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Abstract. In this paper we introduce the concepts of the strong lacunary
convergence and strong Cesdro summabilty of sequences of real-valued
functions. We also give the relations between these convergences and
pointwise convergence and pointwise statistical convergence.
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1. Introduction

The notion of statistical convergence was introduced by Fast [4] and also inde-
pendently by Buck [2] and Schoenberg [7] for real and complex number sequences.
There is a natural relationship [3] between statistical convergence and strong Cesaro
summability:

1 n
= = : L, i — — L|) = 0}.
jo1] = {z = (ax) : for some ,ngn<nk§:1j|zk ) =0}

By a lacunary sequence we mean an increasing integer sequence 6 = (k) such
that kg = 0 and h, = k. — k,_1 — 00 as r — oo. Throughout this paper the
intervals determined by 6 will be denoted by I, = (k._1, k], and the ratio ﬁ will
be abbreviated by ¢,. There is a strong connection [5] between |01 | and the sequence
space Ny, which is defined by

1
Ng ={z = (zx) : for someL,li{n(h— Z |z — L|) = 0}.
" kel,

Gokhan and Giingor [6] defined pointwise statistical convergence by saying that
st —lim fr(z) = f(x) or f 2% f on S if and only if for every £ > 0,
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lim |k <n: [fo(a) - f@)] > ¢ for everyze S} =0.

n—oon,

It is shown that lim fx(z) = f(z) implies st — lim f(z) = f(z) on S.
In this paper we deal with sequences (fx) whose terms are real-valued functions
having a common domain on the real line R.

2. Strong Cesaro Summability and Strong Lacunary Convergence

Definition 2.1. A sequence of functions (f) is said to be strongly Ceséro sum-
mable if there exists f(z) such that

n—oo 7, 4

tim 3" i) ~ f(2) =0

lo1]

on S. We denote this symbolically by writing fx il for fig(z) = f(z) on S.

Theorem 2.1. If a sequence of functions (fx) is convergent to f(x) on a set S
then it is also strongly Cesdro summable to f(x) on the set S.

Proof. The proof is similar to that of Theorem 8.48 of [1]. Therefore we omit it.

But the converse of this theorem is not true. For example, define (fx) on R by

z, if k=10"41i, where 0<i<n, i is even,n=1,2 ...,
fe@)=1< —x, if k=10"+1i, where 0<i<n,i is odd,n=1,2,..,
0, otherwise.

Then (fy) is strongly Cesdro summable to f(x) = 0 on R. But klim fr(z) does not

exist.

Theorem 2.2. Let (fi) and (gi) be two sequences of functions defined on a set
S.If fy al f and gi Rl g on S, then afi + Bgx i af + (g on S, where «, 8 € R.

o1
71
Proof. The proof is clear.
Theorem 2.3. (i) If a sequence (fi) is strongly Cesdro summable to f on S, then
it is pointwise statistically convergent to f on S.

(ii) If a bounded sequence (f%) is pointwise statistically convergent
to f on S, then it is strongly Cesdro summable to f on S.

Proof. (i) Observe that for fj s fon S and € > 0, we have that
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Z|fk )| >k <n:|fu(x)— f(x)| > e for every z €8 }|e.

It follows that if (f) is strongly Ceséro summable to f on S, then (fi) is pointwise
statistically convergent to f on S.

(ii) Now suppose that (fx) is bounded and pointwise statistically convergent
to fon S and set K, = sup|fi(x)| + |f(x)| for every x € S. Let € > 0 be given and
k

select IV, such that

% {k <n:|fi(z)— f(z)| > g for every x e S }| <

2.K;

for all n > N, and set

for every €S }.

Ln,x = {k <n: |fk(x) —f(ﬂ:‘)| >

N ™

Now, for n > N, we have that

IS @ - f@l = = | Y @) - f@l Y )~ f(@)]
k=1 k€L« k<n
k¢ Ly
1 ne 1 n.e
< e ta TE

for every x € S. Hence (fx) is strongly Cesdro summable to f on S.

Definition 2.2. For any lacunary sequence 0, a sequence of functions (fx) is said
to strongly lacunary convergent to f on a set S if there exists f(z) such that

Z|fk z)| =0

for every € S. We denote this symbolically by writing fi Y& f or fi(z) & f(2)
on S.

Theorem 2.4. Let (fx) and (gi) be two sequences of functions defined on a set
S.If f, Yo fon S and gp Y& g oon S, then afy + Bgr ¥ af + Bg on S, where
a, B eR.

Proof. The proof is easy. Therefore we omit it.
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Lemma 2.1. Let (f)) be a sequence of functions defined on a set S.
fr al f on S implies fr Y f on S if and only if lim mf qr > 1.

Proof (Sufficiency). If liminf g, > 1, there exists ¢ > 0 such that 1+ ¢ < g, for

all » > 1. Then if the sequence (f) is strongly Cesdro summable to f on a set S, we
can write

kr kr_1
e = e U@~ @) - Y 1) - @)
kr (1 b ks 1 kr_1
= (I%ZIfi(x) —f(x)|> el e Z |filx) — f(z)]

for every x € S. Since h, = k, — k._1, we have

o
o

- 1+6 o
§+and !

d hy

<

7
Sl =

kr
The terms - 3 [fi(z) — f(z)] i(x) — f(z)| both converge to 0 on
"i=1

S, and it follows that Tr,z converges to 0 for e;ery x € S, that is, the sequence (fy) is
strongly lacunary convergent to f on .S.

