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Abstract

Exact solutions for nonisothermal variable thickness rotating disks represented by different thickness
profiles are obtained under plane stress assumption. The solutions are based on Tresca’s yield criterion, its
associated flow rule and linear strain hardening material behavior. Five different plastic regimes governed by
different mathematical forms of the yield criterion are considered for each thickness profile. A displacement
formulation is used and the resulting differential equations for the elastic and plastic regions are solved in
terms of hypergeometric functions by the introduction of appropriate transformations.
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Introduction

Theoretical investigation of the stresses in structures
like rotating disks, annular cooling fins and shrink
fits is an important topic due to a large number of ap-
plications in mechanical and structural engineering
(Timoshenko and Goodier, 1970; Rees, 1990; Ugural
and Fenster, 1995). For this reason, interest in this
topic has never ceased. It is known that (Ugural and
Fenster, 1995; Eraslan and Orcan, 2002a) a more
efficient and economical design can be achieved by
allowing not only variation in the thickness of the
disk, but also the deformation into the plastic range.

The aim of this paper is to present the analytical
solutions for nonisothermal variable thickness rotat-
ing disks having different thickness profiles of engi-
neering interest. Elastic-plastic solutions are based
on Tresca’s yield criterion and its associated flow
rule. Five different plastic regimes governed by dif-
ferent forms of the yield condition are considered,
assuming linear strain hardening material behavior.
These plastic regimes are commonly found in cool-
ing fins, rotating disks and shrink fits. A state of

plane stress and infinitesimal deformations are pre-
sumed. The plane stress assumption is valid as long
as the thickness of the disk is small compared to its
diameter (Timoshenko and Goodier, 1970). In the
solutions presented here the expressions do not con-
tain the maximum thickness hg; however, it must be
sufficiently small to justify the plane stress assump-
tion.

The analytical solutions presented in this paper
can be applied to various important problems in en-
gineering. They can be used (1) to analyze defor-
mations of rotating solid and annular disks of vari-
able thickness, (2) to solve some combined material
and topological optimization problems for variable
thickness rotating machinery, (3) to analyze the de-
formations of annular cooling fins of variable thick-
ness with and without rotation, (4) to solve steady
or transient shrink-fit problems including a variable
thickness hub, (5) to solve similar profiles using the
solution procedure presented herein.

The paper is organized as follows. First, the
stress states that occur in cooling fins, rotating disks
and shrink fits are discussed. Later, the stress-
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displacement relations for elastic and plastic defor-
mations are derived. These relations are necessary
to complete the solutions. In the following sections,
the solutions for different profiles represented by 1
or 2 geometric parameters are given. Each solution
begins with the description of the profile and related
literature and is followed by elastic and plastic solu-
tions. Alternate solutions are given if one solution
fails to be finite at the axis of the disk. The applica-
tions of the transformation techniques are explained
in detail for some representative solutions in Appen-
dices A, B and C.

Stress states

In a recent investigation, Eraslan and Akis (2003)
proposed a heat transfer model with a variable heat
transfer coefficient to explain the cooling of a cen-
trally heated thin annular fin subjected to rotation.
This model involves the solution of the differential
equation

dr2 v dr

d*T  1dT  [2(A+ Bwr)
kho

J@-m-0 @

where T'(r) is the temperature in the fin, T the am-
bient temperature, w the angular velocity, k the ther-
mal conductivity of the material, hy the thickness of
the disk, and A and B are parameters. For a given
angular velocity w, the temperature distribution in
the fin was obtained by the analytical solution of
(1). The shapes of the temperature profiles suggest
a simple fit of the form

7 =712 ] - 5) 2 6)]

in which T represents the centerline temperature, p
the mass density, g the yield limit and b the radius
of the disk, and A, B and C are the fit coefficients.
Using the data produced by the analytical solution
of Eq. (1) the fit coefficients are determined to be
A =0229 B =1.19 and C = 0.591. The dimen-
sionless temperature profiles § = T'/T¢ obtained by
the use of Eq. (2) at different dimensionless angu-
lar velocities Q2 = w?b?p/og are shown in Figure 1.
Lower edge temperatures and sharper temperature
gradients are obtained as the angular velocity is in-
creased. On the other hand, the expressions for the
elastic stresses o, and oy, and displacement u for
the nonisothermal thin disk are given by (Eraslan
and Akis, 2003)
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Figure 1. Temperature distributions in a centrally
heated rotating disk at different rotation

speeds.
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In these equations C; is an arbitrary integration con-
stant, v the Poisson’s ratio, E the modulus of elas-
ticity, and « the coefficient of thermal expansion.
The lower limit s in the integrals denotes the inner
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boundary of the elastic region. It should be noted
that

v ATcw [p
2 5. _ 20,3 _ .3
/$ T (r)yr*dr = 5002 \/ g [100%(z° — y°)

—15bB(a* — y*) + 18C(a° — ¢°)]

Tc [B(® —y*) C(* —y*)
+TC[ 3 ) ] ()

The purely elastic deformation behavior of the non-
isothermal rotating disks can be evaluated by the
use of Egs. (3)-(6) and different boundary condi-
tions. For a solid disk (s = 0) Cy has to vanish in
order to obtain finite stresses at the axis of the disk.
If the edge of the disk, r = b, is free of any traction
we have o,.(b) = 0. This condition results in

1 1 Ea [*
Cy = §(3 +v)pw?b? + §EaT(b) _a/ T'(r)r? dr
0

- 2p2
(7)

Note also that for a solid disk

T

1 ! 2 1 ar 2 __
i | TOE = lmTtt =0 (3)

The nondimensional stresses, ; = 0,/0¢, and dis-
placement, © = uFE/ogb, for isothermal and non-
isothermal solid disks at their corresponding elastic
limit angular velocities, 2 = €y, are calculated and
plotted in Figure 2. In this figure, dashed lines rep-
resent the isothermal disk. Yielding commences in
the isothermal disk at the axis with the yield con-
dition oy = 0, = 0p. Hence, 2 adjacent plastic re-
gions, one with a corner regime oy = 0, = 0g and
the other with a side regime o, = 0g, develop simul-
taneously at the axis of the disk and propagate to-
ward the edge with increasing angular velocities. In
contrast, for the nonisothermal disk yielding begins
somewhere inside the disk not at the axis with the
yield condition o, = 0g. The plastic region formed
here propagates in both radial directions for the an-
gular velocities 2 > Q.

For an annular disk of inner radius a having free
boundaries, the boundary conditions read o, (a) =0
and o,(b) = 0. Accordingly, the integration con-
stants are evaluated as

8(b? — a®)Cy = —a*b*(b* — a*) (3 + v)pw?

—4a*V? Ea[T(b) — T(a)] + 4a*Ea / ’ T'(r)r2dr (9)

a

8(b% — a*)Cy = (b* — a*)(3 + v)pw? + 4Ea[b*T(b)

—a®T(a)] — 4Fa /b T'(r)r?dr (10)

a

The stresses, displacement and temperature for an
annular nonisothermal rotating disk with inner ra-
dius @ = a/b = 0.2 at the elastic limit angular veloc-
ity €5 is plotted in Figure 3. As seen in this figure,
yielding commences at the inner boundary, r = a,
for rotating speeds Q > Q; according to the yield
condition oy = 09. Moreover, for an annular disk
subjected to internal pressure (shrink fit problem)
the inner boundary condition becomes ¢, (a) = —P
with P being the applied pressure. In this case, the
constants C7 and Cy are determined to be
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Figure 2. Stresses and displacement in a rotating isother-
mal (dashed lines) and nonisothermal solid
disks.

