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Abstract

The problems dealing with some simple flows of a mixture of two incompressible Newtonian fluids have
been analysed. By using the theory of binary mixtures of Newtonian fluids, the equations governing the
velocity fields are reduced to a system of coupled ordinary differential equations. In the case of non-inertial
flow the analytical solutions of these equations have been obtained for the following three problems: (i) the
parallel flow with a free surface; (ii) the flow between intersecting planes, one of which is moving; (iii) the

flow between two coaxial moving cylinders.
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Introduction

Recently, there has been remarkable interest in flows
of fluid mixtures due to the occurrence of these flows
in industrial processes, particularly in lubrication
practice. A familiar example is an emulsion, which
is the dispersion of one fluid within another fluid.
Typical emulsions are oil dispersed within water or
water within oil. Such emulsions are of consider-
able practical interest because synthetic fluids are
more toxic than mineral oils and are uneconomical
to use in applications requiring large quantities of
lubricant, for example, metal working, mining, cut-
ting and hydraulic fluids. Several problems relating
to the mechanics of oil and water emulsions have
been considered within the context of the mixture
theory by Al-Sharif et al. (1993), Chamniprasart et
al. (1993), and Wang et al. (1993). Another exam-
ple where fluid mixtures play an important role is in
multigrade oils. In order to enhance the lubrication

properties of mineral oils, such as the viscosity index,
polymeric type fluids are added to the base oil (Dai
and Khonsari, 1994).

The origin of the modern formulation of con-
tinuum thermomechanical theories of mixtures goes
back to papers written by Truesdell (1957). He pre-
sented a comprehensive treatment of the thermome-
chanics of interacting continua which discussed the
appropriate forms for the balance of mass, momen-
tum, energy and also the possible structure for the
second law of thermodynamics. This work gave im-
petus to many studies on the theory of interacting
continua and a rigorous and firm mathematical foun-
dation has been developed. We refer the reader
to the works of Bowen (1976), Atkin and Craine
(1976b), Bedford and Drumbheller (1983), and Ra-
jagopal and Tao (1995) regarding the historical de-
velopment of the theory and detailed analysis of var-
ious results on this subject.

In the present paper a binary mixture, each con-
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stituent of which is an incompressible inert Newto-
nian fluid, is considered. In the following section the
balance laws and relevant constitutive equations are
briefly presented and then the equations governing
the motion of the binary mixture are stated for the
case of non-inertial flow. In the subsequent sections,
we obtain the exact solutions for some simple flows
of the binary mixture under consideration.

Basic theory

(i) Kinematics and balance laws

The governing equations are summarized in this
section, for more details the reader should consult
Craine (1971) and Atkin and Craine (1976a,b). Con-
sider a mixture of two continua, in motion relative to
each other. Let X3 represent the position of a mate-
rial point of the 3 th constituent Rg in its reference
configuration. At any time t each spatial point x in
the mixture is occupied simultaneously by one par-
ticle from each Rg. The motion of a binary mixture
R of components R is denoted by

XZ(bB(Xg,t), tZO, ﬁ=1,2 (1)

where the function ¢g is called the deformation func-
tion for the 3 th constituent and is assumed to be
sufficiently smooth so as to make the necessary math-
ematical operations correct. Throughout this paper
the subscript G takes the values 1, 2.

If vz denotes the velocity of the 3 th constituent,
the material derivative Dg/Dt is defined by

Dg 0
o8 _ 9 v/ 2
Dt ot 7’ @
where V is the gradient operator.

Let the density of the 3 th constituent, after mix-
ing, be pg, then the total density p of the mixture is
given by

p=> ps (3)

B

and the mean velocity, w, of the mixture is defined
by

1
wW==% psvg . (4)
P78

The basic equations for a binary mixture in which
the constituents have a common temperature & and
do not interact chemically are the following:

Continuity equations

D1py Dsp2
. =0 V- =0.
o T (Vev) =0, == 4 (Vv
()
Equations of motion
PlDf)—‘Zl:V'Ul—f-i-PlFla -
p2 222 =V 02+ f + poFa.
Energy equation
SpelElt = pr—V-q+f-(vi—v2)
B
(7)

“r% tr [0’[3 . (VVg)T

where the superscript T and tr denote transpose and
trace of a second-order tensor field, respectively. The
quantities Ug, og and Fg are in turn internal energy
per unit mass, partial stress and external body force
acting on per unit mass of the g th constituent. In
addition, r, the heat supply per unit mass, and q,
the heat flux, refer to the mixture as a whole, and
f denotes the diffusive force! . It is important to
bear in mind that the ij th component of V vg taken
as vgj;i, where the semicolon stands for covariant
differentiation.

