wavenumber bands sep-
arately, we find the variance in the band between
&i+ 1 and 5{,’

n=£ﬁ_"rl_) V2 (d{EDY2 — diil i)' (26)

(25)
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FiG. 7. Frequency spectra of relative vorticity and vortex stretching at IWEX levels 2, 5, 6, 10 and 14,
The smooth line is the prediction of the GM 76 spectrum. (See appendix B for details).
and hence except at the lowest wavenumber band (Fig. 10) and
d. d. 1 implies an aspect ratio 6 = «/f which decreases from
gi=V2 [—;“ EHV? - <E?+l>”2] about 1 in'the highest wavenumber band to about
di — din di — dis , 1/60 in the lowest wavenumber band.

27 McKean’s theory ascribes all of the high frequency

- variance to vertical advection, neglecting horizontal

for the cutoff wavenumber centered at o; = (a; advection. This is permissible as long as the aspect ratio
+ @&;4+1)/2. This cutoff wavenumber is about 0.2 m™', - of the advected field is less than w/u, where w is the
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FiG. 7. (Continued)

vertical and u the horizontal advection velocity. Since
typical Garrett and Munk estimates are w =~ O(0.5 cm
s ! and u ~ O(5 cm s™') aspect ratios less than O(0.1)
are required, inconsistent with our estimates at high
horizontal wavenumbers. The cutoff wavenumbers 3,
in Fig. 10 must hence be regarded as upper limits. They
are required if all variance is due to vertical advection
but they can be smaller if part of the variance is due
to horizontal advection.

10. Model spectrum

The observed amplitudes and scales of the small-
scale potential vorticity field can be summarized by a
model wavenumber—frequency spectrum of the sepa-
rable form

Sev(e, B, @) = VA(2)B(B)C(w) (28)

where Vis the total variance; A(«) the normalized hor-
izontal wavenumber spectrum; B(8) the normalized
vertical wavenumber spectrum; and C(w) the normal-
ized intrinsic frequency spectrum. In the resolved hor-
izontal wavenumber range from ami, = ajp =~ 4.3
X 1072 m™" t0 omax = a2 =~ 0.2 m™}, A() can be ap-
proximated by a power law

+ n
A@) =2 [—“—] , amin < @ < amax (29)

®max | ¥max

with n =~ 2/3 (see Fig. 9). Here we have chosen «; as
the lowest resolved wavenumber because estimates at
a4 might include the effect of inhomogeneities in the
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physical environment. The vertical wavenumber de-
pendence is also characterized by a power law

BE) =55 for B <8 (30)
with 8, = 0.2 m™! independent of « (see Fig. 10). The

72 behavior is solely a consequence of McKean’s sta-
tistical assumptions about the advected potential vor-
ticity field (random layering, Poisson statistics for layer
thicknesses, Gaussian statistics for increments). The
wavenumber scale 8, was obtained by matching the
predicted to the observed variance. The frequency
spectrum is approximated by C(w) = 8(w) since we re-
gard the intrinsic frequency of the potential vorticity
field as small or zero. The high observed frequencies
are the product of Doppler shifting. For the variance
we estimated a value ¥V = 107% s2 (Table 2) in the
resolved wavenumber-frequency range. Since the hor-
izontal wavenumber spectrum A(a) is blue, the value
is primarily due to contributions from near the high
wavenumber cutoff ama, and might be underestimated.

Theory uniquely relates the amplitudes of the ve-
locity and displacement field of the vortical mode to
the amplitude of the potential vorticity field (see the
amplitude relations A6 and A8 in appendix A). The
model spectrum (28) hence implies model spectra for
the total (kinetic plus available potential) energy of the
vortical mode

2 -1
SE(aa B’ 0)) =z [a + = ﬁz] SPV(as ﬁ’ (.0) (31)
and for the inverse Richardson number
2 2
Swrtes B,0) = 25 [ o2+ 52] Sevle B, @). (32)

Projections of these model spectra onto horizontal
wavenumbers are shown in Fig. 11. These horizontal
wavenumber spectra represent the energy and (nor-
malized) vertical shear due to vortical motions. Figure
11 also shows the total energy and inverse Richardson
number spectra of the internal gravity mode, as cal-
culated from the Garrett and Munk model spectrum
(for algebraic details see appendix B). The variances of
these spectra are listed in Table 3. They are obtained
by integrating the vortical mode spectra from ag to a;
and the internal gravity wave spectra from zero to in-
finity. Figure 11 shows that the vortical mode domi-
nates the gravity mode in the resolved wavenumber
band «;o to a,. Furthermore, the numbers in Table 3
demonstrate that small-scale vortical motions in the
band «)o to «, contribute little to the overall energy
(only 10% for our model calculations) but represent
the major fraction of the overall shear (about 60% for
our model calculations).

