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ó�L=ó�í¢ì¢ì+õ%7>èVñsä�9V7>èVñOä�H®ä�ç/L�ì�7>ã�ä¡F8@/L�ã�ã1BO7>:?L8ýA76D/:éä�9�êîä�ç/L,H>ä�ç/LN9¡ëqH8ã�ã�í¢õ?í¢ì¢í¢ä�êI÷MEZæ]ä�ç?í�ã�76ì�ã�H­ä�@?9�D/ã¡H>@?ä
ä�HOõ
L�7O:?L�7>:ÓLND/:]ý+ó�L�ó�í¢ì¢ì�õ%7>è�ñMä�9V7>è�ñÄä�HOä�ç/L®F8@/L�ãVã,õ
Lyæ�H>9�L®ä�ç%76ä�ýq76D/:Ää�9�êÊä�ç/L®H>ä�ç/LN9Kë
H8ã�ã�í¢õ?í¢ì¢í¢ä�ê
æ`9�H>B�ä�ç%76ä�ëqH>í¢Dsä�ý/LNä�è8÷

� ç%76ä�ó¡L�769�L=:?H>í¢D?Fåí�ã�FIH>í¢D?F�ä�ç?9�H>@?F8çÊ7®õ?í¢D%769�êéã�L�769�èVç�ä�9�L�L8ýzì�HMH>ñsí¢D?F�æXH>9�ä�ç/L�ã�H>ì¢@?ä�í�H>D�H6æ�ä�ç/L
ã�êAã�ä�LNBÊ÷k� ç/LNDïó�L,æ�H>ì¢ì�Haó ä�ç/L=õ?9V76D/è�çÊH6æ�ä�ç/L=ä�9�L�L=è�H>9�9�L�ã�ëqH>D/:Aí¢D?Fåä�H�ä�ç/L=è�H>9�9�L�èNä¡F8@/L�ã�ã�L�ã¡ó�L &/D/:
7OãVH>ì¢@?ä�í�H>D�÷ �*ç/L�ì�L�7�5IL�ã�H6æ£ä�ç?í�ã=ä�9�L�L®ó�í¢ì¢ì�õ
L­ä�ç/L�ëqH>í¢Dsä=ó�ç/LN9�L�ó�L�LNí¢ä�ç/LN9�&/D/: 7Oã�H>ì¢@?ä�í�H>D�ý+H>9Kä�ç/L
ëqH>í¢Dsä�ã­ó�ç/LN9�LðãVH>BðL

L(S)
õ
L�è�H>BðL�ã®LNBîë?ä�êI÷ �*ç/Lîì�L�7�5IL�ã®ó�í¢ì¢ì1õ
Lð76ä­ã�H>BðLNó�ç%76ä­58769�êsí¢D?FÄ:?LNë?ä�ç/ãaý

76D/:<ä�ç/L­è�H>Bîë?ì�L��Aí¢ä�ê<H6æ�ä�ç?í�ã=76ë?ë?9�HI7>è�çÓó�í¢ì¢ì�õ
L�L��Më
H>D/LNDzä�í�76ì�í¢DÄä�ç/L®7�5ILN9V76FIL�:?LNë?ä�çÄH6æ�ä�ç/L�ä�9�L�L8÷



�]× ` �<Å`Ì�È�Î�Æ
�*ç/LéH>ä�ç/LN9�BO76í¢D¥ã�ä�9V76ä�LNF8êöæ�H>9�BO76ñsí¢D?F ä�ç/Lïù,F89�L�LNí¢D?F©76ì¢FIH>9�í¢ä�ç?B ã�äV769�äå76Fz76í¢D í�ã®è�76ì¢ì�L�:���RSC[EW>ZK8÷
� í¢ä�çÑä�ç?í�ãðBðLNä�ç/Hs:¥ó¡LÊ:?HöD/H>äð:?H(76Dzê F8@/L�ã�ã�í¢D?F/ý�õ?@?äîí¢D/ã�ä�L�7>:¥BðLN9�FILÊä�ó�Hòã�êsB�õqH>ì�ãåí¢Dsä�H(H>D/L8ý
ä�ç/LN9�LNõzê<õ?9�í¢D?F8í¢D?Féä�ç/LNí¢9�_SH>í¢Dsä�í¢DAæ�H>9�BO76ä�í�H>Dö76õqH>@?ä,ä�ç/L�ã�H>ì¢@?ä�í�H>DÊí¢Dzä�HOä�ç/L­H>ë
LND�÷