8(b? — a®)Cy = —8a*b>P — a?b*(b* — a®)(3 + v)pw?

b
—4a*v*Ea|T(b) — T(a)] + 4a*Ea / T’ (r)r2dr
’ (11)
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8(b* — a®)Cy = 8a*P + (b* — a*

4Ea/

Using @ = 0.2 and P = P/oy = 0.25 the elastic
limit angular velocity for a nonisothermal annular
disk is calculated and the corresponding stresses and
displacement are plotted in Figure 4. At the inner
surface, the principal stress state is g9 > 0 > o,.
Hence, yielding will begin at this location with the
yield condition oy = g9 — 0.

)3+ v)pw

+4Ea[b*T(b) — yr2dr (12)
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Figure 3. Stresses and displacement in a rotating non-
isothermal annular disk with free boundaries.

If the annular disk is mounted on a rigid shaft, the
boundary conditions become u(a) = 0 and o,.(b) = 0.
The constants C; and Cy are thus

a?(1—v)+b*(1+ u)] o —

L (-1 40)

—b%(3 + v)]pw® + %Ea(l +v)T(a)

M /b T'(r) r2dr

1
+§Ea(1 —v)T(b) — e
(13)
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The stresses and displacement in this disk at the elas-
tic limit heat load at a relatively low rotation speed
Q = 0.5 are shown in Figure 5. The largest differ-
ence between the stresses occurs at the inner surface
where o, > 0 > o0y. If the heat load is further in-
creased, yielding begins according to the yield con-
dition o, = o, — 0p. The principal stress state for
an isothermal rotating disk mounted on a rigid shaft
is shown in Figure 6. As seen in this figure, the disk
will yield at the shaft-disk interface with an increase
in  according to oy = 0.
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Figure 4. Stresses and displacement in a rotating non-
isothermal annular disk subjected to internal
pressure.

As seen in the above analysis, 5 different plastic
regimes governed by different mathematical forms of
Tresca’s yield criterion may occur in cooling fins,
rotating isothermal and nonisothermal disks and
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shrink fits. Therefore to present a complete set of
solutions, 5 different plastic regions with the yield
criteria: 1. oy = 0, = 09, 2. 0y = 09, 3. 0y =0, 4.
oy = 0, —0g and 5. oy = 09 — 0, have to be taken
into consideration.
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Figure 5. Stresses and displacement in a rotating non-
isothermal annular disk mounted on a rigid
shaft.

Stress-Displacement Relations

Elastic region

Total strains

€ = E(or —vog) +aT (15)
1
€ = E(og —vo,) +aT (16)

are substituted in strain-displacement relations ¢, =
v’ and €9 = u/r and solved for the stresses to yield

E vu , EaT
= —|— — 1
or 1—u2[r u} 1—v (17)
E U , EaT
= - - 1
70 1—y2[r+ u} 1—v (18)
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Figure 6. Stresses and displacement in a rotating annular
disk mounted on a rigid shaft.

where €; is the normal strain component and 7T the
radial temperature gradient and a prime denotes dif-
ferentiation with respect to the radial coordinate r.
The radial and circumferential stresses are plugged
in the equation of motion

i(h?‘or) — hog = —hpw?r? (19)
dr

to obtain the governing elastic equation in terms of
the radial displacement. In the equation of motion
(19), h represents the disk thickness function. The
general solution of the radial displacement equation
is obtained in the form

u(r) = C1P(r) + CoQ(r) + R(r) (20)

in which C; is an arbitrary integration constant, P
and @ the 2 homogeneous solutions of the differen-
tial equation and R the particular integral solution.
R is determined by the method of variation of pa-
rameters. It is assumed to be of the form

R(r) = Uy (r)P(r) + Uz(r)Q(r) (21)
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where

Us(r) = /0 PN )\ (23)

Wo(r) = P(r)Q'(r) — Q(r)P'(r) (24)

and f(r) represents the nonhomogeneous term of the
differential equation. Since P(r), Q(r) and W,,(r)
are in general polynomials, the integrals (22) and
(23) may be evaluated analytically by expanding the
integrands into Taylor series. If these expansions are
not possible because of the product f(r), accurate
evaluations may nevertheless be accomplished by the
application of the Gaussian Quadrature rule of inte-
gration (Ugural and Fenster, 1995). With the form
(20) of the radial displacement, the stresses become

Op = = a 3 [Cl <§+P'>+C2 (VQ'FQI)

1—v r
Il +R’] _ BoT
T

ez (2 (4 0)
—-v T r

EaoT
1—v

T (25)

By uR’] - (26)
T

Plastic region I

In this region, the principal stress state corresponds
to a corner regime of Tresca’s hexagon with o, =
o9 > 0. The yield condition is given by

oy =0, =0y (27)

For a linear strain hardening material behavior, the
yield condition has the form

oy =00(l +nepg) (28)
and the inverse relation is

€5Q = [ﬁ - ] L (29)

oo n

In the above, 1 represents the yield limit of the ma-
terial and egg the equivalent plastic strain. Using

246

o, = og the equation of motion (19) is integrated to
give

ECy  pu? [T
W_W/o h(§)€ds  (30)

Consideration of the equivalence of plastic work in-
crement, ogdej) + o, de? = o, depg, together with
the yield condition (27) results in epg = € + €b.
The flow rule associated with the yield condition
provides €2 = —(ej + €£). Making use of the strain-
displacement relations, and decomposing the total
strains into their elastic and plastic parts, one ob-
tains
du u 1 [ 1 2(1—v)

— 4+ —— | o, + 20T (31
LA ]o+a (31)

or-(r) =o¢(r) =

% r n

and therefrom the displacement

ur) =L - L 2L o o]

+22 [ r(e)ede (32)

0

It should be noted that

T

tim oncac =0 (33)

The plastic strain components are obtained by sub-
tracting the elastic parts from the total strains as

1—
652%—%0T—QT (34)
1 1—v u 1

P | N A

o [noo+ E ]U rate (35)

Plastic region II

In this region, stresses lie in a side regime of Tresca’s
hexagon with g9 > o, > 0. The yield condition
reads

oy = 0g (36)

The increment of plastic work gives egg = €}, and
according to the flow rule associated with the yield
condition (36) ej = —e and €2 = 0. Since the radial
strain is purely elastic and thermal and

1 1
€9 = [— - 1] ; + E(ag —vo,) +aoT (37)

the strain-displacement relations lead to
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(=W E [W2uu e
T T oW 1-w22l r
—a(l+ qu)T] (38)

