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Reliability–based Assessment of Erodible Channel Capacity

A. Melih YANMAZ
Middle East Technical University, Civil Engineering Department,

06531 Ankara-TURKEY
email: myanz@metu.edu.tr

Received 28.01.2003

Abstract

The surface drainage of an irrigation area is concerned with the collection and removal of storm runoff
and excess water from irrigation applications. The engineering problem is to determine the shape, cross-
sectional area and slope of a stable channel. A reliability-based design, which addresses and treats possible
uncertainties associated with the design parameters, is of importance as it leads to realistic decision-making.
In this paper, a reliability-based assessment of erodible channel capacity based on the regime concept is
carried out in an example using the Advanced First Order Second Moment formulation and the Monte
Carlo simulation technique. A sensitivity analysis is also carried out to observe the effects of coefficient
of variation and probability distributions. The results obtained from both approaches are found to be in
relatively good agreement.

Key words: Reliability, Erodible channel, Advanced first order second moment formulation, Monte carlo
simulation.

Introduction

An erodible channel may experience various modes
through the stabilization process. Depending on the
sediment transport rate, a channel may be subject
to scouring, accretion or both along its reaches. A
stabilized channel, which attains its equilibrium in
the the long term, may be considered as a channel
having fixed boundaries, and hence its hydraulic be-
havior can be assessed using simpler relations than
those required for movable boundaries. Long-term
channel equilibrium can be assessed with reference
to the concept of degree of freedom. A prismatic
channel has one degree of freedom, i.e. the channel
attains its mean equilibrium depth over a consider-
able period of time for the given steady flow rate,
Q. Two degrees of freedom occur in a channel hav-
ing fixed banks and that carries sediment load. The
depth, y, and the bed slope, S0, are adjusted for the
given discharge. In the case of an erodible channel
having loose boundaries, there exist three degrees of
freedom. For the given steady discharge, an erodi-

ble channel adjusts its depth, y, surface width, W,
and the bed slope, S0. Lacey (1930) found that nat-
ural channels have a tendency to experience a sta-
bilized section having a semi-elliptical shape. The
coarser the sediment, the flatter the semi-ellipse and
the greater the width at the water surface. Finer
material would lead to the development of a semi-
circular shape.

Stable channel design, which can be carried out
for surface drainage systems as well as navigation
channels and stream stabilization purposes, is one of
the most intriguing applications in loose-boundary
hydraulics. Although much work has been put in to
the development of design guidelines, the proposed
methods reported in the literature are subject to un-
certainties because of simplifications made in their
developments. Among several design methods the
method of maximum permissible velocity, the trac-
tive force approach and the regime concept are wor-
thy of note. The maximum permissible velocity is de-
fined as the greatest mean velocity that will not cause
erosion of the channel boundaries. Erodible channel
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design based on this concept is subject to high un-
certainties, as the accuracy of the maximum permis-
sible velocities proposed by Scobey and Fortier (See
Chow, 1959) for old straight channels of small slope
having a 1 m flow depth are relatively low. The valid-
ity of the tractive force approach is based on the ac-
curacies of the shear stress distributions and permis-
sible unit tractive forces. The diagrams giving the
permissible unit tractive forces proposed by the U.S.
Bureau of Reclamation do not consider particle gra-
dation and soil properties, such as degree of plasticity
and chemical action among soil particles forming the
channel boundaries. The regime approach, although
it does not incorporate physical explanations for the
phenomenon, is an empirical approach that has been
developed by observing the characteristics of stable
channels. Initial investigations have been carried out
in India, Pakistan and Egypt. Extended investiga-
tions on this approach have been performed in the
USA and Canada. The method was initiated by
Kennedy (1895). Based on extensive field investiga-
tions, additional contributions to the regime concept
were made by other researchers. Some of the works,
which are of practical importance, are attributed to
Lindley (1919), Blench (1957), Lacey (1966) and Si-
mons and Albertson (1963). The regime equations
have been verified using additional field data beyond
those used in the development of a particular equa-
tion. This approach sizes an erodible channel such
that its sections and slope are in equilibrium with
discharges. Therefore, increments or decrements in
Q modify W and y. That is why, after the annual
periods, sections and slopes remain practically con-
stant. With these characteristics, a regime equation,
which is developed using extensive field data, is as-
sumed to be adequate for the preliminary design.
However, care must be taken in applying a particu-
lar regime equation to a specific site. The designer
must verify that the local conditions are similar to
those used in the derivation of that particular equa-
tion.