��LNä�ã�êsB�õqH>ì�ã
Si
76D/:

Sj
õqLKF8í¢5ILND�÷e�(L­ë?@?ä

Z = X(Si) ∪ X(Sj)
76D/:

Xij = X(Si) ∩ X(Sj)76D/:Ê:?L�&/D/L�7�ì¢í�ã�ä
L
H6æ�è�H>D�&/F8@?9V76ä�í�H>D/ã,æXH>9

Z
÷ �*ç/L­ì¢í�ã�ä

L
è�H>D/ã�í�ã�ä�ã�H6æ�76ì¢ì�è�H>D�&/F8@?9V76ä�í�H>D/ã

(a, b, c)
ý

ó�ç/LN9�L
b
í�ãî7öè�H>D�&/F8@?9V76ä�í�H>DÑæXH>9

Xij
ý
(a, b) ∈ L(Si)

ý176D/:
(b, c) ∈ L(Sj)

÷�E�DÑH>ä�ç/LN9îó�H>9�:?ãaý
Lè�H>D/ã�í�ã�ä�ã�H6æ�76ì¢ì£è�H>D�&/F8@?9V76ä�í�H>D/ã�ä�ç%76ä®è�Ha5ILN9�H>D/Lðè�H>D�&/F8@?9V76ä�í�H>D¥H>D

L(Si)
76D/:(H>D/Lðè�H>D�&/F8@?9V76ä�í�H>D

H>D
L(Sj)

÷'�*ç/Låã�êMB®õ
H>ì
S = (Z,L) = Si ◦ Sj

í�ã=ä�ç/L�9�L�ã�@?ì¢ä�H6æ£F8ì¢@?í¢D?F�ä�ç/Låã�êMB®õ
H>ì�ã
Si
76D/:

Sj
ý

76D/:<ä�ç/L­è�H>D�&/F8@?9V76ä�í�H>D è�H>9�9�L�ã�ëqH>D/:Aí¢D?Féä�Håä�ç/L­ã�H>ì¢@?ä�í�H>DÄH6æ�ä�ç/L­ã�êAã�ä�LNB í�ã*æXH>@?D/:<H>D
L
÷

� ç/LND<H>@?9*ã�êsB�õqH>ì�ã*9�L�7>èVçÄ76D<76F89�L�LNí¢D?Fðã�äV76ä�L8ýsó¡L�è�76D�F8ì¢@/L=ä�H>FILNä�ç/LN9=ã�êsB�õqH>ì�ã¡ä�HåèN9�L�76ä�L�D/LNó
L�üz@%76ä�í�H>D/ãa÷!� ç/LNDOF8ì¢@?í¢D?F

S
76D/:

T
ä�H>FILNä�ç/LN9�ó�L�:Aí�ã�è�769�:

S
76D/:

T
ý8ã�í¢D/è�L,76ì¢ì?í¢DAæXH>9�BO76ä�í�H>DOí¢DOä�ç/LNB

769�L,è�H>DsäV76í¢D/L�:éí¢D
S ◦T

÷�� ç/LNDOó�L,ç%7�5IL=F8ì¢@/L�:ðä�H>FILNä�ç/LN9*ã�LN5ILN9V76ì%ë%76í¢9�ã�H6æ�ã�êsB�õqH>ì�ã�ä�ç/L�D/LNó ã�LNä�H6æ
ã�êMB®õ
H>ì�ã�ó�í¢ì¢ì]í¢D�FILND/LN9V76ì�D/H>ä�õqLKí¢DÄ76DÄ76F89�L�LNí¢D?FOã�äV76ä�L8ýMãVHåó�L�è�76DÊã�äV769�ä�ä�ç/L�ù=F89�L�LNí¢D?FO76ì¢FIH>9�í¢ä�ç?B
76Fz76í¢D�÷