Comparison with the Garrett and Munk spe¢trum
may not accurately reflect the actual vortical and grav-
ity component of the oceanic shear. The Garrett and
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WAVENUMBER-FREQUENCY SPECTRUM OF RV WAVENUMBER-FREQUENCY SPECTRUM OF HD

FIG. 8. Perspective plot of the horizontal wavenumber—frequency spectrum of relative vorticity, horizontal divergence, vortex stretching,
and potential vorticity. The curves on the ordinate plane are the frequency spectra, obtained by integrating over horizontal wavenumber,
and are identical to the frequency spectra at level 2. The one point in the level 2 horizontal divergence and vortex stretching spectrum
smaller than the level 5 spectrum was replaced by an interpolated value.
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FI1G. 9. Horizontal wavenumber spectrum of relative vorticity, horizontal divergence, vortex stretching and potential vorticity. Estimates
are obtained at the five wavenumbers o; = (&; + &;+1)/2. The best fit slope to the four high wavenumber points is approximately +2/3.

Munk spectrum is based on data that do not adequately
sample the high-wavenumber, high-frequency part and
may hence not accurately describe the internal wave
shear. A direct normal mode decomposition of the
shear is needed.

11. Summary and discussion

The principal findings of this paper are the variance,
and the space- and time-scales of the small-scale po-

tential vorticity field. “Potential vorticity” refers to the
quantity PV = f'+ (8,v — d,u) — f9.£ which is the sum
of planetary vorticity, relative vorticity and vortex
stretching and represents a linear version of Ertel’s
(1942) potential vorticity. The quantity PV defines the
vortical mode in a normal mode decomposition. De-
termining the amplitude, and the space- and time-scales
of PV is therefore equivalent to determining those of
the vortical mode. The estimates of PV are obtained
from the IWEX mooring, making use of its unique
trimoored design. The specific results are:
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+ &141)/2. The lines of constant aspect ratio 8 = /8 indicate that the
aspect ratio decreases from about one at «;, to about 1/60 at a4.

e The variance or enstrophy of the small-scale po-
tential vorticity field is about 1076 s72,

e Time series of PV show a broad range of time
scales. Frequency spectra have no pronounced peak at
f, a —3/2 slope in the fto N band, and a —2 slope in
the band beyond N.

e The horizontal wavenumber spectrum is blue with
a slope of approximately +2/3, so most of the variance
is at the smallest horizontal scales. The resolved hori-
zontal scales range from about 5 m to about 260 m (or
to about I km if one includes level 14).

e The observed frequencies are interpreted: as ap-
parent frequencies caused by Doppler shifting. A low
frequency, steppy potential vorticity profile is vertically
advected past the current meter array by internal grav-
ity waves.

¢ The advected potential vorticity field is charac-
terized by a vertical scale 85’ which is of the order of
5 m, independent of horizontal wavenumber. This scale
implies an aspect ratio decreasing from about 1 at small
horizontal scales to about 1/60 at large horizontal
scales.

All these results are summarized in a model wavenum-
ber-frequency spectrum, It is the first time that these
quantities are estimated. The major assumptions that
went into the analysis were:

¢ In estimating vortex stretching, the linear relation
d,£ = w was used, instead of the exact relation D¢/Dt
= w. This is acceptable as long as the horizontal and
vertical strains are smaller than one.

e In estimating the horizontal wavenumber spec-
trum, a homogeneous environment was assumed. The
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differences in spectra at successive levels were solely
ascribed to differences in the averaging area.

o In applying McKean’s theory, horizontal Doppler
shifting was neglected. This is acceptable as long as the
advected potential vorticity field has sufficiently small
aspect ratios.
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FiG. 11. Model horizontal wavenumber spectra of total energy and
inverse Richardson number for the vortical and gravity mode. The
vortical mode spectra are calculated using the model spectrum (28)
with B(8) = 8(8 — B4) and 8, = 0.2 m™! and are limited to the
wavenumber band a;q to a,. The internal gravity wave spectra are
calculated using the GM 76 spectrum as defined in appendix B. The
variances of the spectra are listed in Table 3.
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TABLE 3. Model total energy and inverse Richardson number for
the vortical and gravity mode. The numbers are obtained by inte-
grating the vortical mode spectra in Fig. 11 from a9 to o, and the
internal wave spectra from zero to infinity.

Vortical mode Gravity mode

22X%107°
0.42

2.0 X107
0.71

Total energy (m? s72)
Inverse Richardson number

These assumptions cannot be justified rigorously and
the limitation they might impose need to be considered.
Indeed, some of our results are inconsistent with these
assumptions and forced us to weaken some of our
statements, e.g., the vertical scale 85! had to be inter-
preted as the smallest possible scale.

The most obvious extensions of our analysis would
be to

o perform a complete normal mode decomposition
into vortical and internal gravity modes, and
e cstimate Ertel’s potential vorticity.