An erodible drainage channel such as a collec-
tor may attain a single degree of freedom because of
the following reasoning. In practice, the size of the
maximum permissible land allocated for agricultural
activities is defined according to local conditions.
Therefore, an almost constant channel surface width
can be provided at the lowest ridges in the project
area for the removal of drainage water. Furthermore,
the channel bed slope is governed by the topograph-
ical characteristics of the area where irrigation prac-

tices are carried out. Hence, for the given discharge,
specified surface width and bed slope of the chan-
nel, the mean equilibrium depth can be estimated
using a suitable regime equation. To this end, the
equation proposed by Maza Alvarez and Echavarrio
Alforo (1973) is used. This equation, which is valid
for a straight uncontracted reach having bed mate-
rial with D75 < 6 mm, where D75 is the characteristic
particle size for which 75% of the material is finer, is
as follows:

y = 0.365
(

Q0.784

W 0.784D0.157
50

)
(1)

in which y is the mean equilibrium depth in m, Q
is the discharge in m3/s, W is the surface width in
m, and D50 is the median sediment size in m. This
method is based on data from other researchers to-
gether with field data from South American rivers.

Hydrosystems Reliability

Reliability analyses have been increasingly used in
water resources engineering for decision-making in
the design and operation of hydrosystems subject to
uncertainty. To carry out reliability-based analyses,
possible uncertainties associated with the variables
need to be identified, quantified, and treated. The
total uncertainty, i.e. the model and parameter un-
certainty associated with a hydraulic phenomenon,
cannot be quantified precisely for most of the appli-
cations because of the lack of relevant information.
To offset this limitation, sets of elaborate measure-
ments as well as judgment and experience are needed
to collect relevant information for uncertainty anal-
ysis. In hydrologic problems, the statistical informa-
tion available is often limited to the first two mo-
ments of the variables only. Values for the higher
moments are normally either unreliable or unavail-
able. Therefore, second order approximation is not
only difficult to evaluate but also impractical. That
is why first order uncertainty analysis is usually car-
ried out for the reliability evaluations of water re-
sources systems (Yen et al., 1986).

Uncertainties can be expressed in terms of coef-
ficients of variations. However, the validity of the
results of an uncertainty analysis is dependent on
the correct choice of the coefficient of variation and
the probability distribution of the variables involved
in a physical phenomenon. The coefficients of vari-
ations in hydraulic parameters, such as flow depth

266



YANMAZ

and velocity, reflect the possible errors in the mea-
surement of these variables that may be small in
elaborate laboratory conditions under the control of
an experienced hydraulician. However, these values
may attain somewhat larger values in prototype con-
ditions, depending on the location of measurement,
sediment transport regime of the river, precision of
the instrument and human-induced errors. The co-
efficients of variations of geometric variables, such
as channel surface width, may arise due to measure-
ment error, which is normally very small. Another
difficulty in uncertainty analysis is the identification
of the dependence of parameters involved in a phe-
nomenon, which is based on the interpretation of the
cross correlations between these parameters. Due to
the complexity and random nature of the hydraulic
phenomena, such information is normally not avail-
able.

Conventional hydraulic design is deterministic,
i.e. it does not account for possible variations of
the parameters involved in the phenomenon con-
cerned. With the application of reliability theory
to hydraulic engineering practices, probabilistic de-
sign approaches have been proposed that enabled
the assessment of various reliability levels under dif-
ferent combinations of design parameters. In these
applications, the probability distributions of param-
eters having specified coefficients of variations were
considered. In the composite risk analysis of a hy-
drosystem using resistance-loading interference, the
risks resulting from various sources of uncertainty
can be incorporated to produce an overall risk as-
sessment for the design of the system (Chow et al.,
1988). The loading, X, on a system is the measure of
the impact of external events. The resistance, Y, is
the measure of the ability of the system to withstand
the loading. Therefore, the reliability, α, of a system
can be expressed as the probability that the resis-
tance of the system equals or exceeds the loading,
α = P (X ≤ Y ) or α = P (SM ≥ 0), where P is the
probability and SM is the safety margin, Y-X. If the
resistance and loading are dependent variables, the
system reliability becomes (Mays and Tung, 1992):

α = P (SM ≥ 0) =

∞∫
0

Y∫
0

fX,Y (X, Y )dXdY (2)

where fX,Y (X,Y) is the joint probability density func-
tion of the resistance and loading. Composite re-
liability models for bridge pier scouring developed
by Yanmaz and Çiçekdağ (2001) and Yanmaz and

Üstün (2001) can be given as examples of the appli-
cation of Equation (2). In a static reliability model,
the system performance should be checked under a
single worst loading condition. The level of reliabil-
ity may be assessed by a safety factor, SF = Y/X.
When the loading and resistance are independent,
Equation (2) is changed to