�*ç/L<ë?9�í�è�LÄä�H©ë%7�ê¥ó�ç/LND F8ì¢@?í¢D?F(ä�H>FILNä�ç/LN9éã�êMB®õ
H>ì�ãðí�ãOì�H>D?FILN9Oè�H>D�&/F8@?9V76ä�í�H>D ì¢í�ã�ä�ã�÷1ùKã�ã�@?B*�
í¢D?F

S
76D/:

T
76F89�L�L8ýKä�ç/L¨Ds@?B®õ
LN9©H6æéè�H>D�&/F8@?9V76ä�í�H>D/ã©í¢D

S ◦ T
ó�í¢ì¢ì�õ
L 76äöì�L�7>ã�ä©7>ã õ?í¢F 7>ã

max{|L(S)|, |L(T )|}
ý*76D/: BO7�ê¥õ
LÊ7>ãîõ?í¢F¨7>ã

|L(S)| · |L(T )|
÷�E�DÑë?9V7>èNä�í�è�LÄó�L<ç%7�5ILÊä�H(ãVLNäO7

ä�ç?9�L�ã�ç/H>ì�:(76D/:öH>D?ì¢êÄF8ì¢@/L�ä�H>FILNä�ç/LN9­ã�êMB®õ
H>ì�ãKä�ç%76äKë?9�HM:A@/è�Lîè�H>D�&/F8@?9V76ä�í�H>D(ì¢í�ã�ä�ãKó�í¢ä�ç©ã�í-,�L�õ
LNì�H�ó
ä�ç?í�ã,ä�ç?9�L�ã�ç/H>ì�:]÷ �*ç?í�ã,BðL�76D/ã,ó¡L­BO7�ê<9�@?DÓí¢Dzä�Hïè�7>ã�L�ã�ó�ç/LN9�L®ó�L�è�76DÄD/H>äK7�
]H>9�:Ó76DsêÊã�êMB®õ
H>ì�ã�ä�H
õqL­F8ì¢@/L�:]÷

� ç/LNDòè�H>Bîë?@?ä�LN9�è�H>D/ã�ä�9V76í¢Dzä�ã�BO76ñILîí¢ä­ä�HMHÊè�H8ã�ä�ì¢êöä�H<ë
LN9Sæ�H>9�B F8ì¢@?í¢D?F/ý�ó�LOç%7�5ILéè�H>D/ã�í�:?LN9�L�:
ë%769�ä�í�76ì/F8ì¢@?í¢D?F/÷��/H>9£ä�ó�H®ã�êsB�õqH>ì�ã

(Xi, Li)
76D/:

(Xj , Lj)
ý>ó¡L�è�ç/HMH8ã�L

Yi ⊆ Xi
76D/:

Yj ⊆ Xj
÷ �KL��Mä

ó�L�BO76ñIL
L′

i

76D/:
L′

j

õzêïë?9�H�_SL�èNä�í¢D?FO76ì¢ì�è�H>D�&/F8@?9V76ä�í�H>D/ã=H>D
Li
H>Dsä�H

Yi
76D/:Ê76ì¢ì]è�H>D�&/F8@?9V76ä�í�H>D/ã,H>D

Lj
H>Dzä�H

Yj
÷/E�DÄFILND/LN9V76ìZý

|L′

i| < |Li|
76D/:

|L′

j| < |Lj |
ã�í¢D/è�L�:Aí�

LN9�LNDsä=è�H>D�&/F8@?9V76ä�í�H>D/ã=æXH>9

Xi
76D/:

Xj
BO7�êðõ
L,L�üs@%76ìqó�ç/LNDïë?9�H�_�L�èNä�L�:ïH>Dzä�H

Yi
76D/:

Yj
÷zE�æ

Yi
76D/:

Yj
ó�LN9�L�è�ç/H8ã�LND<è�769�Lyæ�@?ì¢ì¢êîó�LKBO7�ê

F8ì¢@/L�ä�ç/L­ã�êMB®õ
H>ì�ã
(Yi, L

′

i)
76D/:

(Yj , L
′

j)
76D/:Äè�76@/ã�L�:Aí�ãV76F89�L�LNBðLNDzäKó�í¢ä�çÄã�H>BðL�H>ä�ç/LN9=ã�êsB�õqH>ì�ãa÷

��ó�Hï:Aí��OèN@?ì¢äKí�ãVã�@/L�ã=è�H>D/è�LN9�D?í¢D?F�ë%769�ä�í�76ì�F8ì¢@?í¢D?Féí�ã=ç/H�ó ä�Héè�ç/HMH8ã�L
Yi
76D/:

Yj
í¢Dö76D H>ë?ä�í¢BO76ì

ó¡7�êIýM76D/:îç/Haó ä�H­LND/ã�@?9�L�ä�ç%76ä1ä�ç/L�D/LNó ã�êMB®õ
H>ì/è�H>Bîí¢D?F­æ�9�H>B�ë%769�ä�í�76ì/F8ì¢@?í¢D?F�í�ã£7>èNä�@%76ì¢ì¢êåõ?9�í¢D?F8í¢D?F
@/ãåèNì�H8ã�LN9�ä�H ã�H>ì¢5Mí¢D?FÓä�ç/Lïã�êAã�ä�LNBÊ÷ � D/Léã�ä�9V76ä�LNF8ê(æ�H>9åè�ç/HMH8ã�í¢D?F

Y
��ã�@?õ/ã�LNä�ã�ç%7>ã�õqL�LND ä�9�í�L�:]ý�õ?@?ä

ã�HéæX769Kó�Lå:?HïD/H>ä�ç%7�5ILð76DsêÄ9�L�ã�@?ì¢ä�ãKä�Hï9�LNëqH>9�ä­76õ
H>@?ä�ë%769�ä�í�76ì�F8ì¢@?í¢D?F/÷��(LåH>D?ì¢êÊBðLNDsä�í�H>D©ë%769�ä�í�76ì
F8ì¢@?í¢D?Fï7>ã,7�ä�H>ë?í�è�æ�H>9*æ�@?ä�@?9�L�9�L�ã�L�769�èVç�÷

� �éÝc)a��'(���1áXÛ � ÙX�<�>ß�� �
E�DÓä�ç?í�ã�JML�èNä�í�H>DÓó�L�ó�í¢ì¢ì�ì�HMH>ñÊ76ä,ó�ç%76äKä�ç/L®H>@?ä�ë?@?ä=H6æ1ä�ç/L�ù,F89�L�LNí¢D?F�76ì¢FIH>9�í¢ä�ç?B2í�ã�ý%76D/:Êó�ç%76äKí¢ä�ã
9�@?D?D?í¢D?F<ä�í¢BðL®í�ãa÷��(L�ä�ç/LND©è�H>Bîë%769�L�ä�ç/L�ù=F89�L�LNí¢D?F����Kì¢@?í¢D?FÄ76ì¢FIH>9�í¢ä�ç?B2ó�í¢ä�ç ñMD/H�ó�D(76ë?ë?9�HI7>èVç/L�ã
æ�H>9=ã�H>ì¢5sí¢D?Fðã�ë%769�ã�L **HsH>ì�L�76DÄã�êMã�ä�LNBðã�H6æ�L�üs@%76ä�í�H>D/ã�÷

�Kí¢5ILND ä�ç/LÄã�LNäOH6æ�ã�êMB®õ
H>ì�ã
Si = (Xi, Li)

ý
1 ≤ i ≤ m

9�LNì�76ä�L�: ä�H(ä�ç/L<í¢D?í¢ä�í�76ìKã�êAã�ä�LNB H6æ
L�üz@%76ä�í�H>D/ã . �0/yýsó�LKè�H>D/ã�í�:?LN9�7­ã�LNä¡H6æ]ã�@?õ/ã�êsB�õqH>ì�ã (Xi, Ui) ⊆ (Xi, Li)