A complete normal mode decomposition requires the
incorporation of temperature data and a much more
complex analysis which also considers the temperature
finestructure contamination problem. Using theory, we
estimated the energy and shear in the vortical mode
and compared it to Garrett and Munk’s estimates of
the energy and shear in the internal gravity mode. The
vortical mode dominates the total energy and shear
spectrum in the resolved horizontal scale range from
5 to 260 m. This comparison with the Garrett and
Munk spectrum might not be entirely fair since the
Garrett and Munk spectrum may not accurately reflect
internal wave levels at high wavenumbers and fre-
quencies. However, the observed inverse Richardson
number of the vortical mode of about 0.7 indicates
that small-scale vortical motions contain a major frac-
tion of the oceanic shear.

Ertel’s potential vorticity is a nonlinear quantity and
cannot be used in any decomposition of the flow field.
Any such decomposition is an intrinsically linear op-
eration requiring the validity of the superposition prin-
ciple. Ertel’s potential vorticity is, however, an impor-
tant dynamical quantity since it is an invariant or con-
servative tracer for inviscid and adiabatic flows. Its
measurement would be extremely useful. We estimated
its linear parts, namely PV, but are unable to estimate
the isopycnal tilt terms (which are presumably the
largest nonlinear contribution, F. Henyey, personal
communication) in any straightforward manner from
the IWEX array.

Despite these problems and limitations this is the
first time that some basic characteristics of the small-
scale potential vorticity field are estimated. These es-
timates will hopefully help to disentangle the kine-
matics and dynamics of small-scale motions and their
role in transferring energy and enstrophy from the large
generation to the small dissipation scales.
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APPENDIX A

Normal Mode Decomposition

The linear equations of motion for an incompressible
Boussinesq fluid are

dn=—¢tN%2—fiXu—-Vp (Ala)
atf = ll'i (Alb)
Veu=0. (Alc)

Here u = (u, v, w) is the velocity vector, £ the vertical
displacement, z the vertical unit vector, p the excess
pressure above hydrostatic divided by density, f the
Coriolis frequency, N2 = —gp,~'3p/dz the square of
the Brunt-Viisila frequency, and g(z) the background
density. The equations (A1) assume f-plane dynamics
and absence of dissipation and forcing. Only the vari-
ables u, v, and £ are prognostic. The vertical velocity
can be determined diagnostically from the incompres-
sibility condition (A lc). The pressure is obtained from
3V - u) = 0 which implies

‘ Vp = —0,(EN?) + f2+-(V X u) (A2)

and replaces the vertical momentum balance. The ex-
cess density dp can be determined from

op(x, 1) = plz — &x, )] — p(2)
which reduces to

(A3)

o=t 2 (Ad)
z
in the linear limit.

Assume an unbounded ocean and a constant Brunt-
Viisidld frequency and solutions where each variable
depends on space and time through the factor
expli(k-x — wf)], where k = (k,, k,, k.) is the wave
vector and w the (Eulerian) frequency. The equations
of motion are then converted to a set of five coupled
linear algebraic equations. A solution requires the de-
terminant to be zero. Because there are three prognostic
variables this determinant is a cubic polynomial in the
frequency w. The existence of three roots corresponds
to there being three independent modes of motion.

Two of the roots give the dispersion relation for in-
ternal waves:

NzkhZ +f2k22 172

where k;, is the horizontal part of the wave vector k.
The third root is w = 0 (on the f~plane).

=+, — (AS)
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In the linear theory the internal wave variables at a
given wave vector are related by

£ —iky?
ul = | (wsk, + if ky)kz bkei(k"‘_“"t) (A6)
v (wsky - lf kx)kz

where by is a complex amplitude. The fluctuating part
of the potential vorticity, = = PV ~ f is

ik,ft = 0. (A7)

It is the vanishing of potential vorticity, as well as the
dispersion relation, which characterizes internal waves.

The potential vorticity containing motion has vari-
ables at a given wave vector related by

T = ik = iku —

3 ~(INDK,]
ul= —k, o™ (A8)
v ke |
and the potential vorticity is
L 20l
= i[khZ N2 ckexk-x (A9)

The three amplitude relations (A6) and (A8) represent
a complete set of basis vectors in (u, v, £)—space and
can be used to uniquely decompose any observed field
into its internal gravity and its vortical mode compo-
nent.

APPENDIX B

The GM 76 Spectrum

The Garrett and Munk (1972, 1975) internal wave
model spectra have been changed and improved in the

course of time. The version that'is used in this paper

is generally referred to as the GM 76 spectrum (Cairns
and Williams, 1976). For this spectrum the distribution
of total internal wave energy in frequency-horizontal
wavenumber space is given by

Ew, o) = BNNoEoB(@) 7). (gy)
with
By = 2L (@ o (B2)
T W

AQ\) = %(1 + Ay (B3)
au(@) = (@ — f)2N1, (B4)

T N
Bu =5 arin (B5)

The parameters are chosen to be b = 1.3 X 10° m, Ny
=5.210"3s7", E;= 6 X 1075 and j, = 3. The spectrum
also includes a high wavenumber cutoff

adw) = (* = fHVHN? — P28,
with 8, = 27/10 m™..

(B6)
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