α = P (SM ≥ 0) =

∞∫
0

fY (Y )

 Y∫
0

fX(X)dX

dY
(3)

Dynamic reliability considers repeated loading
during a specified service life of a hydrosystem. Re-
cent examples of this application include Yanmaz
(2000) and Yanmaz (2002). The determination of
the exact system reliability using Equations (2) or
(3) requires a knowledge of the probability density
functions (PDFs) of the random resistance and load-
ing. For most hydraulic applications, this informa-
tion is difficult to obtain because of a lack of data
or the expression is highly complex such that ana-
lytical solution is not possible. That is why some
approximate methods have been developed to esti-
mate the reliability in order to offset the difficulties
in obtaining joint or individual PDFs for resistance
and loading. In this study, the Advanced First Or-
der Second Moment (AFOSM) formulation and the
Monte Carlo simulation are applied in the reliability
evaluation of erodible channel capacity. Basic infor-
mation on these approaches is presented below.

The AFOSM formulation (Hasofer and Lind,
1974) is based on the definition of a proper failure
function where SM = 0 composed of n random nor-
malized variables, g(z) = (z1, z2, . . . , zn). In this
function zi = (xi − µi)/σi, where xi is a basic ran-
dom variable composing resistance and loading terms
and µi and σi are the mean and standard devia-
tion of that variable, respectively. The reliability
index, βr, is defined as the shortest distance from
the origin to the failure surface in the normalized
coordinate system. The reliability is approximated
by Φ(βr), where Φ( ) is the standard normal distri-
bution function. When the failure surface is a linear
function of the basic variables, the reliability index
as defined by Cornell (1969) is easily proven to be
βr = µSM/σSM , which coincides with the βr value
defined by Hasofer and Lind (1974). For a nonlinear
failure surface, the aforementioned shortest distance,
βr , is not unique, as in the case of a linear failure
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surface, and it can be determined using an iterative
solution (Ranganathan, 1990). The point on the fail-
ure surface with minimum distance to the origin, Z∗,
is known as the most probable failure point or the
design point satisfying g(Z∗) = 0, which can be found
from

β = −

n∑
i=1

z∗i

(
∂g
∂zi

)
∗[

n∑
i=1

(
∂g
∂zi

)2

∗

]1/2
(4)

where the term (∂g/∂zi)∗ indicates the derivative to
be evaluated at the design point, z∗i = α∗i β, in which
α∗i are the direction cosines, which are expressed as

α∗i = −

(
∂g
∂zi

)
∗[

n∑
i=1

(
∂g
∂zi

)2

∗

]1/2
(5)

The procedure is initiated by defining the nor-
malized limit state equation, g(z)=0. Appropriate
initial values are selected for β and αi, such that∑
α2
i = 1.0. While choosing values for αi, positive

values are selected for load variables, whereas nega-
tive values are assigned to the resistance variables.
The iterative procedure continues until almost the
same β values are obtained in two successive itera-
tions, as illustrated in the application (See Table 2).
If the probability distributions of the random vari-
ables, xi, are not normal, the reliability can be eval-
uated using equivalent normal distributions (Palo-
heimo and Hannus, 1974; Rackwitz and Fiessler,
1978). For an individual variate, the equivalent nor-
mal distribution for a nonnormal variate may be ob-
tained such that the cumulative probability, Φ( ), as
well as the probability density ordinate, φ( ), of the
equivalent normal distribution is equal to those of
the corresponding nonnormal distribution at the de-
sign point. The mean, µNXi , and standard deviation,
σNXi , of the equivalent normal distribution for xi are
obtained from (Ang and Tang, 1984)

µNXi = x∗i − σNXiΦ
−1[FXi(x

∗
i )] (6)

σNXi =
φ
(
Φ−1[FXi(x∗i )]

)
fXi (x∗i )

(7)

where Fx and fx are the cumulative density and prob-
ability density of x, respectively. The failure point is
determined from

x∗i = −αiβσNXi + µNXi (8)

In the second order reliability method, the fail-
ure surface at the design point is approximated by a
parabolic surface with the axis of the parabola along
the direction of the design point. Hong (1999) pro-
poses some correction factors for improving the sec-
ond order reliability estimates. The reliability ex-
pression based on the definition of α = P (SM ≥ 0)
is nonlinear for most of the hydraulic applications.
For a general nonlinear performance function, the
correct reliability may be evaluated through large-
sample Monte Carlo simulations (Ang and Tang,
1984). In the Monte Carlo analysis, random num-
bers between 0 and 1 are generated for the variables
having uniform distribution. These random num-
bers are then transformed to the desired distribution
through an inverse transform method using a com-
puter algorithm. The use of the reliability methods
will be illustrated in the following application.