BðL�76D?í¢D?F�ä�ç%76ä
Ui ⊆ Li

æ�H>9



76ì¢ì
1 ≤ i ≤ m

÷ �*ç/L�ì�76ä�ä�LN9�ã�LNä�H6æ�ã�@?õ/ã�êMB®õ
H>ì�ã*í�ã�è�76ì¢ì�L�:Ä7�BO7��Mí¢BO76ì�76F89�L�L�:ÊãVLNä*H6æ�ã�@?õ/ã�êMB®õ
H>ì�ã*íbæ
ä�ç/L­ã�êMB®õ
H>ì�ã

(Xi, Ui)
ë%76í¢9�ó�í�ã�L®76F89�L�L®76D/:<æ�H>9,76Dsê�ãVLNä�ã

U ′

i

Ui ⊆ U ′

i ⊆ Li,

ó�í¢ä�ç
Ui ⊂ U ′

i

æXH>9,76ä�ì�L�7>ã�ä�H>D/L
i
ý?ä�ç/L�ã�LNä,H6æ�ã�@?õ/ã�êMB®õ
H>ì�ã

(Xi, U
′

i)
ý
1 ≤ i ≤ m

:?HML�ã�D/H>ä=76F89�L�L8÷
�­¾6½%Â1½+ÀaÈoÍaÈo½qÎ 4+×�� ^�� V2? L1=��!EIL1=<R	=0K<;B? ?Bh H:?:D�9O8 HNCeY�H��<L1Yi9<R H7E H C[>%EFA:Ce? ^	 ^
� V2? 9!C[DSo C2D 9O8 DWV2?16�K!;B?i?\EI>ZK =<R K�9<;NEWDWVZL EIHnDWV2? L1=��!EIL1=<R�= K<;i?i?BhJH:?\D 9O8MH�C%Y�H��<LMYB9<RSH�8:9<; DWV2?

EW>%EFDFEF=<RmH ?\D�9O8 H��<L1Yi9<R H ^� ^
� V2?n;NC[>%>%EW>ZK$DFEILM? 9B8nDWV2?16�K<;i?i?NEW>ZK@=!R K�9!;�EFDWVkL E H Yi9<CZ>mhk?Bh Y��
O(k2m322k)

YNEFD 9�oe?\;O=!DFEG9<>eH
�+EFDWV LM?NL19<;��1;i?BA\C[EI;i?NLM?N>�DWH

O(m2k)
YNEFDWH ^


 ;B9 9O8��MùKã�ã�@?BðL1ä�ç/LN9�L*769�L�ä�ó�HKBO7��Aí¢BO76ìA76F89�L�L�:�ã�LNä�ã�H6æ%ã�@?õ/ã�êMB®õ
H>ì�ã �
(Xi, Ui)

ý
1 ≤ i ≤ m

76D/:
(Xi, U

′

i)
ý
1 ≤ i ≤ m

÷)�*ç/LND�H>D/L=è�H>D/ã�ä�9�@/èNä�ã*7®D/LNó ã�LNä¡H6æ�ã�@?õ/ã�êsB�õqH>ì�ã
(Xi, Ui ∪U ′

i)
ý
1 ≤ i ≤ m

÷
�*ç/L�ì�76ä�ä�LN9�ã�@?õ/ã�êMB®õ
H>ì�ã*ë%76í¢9�ó�í�ã�L®76F89�L�L8÷ �*ç%76ä,í�ã�H>D?ì¢êOë
H8ã�ã�í¢õ?ì�L�ó�ç/LND

Ui = U ′

i

ý
1 ≤ i ≤ m

÷ �*ç/L
&/9�ã�ä,ã�äV76ä�LNBðLNDsä,í�ã�ë?9�Ha5IL�:]÷

�jHéë?9�Ha5ILåä�ç/Låã�L�è�H>D/:©ã�äV76ä�LNBðLNDzä�ý
ì�LNä
(Xi, Ui)

ý
1 ≤ i ≤ m

õqL�ä�ç/LåH>@?ä�ë?@?ä­H6æ£ä�ç/Lîù,F89�L�LNí¢D?F
76ì¢FIH>9�í¢ä�ç?Bø76D/:

(Xi, Ui) ⊆ (Xi, U
′

i) ⊆ (Xi, Li)
æ�H>9�ã�H>BðL,ã�LNä�H6æ]ã�êsB�õqH>ì�ã

(Xi, U
′

i)
ý
1 ≤ i ≤ m

ó�ç?í�èVçOë%76í¢9�ó�í�ã�LK76F89�L�L8÷��*ç/L�í¢Dsä�LN9�BðL�:Aí�76ä�L=ã�äV76FIL,H6æ
ä�ç/L=ù=F89�L�LNí¢D?Fð76ì¢FIH>9�í¢ä�ç?B'í�ã¡7®ã�LNä�H6æjã�@?õ/ã�êsB�õqH>ì�ã

(Xi, L
′

i) ⊆ (Xi, Li)
÷)��LNä�ä�ç?í�ã�õqL,ä�ç/L=ã�äV76FIL�_S@/ã�ä

õqLyæXH>9�Lå:?LNì�LNä�í¢D?FÄ76Dzê H6æ�ä�ç/Låè�H>D�&/F8@?9V76ä�í�H>D/ã�í¢D
U ′

i \ Ui
ý
1 ≤ i ≤ m

÷!�*ç/LND
(Xi, U

′

i) ⊆ (Xi, L
′

i)
ý

1 ≤ i ≤ m
÷!�*ç/Lðù=F89�L�LNí¢D?FÄ76ì¢FIH>9�í¢ä�ç?BûD/H�ó :?LNì�LNä�L�ã®ã�H>BðL

a ∈ U ′

i \ Ui
÷ �*ç?í�ã�BðL�76D/ã�ä�ç/LN9�Låí�ã­7

ã�êMB®õ
H>ì
(Xj , L

′

j)
ã�@/èVç®ä�ç%76ä

L′

j

:?HML�ã�D/H>ä�è�H>DsäV76í¢D�76Dsê­è�H>D�&/F8@?9V76ä�í�H>D�ä�ç%76ä�è�Ha5ILN9�ã�ä�ç/L1ë?9�H�_SL�èNä�í�H>D�H6æ
a
H>D

Xij = Xi ∩Xj
÷)�*ç/LND

U ′

j

:?HML�ã�D/H>ä*è�H>DsäV76í¢DÊ76Dzêéè�H>D�&/F8@?9V76ä�í�H>D<ä�ç%76ä�è�Ha5ILN9�ã*ä�ç/L,ë?9�H�_�L�èNä�í�H>D
H6æ

a
H>D

Xij
LNí¢ä�ç/LN9�ý¡ã�H

(Xi, U
′

i)
76D/:

(Xj , U
′

j)
:?HòD/H>äï76F89�L�L8÷��*ç?í�ãOí¢Bîë?ì¢í�L�ã

U ′

i = Ui
æXH>9é76ì¢ì

1 ≤ i ≤ m
76D/:�ë?9�Ha5IL�ã,ä�ç/L�ã�äV76ä�LNBðLNDsä�÷

�jHîë?9�H�5IL�ä�ç/L­ì�7>ã�ä�ã�äV76ä�LNBðLNDzäKH>D/L­ã�L�L�ã�ä�ç%76ä

m
∑

i=1

|Li| ≤ m2k.

��H &/D/:Ó7åë%76í¢9KH6æ1ã�êsB�õqH>ì�ã
Si = (Xi, L

′

i)
76D/:

Sj = (Xj , L
′

j)
ý?ó�ç?í�è�çö:?HðD/H>ä�76F89�L�L8ý%H>D/L�ã�ç/H>@?ì�:

ä�9�êÊ76ä�BðH8ã�ä
m(m − 1)/2

ë%76í¢9�ãK76ä=76DzêÊã�äV76FIL®H6æ�ä�ç/L­ù=F89�L�LNí¢D?Fï76ì¢FIH>9�í¢ä�ç?BÊ÷qE�æ�ã�@/èVç 7åë%76í¢9,L��Aí�ã�ä�ã
∑

i |Li|
ã�ç/H>@?ì�:<õ
L�:?L�èN9�L�7>ã�L�:<õsê<76ä,ì�L�7>ã�ä
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