(1-W?o,  EW?
1—-W2p2 1 -W?2p2

op = [%—l—uu' —a(l1+v)T

(39)

where W2 = H/(1 + H) with H being the normal-
ized hardening parameter defined by H = noy/E.
The governing differential equation for this region is
obtained by substitution of these stresses in the equa-
tion of motion (19). The general solution is obtained
in the form

u(r) = C5P(r) + CeQ(r) + R(r) (40)

The stresses become

(1 =W?oy E W2y p ,
T I oW +1—W2u2 s r r

2 2
+Cs (WTVQ + Q’) + WTVR + R —a(l+ W%)T]
(41)

- Woy | EW? P
0T T W * 1—-W22 Cs ?—i—uP

+Cs (Q +uQ’> +§+uR’ —a(l+ u)T] (42)

r

The plastic strain components are determined from

1
h=—e = [%—1] —, and € =0 (43)
00 n

Plastic region III

In this region, stresses lie in another side regime of
Tresca’s hexagon with o, > o9 > 0. The yield con-
dition has the form

oy =0y (44)

The increment of plastic work gives epg = €, and
according to the flow rule associated with the yield
condition (44), €2 = —e£ and € = 0. Since the cir-

cumferential strain is purely elastic and thermal and

. 11
€ = [Z—O - 1] p + E(or —vop) + T (45)

the strain-displacement relations lead to

(1 —-W?2)oyg EW?  [vu
- Y40 —a
T W2 1w [ P al+v)T
(46)
(1 —W?)voy E U 9
70T T e 1—W2p2 [;—l—Wuu
—a(l+ W%)T} (47)

The governing equation for the radial displacement
is obtained by the substitution of these stresses in
the equation of motion (19). The general solution is
obtained in the form

u(r) = C7P(r) + CsQ(r) + R(r) (48)

Hence,

1— W2 >
oy = L=Woo ,  EW [07 <£ +P’>
T

1— W22 1—- W22
+Cs (# + Q’) + VTR +R —a(l+ u)T] (49)

(1—W2)way E P,
Cr (= +w2vp
w2r TTowee [T\

+Cs (g + W2VQ'> + ? + W2VR'—a(1+W2u)T]
(50)

o9 =

The plastic strain components for this region are
evaluated from

Plastic region IV

In this region, stresses lie in another side regime of
Tresca’s hexagon with o, > 0 > 0y. The yield con-
dition reads

Oy =0y — 0g (52)

The increment of plastic work gives egg = €, and

according to the flow rule €2 = —¢j and € = 0. Since
P L/ e (53)
r 0 00 n
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the strain-displacement relations result in

(1—-W?3)o E N-w21-v)ju ] EaT
UT:2—W2(1—OV) 1—v)2—W2(1— )] [ r +“]_1—u (54)

(1-W?o E u 1 EaT
09:_2—W2(1—0u) 1= )2— W21 —v)] [?Hl_wm_”)]“} - (55)

The governing differential equation for the radial displacement is obtained by the substitution of the stresses in
the equation of motion. The general solution is obtained in the form

u(r) = CoP(r) + C10Q(r) + R(r) (56)
Hence,
B (1—-W?2)oyg E 1—-W2(1-v)|P ,
o = gyt asame (@ ()
L ([1 - W2£1 —vle | Q/> I W2£1 — VIR | RI] B 1Eny (57)
B (1-W?)o E P '
7% = Ty Twen —Ou) TP ) [Cg (7 + 1 -wH - V)]P>
+ Cio (g - W31 - u)]Q’) + ? +1-W2(1 - V)]R'] - ;Eny (58)
The plastic strain components are obtained from
p_ _p_ |90 1 and €? =
e = —¢, [ p 1] 7 d &€=0 (59)

Plastic region V

In this region, stresses lie in another side regime of Tresca’s hexagon with g9 > 0 > o,. The yield condition is

O'y = 0’0 — UT (60)
The increment of plastic work gives epg = €)), and according to the flow rule €) = —¢? and € = 0. Since
L= = |20 = (61)
0 r o0 n
the strain-displacement relations lead to
1—-Ww? E 1—W2(1 - EaT
o 1= L-WX-ve ) Ea .
2-W23(1-v) (1-v)2-W?2(1-v)] T 1—v
(1—-W?2)oyg E [u 5 1 EadT
- Yin-wra - } - 63
%=y wra =)t A op o = L O R w (63)

The governing differential equation for the radial displacement is obtained by the substitution of the stresses in
the equation of motion. The general solution is obtained in the form

u(r) = C11P(r) + C12Q(r) + R(r) (64)
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Hence,
_ (1 =W)o E 1-W2(1-w)P
o = _2—W2(1—0u) A=W =) [Cu( " +P>
" O ([1 ~ W2£1 —Q Q’) - W2£1 —vIR R,] - ;Eny 5)
_ _(=W?a E P ,
7= -t RS W) [C“ <?+[1_W2(1—V)]P>

+ O (Q FL— W21 — u)]Q') + ? FL— W21 — u)]R']

r

The plastic strain components are evaluated from

00

Disk Profiles with One Geometric Parameter

Elliptic profile

The elliptic disk profile is described by

2

h(r) = ho\[1=n () (68)
where n is geometrical parameter (0 < n < 1), b is
the radius of the disk and hg is the thickness at the
axis of the disk. With this form of the disk profile
function, a uniform thickness disk is obtained by set-
ting n = 0. For n > 0 the thickness profile is always
convex.

This thickness profile was introduced by the au-
thor (Eraslan, 2005). Isothermal solutions for the
elastic region and plastic regions I, II and IIT were
obtained to analyze elastic-plastic behavior of rotat-
ing elliptic solid and annular disks in comparison
with the solution obtained by the von Mises yield
condition. Closed form solutions of the plastic re-
gions IV and V have not appeared in the literature.
Nonisothermal solutions for the elastic and 5 plastic
regions are presented next. It should be noted that
without having the form of T'(r) it is not possible to
obtain the general solution of the governing differen-
tial equation. However, as indicated before a series
solution for R(r) may generally be obtained.

09— 0O
—eP = [;_

Elastic Solutions: Governing differential equa-
tion:

d?u du
2012 2 2 _ 2 e
r*(b* —nr )dr2 +r(b* — 2nr )dr
b? —nr?)(1 — v?)pw?r3
_ b2 —(1— 2 — _(
[ (I =v)nriu i
dT
—na(l 4+ v)r*T + a(b? — nr?)(1 + V)T2% (69)

The homogeneous solution is obtained by introduc-
ing a new variable z = b2 — nr? and using the trans-
formation u(r) = ry(z). The result is

r

P(r) = 1F (a,ﬁ, 5il-n (5)2> (70)

Q(T)ZT\/WF(CY—§+1,B—§+1,2—§;

1-n (%)2> (71)

In these equations F'(«, 3, §; z) is the hypergeometric
function defined by (Abramowitz and Stegun, 1966;
Zhang and Jin, 1996)
af ala+1DBB+1) ,
F 0;2) =14 —
(. 8,0:2) =1+ Set =5 °

ala+1)(a+2)8(8+1)(B+2)
56+ 1)(6 1 2)3! e (1)

The arguments «, 8 and § in Eqgs.(70)-(71) have the
following meanings:

5—4v (73)
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ﬁ=§+i\/5—4u (74)
1

This solution is not finite at the axis of the disk.