Application

A main collector is to be designed for a storm runoff
of 87 m3/s. The allowable surface width of the
straight channel is 30 m. The uniform foundation
material forming the channel boundaries hasD50 = 4
mm. The mean equilibrium depth is obtained from
Equation (1) as 2 m. Using Equation (1), the chan-
nel capacity, Qc, can be expressed as

Qc = 3.62Wy1.276D0.2
50 (9)

The safety margin is SM = Qc −Q, or

SM = 3.62Wy1.276D0.2
50 −Q (10)

where Q is the discharge passing through the chan-
nel, which can be regarded as the system loading.
The safety margin can be considered to be a mea-
sure of the level of channel stability. The reliability
will be estimated for various loading levels ranging
from 60 to 85 m3/s. The performance equation in
the normalized system is
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g(z) = 3.62 (zyσy + µy)
1.276 (zWσW + µW )

(zD50σD50 + µD50)
0.2 − (zQσQ + µQ)

(11)

in which zy, zW , zD50, and zQ are the reduced vari-
ates of y, W, D50, and Q, respectively.

The β and α coefficients are determined from
Equations (4) and (5) in an iterative order. Ap-
propriate coefficient of variation and probability dis-
tributions should be selected. To this end previous
studies can be reviewed. By examining the available
data on the variation of some hydraulic variables,
which were reported by previous researchers, John-
son (1996) presented limited information on the coef-
ficient of variation and associated probability distri-
bution of some hydraulic variables. Yanmaz (2000)
carried out an uncertainty analysis for a diversion
canal. In another study conducted by Yanmaz and
Çiçekdağ (2001), a comprehensive uncertainty anal-
ysis was carried out for bridge pier scouring. With
reference to these studies the statistical information
presented in Table 1 is selected. The iterative solu-
tion is presented in Table 2 for Q = 80 m3/s. To
compare the results of reliability obtained from the
AFOSM formulation, the Monte Carlo simulation
was also carried out.

Table 1. Statistical information for the application.

Variable Unit µ Ω PDF
y m 2 0.05 Normal
W m 30 0.01 Normal
D50 mm 4 0.01 Normal
Q m3/s 60-85 0.1 Lognormal

In the Monte Carlo analysis, the number of sim-
ulation cycles, i.e. the number of trials to gener-
ate random numbers, influences the level of reliabil-
ity. The number of cycles required in a Monte Carlo
simulation to determine the exact reliability must
be large in order to obtain a significant sampling
of simulation events such that the sample can be
considered as the population (Yanmaz, 2003). The
accuracy of the mean reliability under a particular
simulation cycle may be estimated by the coefficient
of variation of reliability, Ωr, which decreases with
increasing sample size (Melchers, 2002). Therefore,
simulations should be carried out several times for
large cycles such that the corresponding value of Ωr
is relatively small. According to Johnson (1999), it
is desirable to have Ωr < 0.1. The variation of Ωr

against the number of simulation cycles is shown in
Figure 1, from which one can observe that as the
number of simulation cycles increases, Ωr approaches
a constant value of approximately 0.012. Therefore,
it can be accepted that a further increase in the num-
ber of simulation cycles would not lead to improved
accuracy in the computations. To this end an 8000-
cycle is taken in the analysis.

The results of both approaches are presented in
Figure 2 in a format showing the reliability as a func-
tion of the safety factor, SF = Qc/Q. This figure
indicates that reliability increases as the safety fac-
tor rises. The reliability results obtained from both
approaches using the statistical information given in
Table 1 were found to be in very good agreement.
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Figure 1. Variation of Ωr against number of cycles.
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Figure 2. Variation of reliability against safety factor.

Sensitivity analyses were also carried out to ob-
serve the effect of the coefficient of variation and
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probability distribution. Since the coefficient of vari-
ation of the loading parameter, ΩQ, is determined
from a suitable frequency analysis that is compat-
ible with the local hydrologic regime of the basin
concerned, it is assumed that ΩQ is considerably pre-
cise and reliable provided that the size of the data
is enough and the data are of good quality. There-
fore, only the resistance parameters were considered
in the sensitivity analyses. The coefficient of vari-
ation of a particular resistance variable is increased
by 100% while keeping the other coefficients of varia-
tions the same. The corresponding reliability is then
computed. The results are summarized in Figure 3 in
a format giving the absolute value of the percentage
change of reliability relative to the case having the
statistical information given in Table 1 with respect
to the safety factor. Three different combinations of
the coefficient of variation, i.e. case A is Ωy = 0.10,
ΩW = 0.01, ΩD50 = 0.01, case B is Ωy = 0.05, ΩW
= 0.02, ΩD50 = 0.01, and case C is Ωy = 0.05, ΩW =
0.01, ΩD50 = 0.02 were considered. In this analysis,
it is observed that 100% increases of ΩW and ΩD50