Consideration of the balance of angular momen-
tum for R; and Ry shows that o1 and o2 need not
be symmetric although the balance of angular mo-
mentum for the mixture results in the symmetry of
o, the total stress in the mixture, defined by

o=0]+o0,. (8)

Admissible thermomechanical processes in the
mixture must be compatible with an entropy pro-
duction inequality. If S; and Sy are the entropies
per unit mass of the constituents, then the Clausius-
Duhem inequality may be written as follows (Green
and Naghdi, 1969; Bowen and Wiese, 1969):

IThe diffusive force f may be interpreted as the drag exerted on one constituent due to the motion of the other (Craine, 1971).
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Dt R R

ZpgDﬁ—Sﬁ—ﬁ—i-V-(g)ZO. (9)
B

(ii) Constitutive equations

In this work we shall concern ourselves with a
mixture of two incompressible Newtonian fluids. Let
the densities of 1 and Ro, before mixing, be p1¢ and
P20 respectively, which in view of the assumed incom-
pressibility are constants. Introducing a composition
factor -y, defined as the proportion by volume of the
constituent 1, and assuming that the mixture does
not contain voids, it follows that

pr="p0. p2=(1—"7)p2 (10)
and hence
L (11)
P10 P20

By using (3) and (11), it can be easily shown that

_ P10 (p20—p)
P20 — P10

py = 120 (p — p1o)

12
P20 — P10 ( )

P1
Substituting (12) into Egs. (5) and eliminating
dp | Ot between them gives the relation

(p20 = p) tr(d1) + (p — p1o) tr(d2) —§-a=0 (13)

where

2ds = (Vvg) +Vvs , £€=Vp, a=vi—ve.
(14)

The derivation of the constitutive equations ap-
propriate to our binary mixture of incompressible
Newtonian fluids has been outlined in Atkin and
Craine (1976a, b). If the mixture is considered to
be a purely mechanical system, that is, thermal ef-
fects are ignored, the relevant equations are

Aﬁ = Aﬁ(p)a A= A(p), (15)

p1 = (p— p20) (pl 3 +)\) ’ (16)
p2 = (p = p10) (pz%_)‘)’

2See Beevers and Craine (1982).

f=aa- )\ga
(17)
q=—Ka,
o1 = [—p1+ Mtr(dy) + Astr(d2)] I (
18)
+2M1d1 + 2M3d2 + AsT,
o2 = [—p2+ Aatr(dy) + Aotr(dy)] I
(19)

+2pady + 2p0ds — AT

where Ag denotes the partial Helmholtz free energy,
and the Helmholtz free energy A of the mixture (to-
tal free energy) is defined by

1
A== "pgAs (20)
P75

and the coefficients o, A1, ..., A5, k', pi1, ..., 14 are
functions of p and satisfy the inequalities

2 2
)\1+§M120 , >\2+§M220 ,

2
(3 +pa)? < Apapo . N3+ M+ 2 (uz + pa)]

<4 (A + 201) (A2 + Zp2).
(21)

The quantity A is a Lagrange multiplier? associ-
ated with the constraint (13) and T is given by

2T = (Vi) —Vvi] = [(Vva)' —Vva]. (22)

Finally, for the case of mnon-inertial flow
(Dgvg/ Dt = 0), neglecting the body forces, we
shall derive the equations governing the flow of a
mixture of two Newtonian fluids. For this purpose,
inserting o1, o2 and f from Egs. (18), (19) and
(17)1 into Egs. (6), with the help of Egs. (14) and
(22), one gets the following equations of motion:
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M V?vy + M5V (V-vi)+(V-v1) VAL + (Vvl)T (VM) + (Vv1) - (VM)

+MaV2vy 4 MgV (V- va) + (V- v2) Vs + (Vva) ' - (VMy) + (Vvy) - (VM)

—a (vi —va)

MsVvy + M7V (V- vi) 4+ (V- v1) VA + (Vi) - (VMs) + (Vvy) - (VM)

+MyV2vy 4 MgV (V- va) + (V- v2) Vg + (Vva)' - (VM) + (Vvy) - (VM)

+a (vi — Vi) = AVp+ Vpsy (24)
where
A5 A5 A5 A5
1= p1+ 5 2 = 3 5 3 = 4 5 4= M2+ 5
_ )‘5 o 5 o 5 )\5
M5—)\1+M1—§, Ms—)\3+ug+?, M7—)\4+M4+?, Mg = o + p2 CX
A A A A
M9=u1—55 , M10=M3+?5 ; M11=M4+?5 , M12=M2—35 . (25)

Note that, under isothermal conditions, the coef-
ficients M; etc. appearing in (23) and (24) depend
only on the total density p, and hence spatial coor-
dinates. In the subsequent sections, we shall obtain
the exact solutions of the above equations for some
simple flows of a binary mixture of incompressible
Newtonian fluids.