Alternate solution: The solution given below is
finite at the axis of the disk.

P(r)=rF (a,ﬁ, 5in (%)2> (76)

dr

(r) = P(r) / PV = n? [F(a, B,8:n(5)%)]”
(77)

Q

where a and (3 are given by Eqgs.(73)-(74) and § = 2.
The details of these solutions are presented in Ap-
pendices A and B, respectively.

Plastic region I: The stresses:

ECs b? — nr?) pw?
or(r) =og(r) = s + ( o ) (78)

The displacement:

_Cy r 1 2(1—v)] [(2b% — nr?)pw?r
“(”—7‘ﬁ+[m B H 12n
_ECg\/b2—7’LT2 +2a/rT(§)§d§ (79)
nr r Jo

This equation is valid for » > 0 and in view of Eq.
(33) u(0) = 0 since Cy has to vanish if this plastic
region begins at r = 0.

Plastic region II: Governing differential equation:

d*u du
2012 .2 2 2T w2ip2
r*(b* —nr )_dT2 + (" — 2nr )dr W=[b
2 _ e\ (1 — W22 pw2r
—(1—u)nr2]u:—(b nr?)( EWu)pwr
+(1 —WH[L(1 —v) — (1 — 2v)nr?oor

E
—a{[2=-W*(1 —v)|r? —b*(1 = W)} rT

dr
+a(b® —nr?) (1 + W%)ﬁﬂ (80)
Homogeneous solution:

rYF <a,@,5;n (%)2> (81)

P(r) =
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Qr)=rVF <a—5+1,5_5+1,2—6;n(5)2>

b
(82)
where
1 W 1
__ 7 = 2(1 _
« 1 5 1 14+4W2(1 —v) (83)
1 W 1
= — - — _ 2(1 —
8 1 2+4 14+4W2(1 —v) (84)
o=1-W (85)

Plastic region III: Governing differential equa-
tion:

2
r?W2(b? — nr%% + rW2(b? — 2nr2)3—z — [b?
(b2 —nr?)(1 — W22) pw?r?
E
(1 —-W2)[p2(1 —v) — (2 — v)nroer
E
—a{b*(1 = W?) —nr?[1 = W22 +v)]}rT

(1 =W2)nrfu=—

a2 (02 — nr?)(1 + u)r2% (86)

Homogeneous solution:

Pr)=r"YWE (a,ﬁ, 5 (%)2> (87)

Q(r):rl/WF(a—§+1,ﬁ—§+1,2—§;n(i)2>

1 1 1
U 2(1 —
a=7 = o 4W\/4+ W2(1—4v) (89)

I S S N 17T G
b= g tgpvitWa-4)  (0)
1
b=1- o (91)
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Plastic region IV: Governing differential equa-
tion:
d?u
272 2
b2 — bt
ré( nr<) 0
~W2nr?(1 —v)]u

(b2 — nT2)(1 _ V)[2 _ W2(1 N V)]pw2r3

d
+r(b? — 2nr2)d—§f — [v?

E
(20 = 3mr) (1= v)(1 = WHoor
B E — naf
W21 = )T + a(b? — nr?)[2 = W2(1 — V)]T2%
(92)

Homogeneous solution:

r

IKT):7J7(a,ﬁ¢&1——n(g)2> (93)

Q(T):T\/WF(a—§+1,ﬁ—§+172_§;
2
1-n(3)) (94

where
_3 L arwea—y) (95)
a—4 1 v
3 1
BZZ-FZ 14+4W2(1 —v) (96)
1
; (97)

Alternate solution:
2
P(r)y=rF (a,ﬁ,&n (%) ) (98)

dr
(T) = P(T) D)
r3v/b2 — nr? [F(a,ﬁ, d; n(%)2)]
(99)
where a and 3 are given by Egs. (95)-(96) and § = 2.
Plastic region V: Governing differential equation:

d? d
r2(b? — nr2)d—7f; +7r(b* — 2nr2)—u

dr
_[b2 _ W27’LT2(1 N U)] u
(0P = )1 = )2 = WAL - v)] pw?r?

Q

E
+(2b2 —3nr?)(1 ;W2)(1 —v)oor
—nal2 = W21 —)]r3T + a(b? — nr?)[2
—W2(1 - u)W% (100)

Homogeneous solution: same as in plastic region

IV.

Hyperbolic profile

The hyperbolic disk profile is given by

h(r) = ho (berT>_k (101)

where k is a geometrical parameter (k > 0). With
this form of the disk profile function, a uniform thick-
ness disk is obtained by setting £ = 0. For & > 0 the
profile is always concave. The form of the hyper-
bolic profile h(r) = ho(r/b)~* commonly used by
researchers (see for example Giiven, 1998a) is not as
convenient since h is not finite as r — 0.

This thickness profile was proposed by the author
(Eraslan, 2004). Isothermal solutions were obtained
for the elastic region and plastic regions I, IT and III.
These solutions were used to study elastic-plastic de-
formations of rotating solid disks in the absence of a
radial temperature gradient. Solutions of the plastic
regions IV and V have not appeared in the literature.
Homogeneous solutions and nonhomogeneous terms
of the elastic and 5 plastic regions are given below.

Elastic solutions: Governing differential equa-
tion:

7“2d2—u+< - )[b—i—r(l—k)]d—u—ib—i_?d(l—i_ky)u

dr? b+r dr b+r
(1 —vH)pw?rd  ka(l+v)r?*T o dT
= — _ 1 _
i e +a(l+v)r =
(102)

The homogeneous solution is obtained by introduc-
ing a new variable z = [b/(r 4+ b)] and using the
transformation u(r) = ry(z). The result is

pr=r () P (s () o

Q(T) _, (Tib>a—6+1

b
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where d=1—Vk2+4(1+kv) (107)
=1 i 1\/k2 41+ k 105
== 9 9 +4(1+ kv) (105) This solution is not finite at the axis of the disk.
ko1 Alternate solution: The solution given below is
=24+ - — k2 +4(1 +k 106
p * 2 2 AL+ k) (106) finite at the axis of the disk.
r r\ o r
= ) =7 (14— —B,6; —— 1
P(r)=rF(a,f,0; b) 7‘( +b) F(a,§ 6’§7b+r> (108)
b+r)kdr
Qr) = P(T)/ ; b+ 1) — (109)
3 [F(a, 3,6, —7F)]
where
ko1
ko1
le—§+§\/k2+4(1+ku) (111)
§=3 (112)
Plastic region I: The stresses:
b 1)lb— (1= K)r]pw?
() = — BCy(b+ 1) + 113
The displacement:
u(r) = [ N 1 n 2(1 —v)] [[6b% + 4bkr — 3(1 — k)r?] pw?r
r  2n  |nop E 12(1 - k)(2—k)
LS B {+r) "1 +k)r—b) + b2+k}] L2 /TT(§)§ d¢ (114)
(I+K)(2+Ek)r T Jo
Plastic region II: Governing differential equation:
d*u r du  W2b+r(1+kv)]
i b+r(l—Fk)] — — =
" dr2+<b+7“>[ +r( )]dr b+r
(1= W2u2) pw?r3 n (1—W2){b(1 —v)+[1— (1 - k)]r}oor
E E(b+r)
a{b(l—W2)+r[1—k—W2(1+ku)]}rT 9\ odT
1 — 11
+ Py +a(l+W)r = (115)
Homogeneous solution:
_ W T
P(r) =1~V F (a,8,6,—7) (116)
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Q) =rF(a=5+1,8-0+1,2-5-7)

k 1
a:—§—W—§\/k2+4W2(1+ku)
k 1

0=1-2W

Plastic region III: Governing differential equation:

d*u W2r du  b+r(1+EW?)
Wi+ (—— ) [p+r(1— k)] — — =
" dr2+<b+r>[ i )]dr b+r "
(1= W2u2) pw?r3 (1= W2AH[b(1 —v)+ (1 — k —v)rjoor