have resulted in very small changes in the relative
reliability. However, up to 10% of change in the rel-
ative reliability was observed for Ωy, which may be
due to the fact that the power of y is greater than
the powers of W and D50, and hence it dominates
the accuracy of the reliability. For this case, the rel-
ative reliability was also found to decrease with an
increasing safety factor.
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Figure 3. Sensitivity analysis for the effect of Ω.

Additional analysis has also been carried out to
examine the effect of the choice of PDF different from
those indicated in Table 1 using the same Ω values
as given in Table 1. To this end triangular and uni-
form probability distributions have been assigned to

the variables (See Figure 4). Inspection of Figure 4
reveals that the results obtained using the triangu-
lar distribution are in relatively good agreement with
the normal distribution. Although uniform distribu-
tion has resulted in changes in the relative reliability
up to 18% , these changes were observed to decrease
for the increasing safety factor as shown in Figure
4. As a concluding remark it may be stated that
the choice of Ω and PDF may gain importance for
nonlinear equations having high powers. Therefore,
to carry out a realistic reliability analysis, sufficient
high precision data should be available.
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Figure 4. Sensitivity analysis for the effect of PDF.

Conclusions

A reliability-based assessment of erodible channel ca-
pacity based on the equation proposed by Maza Al-
varez and Echavarrio Alforo, which can be used for
a single degree of freedom, has been carried out.
Possible sources of uncertainties involved in erodi-
ble channel design based on this equation have been
interpreted. An example is given to illustrate the
use of the AFOSM formulation and the Monte Carlo
simulation technique. The results obtained using
the statistical information presented in Table 1 were
found to be in relatively good agreement for both
approaches. Sensitivity analyses were carried out
to observe the effects of coefficient of variation and
probability distribution. The results of the analy-
sis showed that a 100% increase of the coefficient of
variation of flow depth resulted in changes in the reli-
ability values up to 10% because of the greater power
of the flow depth compared to the other variables.
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Table 2. Iterations for AFOSM for Q = 80 m3/s.

Variable Initial
value

Iteration

1 2 3 4 5 6 7 8 9 10 11 12
β 1.0 4.821 -0.132 1.134 0.594 0.834 0.730 0.775 0.755 0.764 0.760 0.762 0.761

α1 -0.5 -0.544 -0.445 -0.575 -0.536 -0.549 -0.542 -0.545 -0.544 -0.544 -0.544 -0.544 -0.544
α2 -0.5 -0.077 -0.070 -0.088 -0.083 -0.084 -0.083 -0.084 -0.083 -0.084 -0.084 -0.084 -0.084
α3 -0.7 -0.016 -0.014 -0.018 -0.017 -0.017 -0.017 -0.017 -0.017 -0.017 -0.017 -0.017 -0.017
α4 0.1 0.836 0.893 0.814 0.840 0.832 0.836 0.834 0.835 0.835 0.835 0.835 0.835
*
4x - 111.84 78.29 86.81 83.93 85.42 84.80 85.08 84.96 85.01 84.99 85.00 85.00
'
4µ 80 73.8 79.6 79.3 79.5 79.4 79.4 79.4 79.4 79.4 79.4 79.4 79.4
'
4σ 8.0 11.16 7.81 8.66 8.38 8.52 8.46 8.49 8.48 8.49 8.48 8.48 8.48
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Negligibly small variations were obtained in the
reliability for a 100% increase of the coefficients of
variations of channel surface width and bed material
size. Furthermore, triangular and uniform probabil-
ity distributions were also tested. The results ob-
tained using the triangular distribution agreed well
with the initial computations. For smaller safety fac-
tors, uniform distribution yielded changes in reliabil-
ity of up to 18%.

Nomenclature

D50 median sediment size
D75 characteristic sediment size
g(z) performance function
SF safety factor
SM safety margin
Q discharge

Qc channel capacity
S0 bed slope
W surface width of the channel
X loading
Y resistance
y flow depth
Z failure point
z reduced variate
α reliability
αi indexes in the AFOSM formulation
β index in the AFOSM formulation
βr reliability index
µ mean
σ standard deviation
Ω coefficient of variation
Ωr coefficient of variation of reliability
Φ standard normal distribution function, and
φ probability density ordinate.
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