(Necessity). Assume that fy i f on S implies f Y& fon S and lim inf g = 1.
Since 6 is lacunary, we can select a subsequence (k,(;)) of 6 satisfying :()’)1 <1+ %

and % > j, where r(j) > r(j — 1) + 2.
kr(j

Define (f;) by

x, if i€ L., for some j=1,2, ..
fi(x){ f G J

0, otherwise

for every x € R. Then, for any real-valued function f(x),

|—|(E— (CL’)‘ fOTj:1,2,...,
) Ly

and

=S i) — @I = 1@ for r#7())
r I,
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for every x € R. It follows that (f;) is not strongly lacunary convergent on R. However,
(f;) is strongly Cesaro summable, since if ¢ is any sufficiently large integer we can find
the unique j for which k,.;)_1 <t < k,(j41)-1 and write

t
1 kr( i—1) + hr(j) 1 1 2 |z|
= fil@)| <o) —L——TL <=+ =) 2] = —.
§ 215w < ol SO < (5 £ o= 2

As t — oo it follows that also j — oco. Hence f; |g 0.

Lemma 2.2. Let (fi) be a sequence of functions defined on a set S.

fr Yo £ on S implies fi logl f on S if and only if limsup g, < oc.

Proof (Sufficiency). If limsup ¢, < oo there exists M > 0 such that ¢, < M for

all 7 > 1. Letting f Y& f =0on S and € > 0 we can then find R > 0 and K > 0

such that sup7; , < e and 7;, < K, for all i =1,2,... and every z € S. Then if ¢ is
i>R

any integer with k,_; <t < k., where r > R, we can write

IA

1< 1 &
;Z|fi(9€)| k1 Z|fi($)\
i=1 T i=1

- = (Z @+ Y @)t Y |fi<x>|>
T I I I

ks ko — kq kr —kr—1
= krflTl’I + krfl T2,z + ...+ kT,1 TR,z
k —k ky — kyp—
.S Sy SN Bl e g
kr—l kr—l

k k., — k
(o) o ()
i>1 kr_1 i>R kr_1

k
< Km—R +eM
kr—l

t
for every x € S. Since k,_1 — 00 as t — oo, it follows that + Y |fi(z)| — 0 and,
i=1
loa|

consequently, f; — f=0on S.
(Necessity). Assume that limsup ¢, = co. Since 6 is lacunary, we can select a
T

subsequence (k,(;)) of § so that ¢,(;) > j and then define (f;) by



On the strong lacunary convergence 75

file) = x, if kegy—1 <i < 2kpy—1, for some j=1,2,...,
= o, otherwise

for every € R. Then

kr(y—1 || |2]

Tr(),x = .
D gy — ko 5 — 1

on z € R and, if r # r(j), 7o = 0 for every x € R. Thus f; No, f =0 for every
x € R. Observe next that any sequence which is strongly Cesaro summable consisting

of only f;(x) =0’s or f;(x) = a’s on S has an associated strong limit f(z) which is 0
or x on S. For the sequence (f;) above, and i = 1,2,..., k,(jy, = € R,

1 T
= Ifile) — 2| > ,J ‘A (ri) = 2kr(j)-1)
(4)

2y (i) 2
= |l (1 it e 1) > o] - 21
kr(5) J

which converges to |z|, and, for i = 1,2, ..., 2ky(jy-1,
1 kry-1lzl _ |z
- . > = 7 M
2k (j)—1 ; [fi(z)] = 2k, (j)—1 2’

for every x € R and it follows that (f;) does not strongly Cesdro summable on R.
Combining Lemmas 2.1 and 2.2, we have following theorem.

Theorem 2.5. Let 6 be a lacunary sequence. Then f; o f and
f; Y. £ on S if and only if

1 < liminf ¢, <limsup g, < oco.
r r

It is possible for a sequence of functions to have two distinct strong lacunary
limits associated with it. An example can be obtained by defining P(i) = n, where
n! <i<(n+1)!, and letting

| =z, if P(i) is even
fi(@) _{ 0, if P(i)is odd

for x € R. Then defining 6; = ((2r)!) and 6 = ((2r 4+ 1)!), we observe that

1 o @r 1) —(2r)! _ 0s T oo

Iryq
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on R, from which it follows that f; Noy f=0o0n R, and also

1 2r) — (2r — 1)!
hy ; |fi(z) — x| = (25 +)1)! E o _)1)! 2| =0 (as T — o0)

on R, from which it follows that f;(z) Mo, f(z) =2z on R.

Theorem 2.6. If f; o fand f; Yoo gon aset S, then f(z) = g(x) for every
x €S

Proof. Let f; log fand f; ¥ g on S and suppose that f(z) # g(x) for some
x € S. We write

Tra e = - SO~ f@)] + o S -
T T

= S 17@) — @) = (@) - g(a)

r I,

Y

for z € S. Since f; Yoo g on S, Tr.e — 0 for © € S. Thus for sufficiently large r we
must have

0 > 3 1f(x) — g()

for x € S. Observe that

v

ki
1 & ky. —ky,_1
]{TZUCZ(:E) - Z = Tar,x
" i=1 1. T

1
T
(1- )om 1(1—>|f() 9(@)|

for x € S and sufficiently large r. Since f; il f, the left side converges to f(z) =0
for x € S, so we must have ¢, — 1.But this implies, by the proof of Lemma 2.2, that

\GI

£i Y 0= £, ' 0 on 8. Since (f; — g) ¥ 0 on S, it follows that (f; —g) ' 0 on
¢
S and therefore § ; |fi(x) — g(z)] — 0 for x € S. Then we have

3 @) — 9@+ Y 1file) = F@)] 2 lg(w) = F@)] >0

i=1

for x € S, which yields a contradiction, since both terms on the left converge to 0.
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