E E(b+r)
b(1—W? 1-W2(1—-k—k T
_a{ ( )+T[ ( V)]}T +W2CY(1+V)T2£
b+r dr

Homogeneous solution:

P(r)= rYWE (a,ﬁ, 0; —%)

Q) =r/VF(a-6+1,8-6+1,2-5-7)

where
k 1 1
= —— - — — I 22 1 4(1 2
oY 5~ T 2W\/kW +4(1 4+ kW2v)
B = ko1 L\//c2W2 +4(1+ kW2v)
2 W 2
2
0=1— —
w
Plastic region IV: Governing differential equation:
d*u r du  b+r{l+k[1-W2(1-v)}
2
[ 1 —_ —_— =
Tdr2+<b+r>[b+T( k)]dr b+r b
[2- W21 —v)|(1 - v)pw?r3 C[2b+r@2-k)A - W2)(1 - v)aor
E E(b+r)
ka2 — W2(1 —v)|r?T dT

— —W?(1 - 227
Py + a2 — W¥( v)|r =

Homogeneous solution:

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)
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b a—0+1 b
where
ko1
a:1—5—5\/4+k2+4k[1—W2(1—u)] (130)
ko1
ﬁ:2+§—5\/4+k2+4k[1—w2(1—u)] (131)
§=1—/4d+k2+4k[1 - W21 —v)] (132)
Alternate solution:
P(r) =rF(a, 3,0;—7) (133)
b+r)kdr
R O (134)
3 [F(a, 3,6 —7)]
where
ko1
a:1—§—§\/4+k2+4k[1—w2(1—u)] (135)
ko1
6:1—§+§\/4+k2+4k[1—W2(1—u)] (136)
(137)
Plastic region V: Governing differential equation:
d*u r du  b+r{l+k[1-W2(1-v)}
2_ —_ —_— =
Tdr2+<b+r>[b+T(1 k)]dr b+r b
[2- W21 —v)|(1 — v)pw?r3 n 204+ 7(2 — k)](1 — W) (1 —v)oor
E E(b+r)
ka2 — W2(1 —v)|r?T 5 5dT
- —W2(1 - - 1
b+r +al2= WL —v)lr dr (138)

Homogeneous solution: same as in plastic region IV.

Disk Profiles with Two Geometric Parameters

Exponential profile

The exponential disk profile is described by the thick-
ness function

h(r) = hoe ™(5)" (139)

254

where n and k are geometrical parameters. The pa-
rameter n determines the thickness at the edge of
the disk relative to hg while k£ determines the shape
of the profile.

This thickness profile was first introduced by
Given (1995a) and has also been used by other re-
searchers. Isothermal solutions for the elastic region
and plastic regions I and II were obtained by Eraslan
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and Orcan (2002a). A solution of plastic region III
was obtained and used for the stress analysis of rotat-
ing concave exponential solid disks (Eraslan and Or-
can, 2002b). The solutions of plastic regions I and II
were used by the author (Eraslan, 2002a) to compare
the predictions of Tresca and von Mises yield crite-
ria in estimating the stress distribution for rotating

linearly hardening rotating annular disks mounted
on rigid shafts. This numerical analysis was based
on von the Mises yield condition, deformation theory
of plasticity and Swift’s hardening law. Nonisother-
mal solutions for the elastic and plastic regions I, IT
and IIT have not appeared in the literature. Further-
more, the solutions for the plastic regions IV and V

exponential solid disks in the fully plastic state. In are original. These solutions are presented next.

a later work, the author (Eraslan 2002b) used this

proﬁle to analyze the deformation behavior of non- Flastic solution: GOVerning differential equation:

d*u r\*] du r\k (1 —v?)pw?r3
R U R r =TV
Tdr2+T[ k”(b)] dr [ +k””(b)]“ E

k
—kna (%) (I+v)rT+a(l+ V)T2CCZZ—T (140)
r

The homogeneous solution is obtained by introducing a new variable z = n(r/b)* and using the transformation
u(r) = ry(z). The result is

P(r)=rFc (a, Bin (%)k> (141)

Q(T)Z%Fc (a—6+ 1,2—6;n(%)k> (142)

where Fe(a, 3;z) is the confluent hypergeometric function given by (Abramowitz and Stegun, 1966)

ala+l) 5  ala+1l)(a+2)

@
Fo(a,3;2) =14 — 24+ ——— 2 S, 143
cloB2) =14 gt pErna’ RGN (143)
and the arguments are defined by
1 v
=4+ - 144
2
B=1+7 (145)
The details of this solution are presented in Appendix C.
Plastic region I: The stresses:
= oa(r) = ECuen (3 p2en(0) [ oo
o.-(r) =op(r) = EC3e™® pwe"s e M%) gde (146)
0
The displacement:
Cy r 1 21 —-v)]| [ECs /T (&)
= _— - - @7 - n d
i) 21 [n00+ E r o€bgf
pw? [T [¥ Eyk ok 200 [T
2 [ [T e o) édfwdw] + 2 [ reede (147)
™ Jo Jo ™ Jo
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Note that

T a8k
lim 710 ) €dg =

r—0 r

0 (148)

T 6V (2
hmfo fo e ) en() fdf@dwzo

r—0 r

(149)

The integrals in Egs. (146) and (147) may be evaluated analytically if n, b and k are assigned numerical values.
For example, if n =1/2, b =1 and k = 2 one finds by expanding the integrand into Taylor series

4 6 8 10

T 2 2
n($eqge=_ 1o . T " 150
/Oe Se=5 "7 21" 192 " 1020 " 23040 (150)

Plastic region II: Governing differential equation:
2

d*u r\¥] du ry\k (1 —W?22)pw?r?
207U 1— r au 2l r _
Tdr2+T[ k”(b)] o [ +k””(b)]“ E

(1-Ww?2) {1 —v [1 —kn (%)k}}oor
E

dr

k
+ +a [1 —W? - (14+W?)kn (%) ] rT+ a(l+ W2u)r2d— (151)
r

Homogeneous solution:

P(ry=r""Fq (a, B;n (%)k> (152)
Q(r) =V Fo (a—ﬁ+1,2—ﬁ;n(%)k> (153)
where
R U W;” (154)
s 2 s

Plastic region III: Governing differential equation:

d*u r\¥] du r\k (1 — W2v2)pw?r3
2 207U 2. 11 _ r au 2 (T _
Wer dr2+w r[l kn (b) ] I [1+Imuw (b) ]u i

Kk
a-w - ”E_ bn (5)"] oor L [1 — W2t knW? (%)k (1+ u)] T+ aW2(1+ V)ng (156)

Homogeneous solution:

P(r)=r""W Fq (a, B;n (%)k> (157)

Q(r)=r'V Fc (a—ﬁ+1,2—ﬁ;n(%)k> (158)
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where
1 v
- - 4+ Z 159
TR Tk (159)
2
=1-— 160
p=1- (160)
Plastic region IV: Governing differential equation:
d? k] d k
r2d—7f; +r [1 —kn (%) ] d—:f - {1+kn[1 —W2(1 —v)] (%) } u=
Ak
[2— W2(1 — )1 - V)pw27“3 [2 — kn (5) } (1- W2)(1 —v)oor
E E
k dr
—akn[2 — W31 - v)] (%) T+ a2 — W21 — u)]r2d— (161)
r
Homogeneous solution:
r k
P(r)=rFc (a, Bin (5) ) (162)
1 r\k
Qr) = ~Fo (a—6+1,2—ﬁ;n(5) ) (163)
where
2 W3l-v)
= _ 164
2
=1+ — (165)
k
Plastic region V: Governing differential equation:
d? kKl d k
T2d—7f; +r [1 —kn (%) ] d—:f - {1+kn[1 —W2(1 —v)] (%) } u=
Ak
[2 _ W2(1 _ V)](l _ u)pw2T3 N [2 — kn (F) :| (1 — W2)(1 — V)O'()T
E E
r\k dr
—a2 - W21 —v)]kn (5) T+ a2 — W21 —v)|r?— (166)
Homogeneous solution: same as in plastic region IV.
Disk profile in a power function form where n and k are geometrical parameters 0 < n < 1.
) . . The parameter n determines the thickness at the
The disk profile is described by edge of the disk while k determines the shape of the

profile. Based on the values of the parameter k the

h(r) = ho [1 —n(g)r (167)

profile may be convex, linear or concave.
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The power function profile in the form h(r) =
ho [1 — nr]" was proposed by Giiven (1995b). Or-
can and Eraslan (2002) used Giiven’s profile and ob-
tained isothermal solutions for elastic and plastic re-
gions I and II. An isothermal homogeneous elastic
solution was used by Giiven (1998b) to obtain the
stress distribution in a stationary annular disk sub-
jected to external pressure. A computational analy-
sis using Gliven’s profile was carried out by Eraslan
and Argeso (2002) to calculate elastic and plastic
limit angular velocities in solid and annular disks.
The von Mises yield condition was used to deter-

d?u du

r2(b—nr)— +rb—nr(1+k)]— —[b—nr(l —kv) u=—

dr? dr

—akn(1 4+ v)r*T + a(b —nr)(1 + V)T2d—
.

mine plastic limit velocities. Another computational
study considering this profile was carried out by the
author (Eraslan, 2002b), in which the deformation
behavior of a rotating annular disk having a power
function form thickness profile was investigated using
radially constrained and free boundary conditions.
However, the form (167) of the profile considered in
this work is slightly different than the one proposed
by Giiven (1995b). In this respect, all the solutions
given below may be considered original.

FElastic solutions:
tion:

Governing differential equa-

4T (168)

The homogeneous solution is obtained by introducing a new variable z = b — nr and using the transformation

u(r) = ry(z). The result is

P(r) :TF(

Q(r)=r(b—nr) FF (a -

where

nr
a,B,6:1— ?) (169)

5+1,5—5+1,2—5;1—ﬁ) (170)

b

ko1
ko1
B=143+5VI 41— kv) (172)
0=k (173)
This solution is not finite at the axis of the disk.
Alternate solution: The solution given below is finite at the axis of the disk.
P(r) =TF(a,6,5;n—;) (174)
dr
Qo) =rw) [ (175)
r3(b — nr)k [F(a, B, 6; %)]2
where the parameters o and [ are given by Eqgs. (171)-(172) and ¢ = 3.
Plastic region I: The stresses:
EC b— b 1+k 2
ou(r) = oo(r) = — 23 bmmmbrnr(l 4 bl (176)
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The displacement:

Cy 7 N 1 2(1 —v)] [ [6b% + 3bknr — 2n2r2(1 + k)] pw?
e E 6n2(1+k)(2+k)

C BCyb— ) }+2_O‘/TT(€)€CZ§
T Jo

Plastic region II: Governing differential equation:

2u U
r2(b — m“)ili? +rb—nr(l+ k)]Z—T — W2 —nr(l —kv)u=
(b —nr)(1 — W?2v2)pw?r? N (1—=W?2){b(1 —v)—nr[l —v(1+k)]}oor
E E
AT

o {b(1 = W?) —nr[l +k—W?*(1 — k)] }rT + a(b—nr)(1 + W?v)r y

r

Homogeneous solution:

P(ry=r""F (a,ﬁ, d; n_br)

Q) =rF(a—s+1,8-5+12-5)

where
k 1
a=3 —W—§\/k2+4W2(1—ku)
k 1
f=5-W+ 5\/1@2 +4W?2(1 — kv)

0=1-2W

Plastic region III: Governing differential equation:

r2W2(b — nr)d2—u + rW2b — nr(1 + k)]d—u —[b—nr(1—kW?)] u=
dr? dr

(b—nr)(1 —W?22)puw?r® (1 -W2H[b(l —v) —nr(l+k—v)]oor

FE FE
—a{b(1 = W?) —nr[l = W21+ k(1 + )]} rT + aW?(b — nr)(1 + u)r2%

Homogeneous solution:

P(ry=r"YWFE (a,ﬁ, d; n_br)

Q(r)le/WF(a—§+1,ﬁ—§+1,2—§;n—;)

where

1
— 27172 1+ 4(1 2
e’ 5 \/k W2+ ( kW u)

(177)

(178)

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)

(187)
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ko1
== - — E2W?2 4+ 4(1 — kW?2y
B=5-w+ \/ +4( )
2
d=1-—
w
Plastic region IV: Governing differential equation:

9 d*u du 9
r(b—nr)d2+r[b nr(l+k)=— —{b—nr[l —k(1 - W?*(1 -v))]} u=
C(b=nr)2-W2(1 - v)|(1 - )pw P (L=W?)[2b —nr(2 + k)](1 = v)aor

E E
2 2 2 2 dT
—akn2 — W1 —=v)|r*T + a(b—nr)[2—=W*(1 —v)|r =

Homogeneous solution:

P(r)y=rF (a,ﬁ,& 1- n—bT)

Q(r):r(b—nr)l_kF(a—§+1,6—§+1,2—§;1—%)

where

k1
a=1+§—§\/4+k2—4k[1—W2(1—u)]

6:1+E+%\/4+k2—4k[1—w2(1—w]

2

0=k

Alternate Solution:

P(ry=rF (a,ﬁ, d; n_br)

dr
Qr) = P(r) / r3(b—nr)k [F(a, 3,0 %)]2

where the parameters o and [ are given by Eqgs. (193)-(194) and ¢ = 3.

Plastic region V: Governing differential equation:

r2(b—nr)d2 +7r[b—nr(l + k)] du —{b—nr[l = k(1 =W?(1 —v))]} u=
dr? dT

C(b=nn) 221 —v)](1 —v)p*r® N (1—W2H[2b—nr(2+k)](1 —v)oor

E E

—akn[2 — W?2(1 —v)]r*T + a(b —nr)[2 = W2(1 —v)r 24T

dr

Homogeneous solution: same as in plastic region IV.
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(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)
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Parabolic disk type I by setting k = 1. Furthermore, if k¥ < 1 the profile is
concave and if £ > 1 it is convex.

This parabolic disk profile is described by the thick- This profile was suggested by the author Eraslan

ness function (2003). A similar profile in the form h(r) =
b ho [1 — m“k] was used by Giiven (1998b). Isother-
h(r) = ho [1 -n (5) ] (199) mal elastic and plastic solutions for regions I, I and

IIT were presented in (Eraslan, 2003). Homogeneous
solutions and nonhomogeneous terms for these re-
gions together with the solutions for plastic regions
IV and V are given next.

where n and k are geometrical parameters (0 < n <
1, £ > 0). With this form of the disk profile func-
tion, a uniform thickness disk is obtained by setting
n = 0 and a linearly decreasing thickness is obtained Elastic solution: Governing differential equation:

#li-n () e+ [nem (5)] G- [r-na-m (5) ] w=

)k —V)pwr
el e P N RSV PP

The homogeneous solution is obtained by introducing a new variable z = n(r/b)*¥ and using the transformation
u(r) = ry(z). The result is

P(r)=rF (a,ﬁ, n (%)k> (201)

Q(r):%F<a—5+1,6—6+1,2—6;n(%)k> (202)

where
1

1 1
N Y
a 2+k o% k2 4+ 4(1 — kv) (203)

1 1 1
=—+ -+ —VkZ2+4(1 - 4
B 2+k+2k k2 +4(1 — kv) (204)
5—1—i—z (205)
N k
Plastic region I: The stresses:
T 2.2
B e [2+k—2n (3) }pw r 206
7:(r) = o0l0) = T ' (206)
nE) 2@k [1-n(5)"]
The displacement:
Cy 1 1 20 —v)] [ECsr _ (2 2 r\k
=2 4| — FZ, 1,1+ 20 (=
ulr) == 277+[7700+ E 2 B +k’n(b)
[2+kF (%,1,1—1— %;n(%)k” pw?r3 2 [T
B 8(2+ k) + 7/0 T(£)§ dS (207)
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in which F(«, 3, ; 2) is again a hypergeometric function defined by (72).

Plastic region I1I: Governing differential equation:

el-n () G+ fonaen (5)] 5

r\k W22 pw2r3
W2 [1—n(1—ku)(%)k]u:_[l_n(g)}(1E We5p

(1-Ww?) [1—u—n(1—u—ku)(%)k} oor

* E
el Cwra— gy (B a(mY LI
—i—a{l W2 —n[l+k - W2(1 ku)](b) }rT—i—a[l n(b)](HWu)r - (208)
Homogeneous solution:
k
P(r)y=r""F (a,ﬁ,é;n(i) ) (209)
b
k
Q(r):rWF(a—§+1,6—§+1,2—§;n(%) ) (210)
where
1 w1
= = — — = — 2 2 —
a=5-7 2k\/k +4W2(1 — kv) (211)
1 w1
= - —/E2 FAW2(1 — 1
B=3 k+2k\/k+W( kv) (212)
2W
d=1—— 213
Plastic region III: Governing differential equation:
2,2 [1 o (T 2y, [ T\ du
wer [1 n(b)]dT2+WT[1 n(1+k)(b) dr
k
L—n (%) | (1 —W?2?)pw?rd
I P N A __[ b }
[1 n(l — kW u)(b) ]u— %
(1-Ww?) [1—u—n(1+k—u)(%)k} oor
Dhiwr o owe m* 2l (M) 24T
a{l W2 —n[l W(1+k(1+u))](b) }rT—i—aW [1 n(b) ](1+u)r — (214)
Homogeneous solution:
k
P(r)=r"YWF (a,ﬁ,&n(i) ) (215)
b
k
Q) =r/VF (a—§+1,6—§+1,2—§;n(%) ) (216)
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where

== —— — ——/E2W2 4+ 4(1 — kW?2v)

- _ _ 2 2 _ 2
Jé] 5~ T %W\/kW +4(1 — kEW?2v)
2
§=1— —
kW

Plastic region IV: Governing differential equation:

2 [1—7@(%) ] 322 +r [1—n(1+k)(b) ] Z:f {1—n[1—k(1—W2(1—u))] (%)k} w=
- [1 —-n (%)k} 2 —-W2(1-v)|(1—v)pwrd [2 —n(2+k) (%)k} (1-W?2)(1—v)oer

E E
el W) ()7 o1 )

2T
Homogeneous solution:

P(r)=rF <a,g,5;n (%)k>

) =1F(a-s+1-5+12-50 (7))

where

1
=%+E——\/4+k2 4k[1 —W2(1 —v)]

5_%+k+_\/4+k2 K[ = W2(1 - v)]

§=1+2
3

Plastic region V: Governing differential equation:

2 [1—n(%) ]222 +T[1—n 1+k ]d—u—{l—nl—k(l—W2(1—u))] (%)k}u:
- [1 —n(%)k} [2—=W?2(1—v)](1—v)pwr3 s [2 —n(2+k) (%)k} (1—=W2H(1 - v)oor
E E
a2 = W21 ] (5) 0T e[ (5) | e

Homogeneous solution: same as in plastic region IV.

(217)

(218)

(219)

(220)

(221)

(222)

(223)

(224)

(225)

(226)
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Parabolic profile type II
This parabolic disk profile is defined as

h(r) = ho l1— (biny

where n and k are geometrical parameters (n > 0,
k > 0). A uniform thickness disk is obtained by set-
ting n — oo and a linearly decreasing disk thickness
is obtained by the use of k = 1. If k£ < 1 the profile

(227)

d?u

dr?

_ [1—(1—ku) (bin)k

k
-
—ak(—) @
ak(b—i—n) 1+v)rT+«

s+ 1—(1+k)<bin>k

is concave and if k£ > 1 it is convex. Furthermore,
the shape of the profile is smoothed as n increases.

This profile was proposed by the author Eraslan
(2003). TIsothermal elastic and plastic solutions for
regions I, IT and III may be found in (Eraslan, 2003).
Homogeneous solutions and nonhomogeneous terms
for these regions together with the solutions for plas-
tic regions IV and V are given below.

Elastic solution: Governing differential equation:

du
dr

1 ()] 0 e

k
- r
(b—l—n)

E

dT
1 L
(I+v)r = (228)

The homogeneous solution is obtained by introducing a new variable z = [r/(b+ n)]* and using the transfor-

mation u(r) = ry(z). The result is

P(r)=rF <a, B, 0; (HLTJ k) (229)

k
Q(r)z%F(a—é—i—l,ﬁ—tﬂ-lﬂ—&;(b_:n> ) (230)

where arguments «, 3 and ¢ are given by Egs. (203)-(205).

Plastic region I: The stresses:

(r) (r) ECs pw?r? kpw?r? (231)
or(r) =op(r) = —
-Gt | 2HE 2w [1- ()]
The displacement:
Cy 1 1 2(1-v) ECsr 2 2 Tk
=2 4| = F2 1,142 (—
=7 277+[7700Jr E ] [4(2+/€) (k 1 Gy
2+ kF (014 4 GE) )| s ] g
B 82+ k) + 7/0 T(£)¢ dS (232)
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Plastic region II: Governing differential equation:

a [1_<b—:n>k

e l1 —(1- k) (b%z)k

(1-W?) [1 - (b;n)ku —u—ku)] or
E

+a{1—W2—[1+k—W2(1—ku)] (z;in)k}’“T

d?u .
dr?

du
dr

1—(1+k) (HLHY

[1 = (m)k] (1 — W22)pw?r3
E

+

ta |l - [ —— ' (14 W22 L (233)
b+n dr
Homogeneous solution:
N
P(ry=r""F & —— 234
(ry=r (a,ﬁ, 7<b+n> ) (234)
N
1%
= F —64+1,6—-0+1,2-6; 235
Q) = (a FLB-G+1, 7(“”)) (235)
The arguments «, § and § are given by Egs. (211)-(213).
Plastic region III: Governing differential equation:
k k
d*u r du
22 1 — ( — W1 (1+k &
" b+n dr2+T (1+F) b+mn dr
k
N [1 - (b-i—Ln) ] (1 — W2v2)pw?r3
—1=(1= 2 S
l (1= kW ”)<b+n> E
k
(1—-Ww?) [1_”_(1"_]“_”)(17-:71) ]oor
- E
O\ F
—a1-W?—-[1-w?3(1 1 —
a{ W?—[1-W?*1+k(1+v))] (b—i—n) }T‘T
raw? [1- [ —— ' (1 +u)r2g (236)
b+n dr

Homogeneous solution:

b+n

P(r)=r"""F (a,ﬁ,é; (LY) (237)
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k
o= (o 0-s 1025 (7)) s

The arguments «, § and § are given by Egs. (217)-(219).
Plastic region IV: Governing differential equation:

1—(1+k)<bin>k %—{1—[1—k(1—w2(1—u))] (bin)k} w=

[1 - (b;n)k] 2— W2(1 - )](1 - v)pw?r® i [2— 2+ k) (b;n)k] (1—W2)(1 - v)oor

E E

9 r K r K 9 odT

—ak[2 —W*(1 —v)] (b—i——n> T+ o |l— (b—i—n) 2-W*(1—-v)r . (239)
Homogeneous solution:
N

P(r)=rF <a,ﬁ,§; (m) ) (240)
_lp S+1,8-6+1,2—5:— ' 241
Q(T)_; a—0+ s M T + y & 7<b+n> ( )

The arguments «, § and § are given by Egs. (223)-(225).
Plastic region V: Governing differential equation:

r2 [1_ (bj:n)k 1—(1+k) (b%z)k %—{1—[1—k(1—w2(1—u))] (bin)k} u =

i [1 - (b;n)k] 2 W2(1 - ))(1 - v)pw?r? [2— 2+ k) (b;n)k] (1 - W2)(1 — v)oor

E + E

—ak[2 — W2(1 - )] (#)kTTJFO‘ 1= <b1n>k

n
Acknowledgments double checked every solution with patience using
Mathematica V4.1. His help is greatly appreciated.

d?u .
dr?

[2—W2(1 - u)]r2% (242)

Homogeneous solution: same as in plastic region IV.

Research Assistant Mr. Tunc Apatay in the Depart-
ment of Mechanical Engineering at Gazi University
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Appendix A
Solution of Eq. (69)

Introducing a new variable z = b% — nr? and using the transformation u(r) = ry(z) the homogeneous
equation is transformed into
d?y 1

2 NTY Lo
z(b Z)dz2 + 2(b 52)

dy (1+v)
dz 4

y=0 (A1)

This is the standard form of the hypergeometric differential equation with the solution (Zhang and Jin, 1996)
z z

y(z) = C1F (a,ﬁ,§;b—2) + Cov/2F (a—§+ 1,5—(5—1—1,2—(5;()—2) (A2)

in which the arguments have been defined by Eqgs. (73)-(75). Back transformation ry(z) = u(r) gives

2
u(r)zCﬁF(mﬁ,(S;l—n(%) )+Cz7“\/b2—nr2F(a—§+1,ﬁ—§+1,

2
2-51-n(5)’) (43)
Hence,
P(r)=rF (a,ﬁ,§;1—n(%)2> (A4)
Q@) = rvb2 — nr2F <a—5+1,6—6+1,2—6;1 —n(%)2> (A5)
Appendix B

Alternate Solution of Eq. (69)

One solution to the homogeneous equation is obtained as

P(r)=rF (mﬁ,(s;n(%f) (B1)

in which a and 3 are given by Egs. (73)-(74) and § = 2. The homogeneous solution is assumed to be of the
form w(r) = P(r) - V(r). Substituting in Eq. (69) we get a differential equation for V(r):

2
r2(b? — m“%P% + [T(b2 —2nr?)P + 272 (b? — nr%%] % =0 (B2)
with the solution
dr
Vir)y=C1+C /
=t | = PP
d
-+ 02/ 4 . (B3)

302 — nr? [F (a,ﬁ,&n (%)2)}
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In view of Eq. (20) we see that

dr

Q(r) :P(T)/T3M[F(a,ﬁ,§§n(%)2)]2

(B4)

The integration in Eq. (B4) may be carried out analytically if the Poisson’s ratio is assigned a numerical value.
For v = 3/10 the result is

dr 1 Tnlnr  2663n2r2

Tg12 2 3 5
302 — 2 [F(a, 8,8:n(5)2)] 2br 400 38400 b
542597n%r*  383330149ntr®  208132660421n°r®

18432000 b7 + 22118400000 b? + 17694720000000 b'*
183819510478993n5r10  27380392583073829n7r12

51233664000000000 513 | 107636348300000000065

Appendix C
Solution of Eq. (140)

Introducing a new variable z = n(r/b)¥ and using the transformation u(r) = ry(z) the homogeneous equation
is transformed into

d’y 1 dy 1
R+ E1-2)] 2 - (1 =0 C1

This is the standard form of the confluent hypergeometric differential equation with the solution (Abramowitz
and Stegun, 1966)

y(z) = C1Fe(a, B;2) + ézz_%Fc(a —B+1,2—0;2) (C2)

in which the arguments have been defined by Eqgs. (144)-(145). Back transforming using ry(z) = u(r) we obtain

)= urte (o ()" ) € (1)) e (w5123 ')

= CirFe (a,ﬁ;n(%)k> + MFC (a—ﬁ+1,2—ﬁ;n(i)k>

—2/k

r b
— CvrFe (a,ﬁ;n (%)k> + @%FO <a —B+1,2-fn (%)k> (C3)

Hence,
P(r) = rFc (a,ﬁ;n (%)k> (C4)
Q) = 1c (a-p+1.2-pn (7)) (1)
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