Parallel flow with a free surface

First, we examine the flow of a film of a binary
mixture of incompressible Newtonian fluids of uni-
form thickness . The ambient air is assumed to
be stationary and, therefore, the flow is driven by
externally imposed pressure gradients dp; / Ox and
Op2 / Oz. Let the y-axis be directed normally to the

458

plate, and the x-axis along this plate (see Figure 1).

y=5 stationary air

Y.
y=0
» X

Figure 1. Basic geometry of the problem

We shall seek a solution of the form

vz = vg2(y), p=py) (26)

where the function vg, denotes the velocity compo-
nent of the Ath fluid in the x direction. With this
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assumption, it is shown that the equations of con-
tinuity (5) can be satisfied identically. Substituting
Eq. (26) into the x- and y-components of the equa-
tions of motion (23) and (24), we get

/! /! 1,0 !,
Myvy, +Mavy, + Mjvi, + My,

(27)

—a(vig — vag) = 22,

Op1
Ap = == 28
=%y (28)
M3UI111' +M4U,2Ix + M?I;Ulla + Mﬁi/UlQl

(29)

ta(viy —vag) = 22,

Op2

Ao = ==, 30
=2, (30)

In the above equations, primes denote differenti-
ation with respect to y. With the use of Egs. (12),
(16) and (20), elimination of 9 A/Jy between Egs.
(28) and (30) gives

(p = p10) (P20 — p) Z—Zd ng;l) =0 (31)

and since, in general, p # pio, p F p2 and
d? (pA)/clp2 # 0 we deduce that p is a constant. As
a result, the coefficients M; etc. in (27) and (29) are
constants. It also follows that the quantities p; and
p2 are not functions of y. Then, from Egs. (27) and
(29), it is evident that the pressure gradients are con-
stants, i.e. dp;/0x = —p1o and Ips / Ox = —pay.
Thus, Egs. (27) and (29) reduce to

Moy, + Myvly, — o (vig — v2z) = pio, (32)

M3, + Myvhy, + o (vig — v2z) = P2o- (33)

It is convenient at this point to introduce dimen-
sionless variables and material constants. If f is used
to denote the dimensionless form of a quantity f , it
follows that

where p is the viscosity of the mixture and Q is the
volume flux of the mixture per unit distance normal
to the plane of flow. In addition, it is assumed that
the pressure gradients imposed on mixture compo-
nents are the same, i.e. p1g = p2g = pg. Thus the
dimensionless governing equations are as follows:

Ml ’Ullll. + MQ’UIQIQL. - (’Dla; - ’621‘) = _15 (35)

M3, + Myvly, + & (V15 — Vas) = —1. (36)
Throughout this paper, henceforth for conve-
nience, unless stated otherwise, we shall drop the
bars that appear over the dimensionless quantities.
Subtracting My times Eq. (35) from My times
Eq. (36), and M3 times Eq. (35) from M; times Eq.
(36), we get the following equations, respectively

mvy, —a(My + My) (vig — vey) = My — My,
(37)

—m vy, — a (My + M3) (vig — vag) = My — M3
(38)

and the sum of above equations is

m (v, —vh,) —ame (vie —v) =n3 (39)

where

m = MMy — MoMs, 1o = My + My + M3 + My,

7’]3=M1 +M2—M3—M4. (40)
Hereafter, we shall assume that a@ # 0, 71 # 0
and 79 # 0.

The boundary conditions for the velocity fields
are

132(0) =0, v15(1) —ve,(1) =W (41)
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where W is a constant to be determined later. Equa-
tion (39), which satisfies boundary conditions (41), is
solved by the following simple analytical expression

V1 — U2z = Creosh(my) + Casinh(y1y) — iR

ano
(42)

where v1 = y/anz/m, and the constants Cy and Co

are

_ v on
Cl = 0”72, CQ = 527”1(5’71) Cﬂfcmh( 9 > .
(43)

Substituting Eq. (42) into Egs. (37)-(38) and
solving them, we have, respectively

Vig = M[Cl cosh(y11y) + Casinh(y1y)]

M2
y2
+ng +Cy— 72
(44)
Vge = — LM 101 cosh(v1y) + Co sinh(v1y)]

72

+Csy + Co — Z—j
(45)

where Cjs,...,Cg are the constants of integration.
Boundary conditions (41) are not sufficient for de-
termining these constants in a unique way. It would
thus appear that the additional boundary condition
must be imposed. This is a free-surface condition,
that is, the atmospheric shear stress, which is as-
sumed to be negligible (no wind, negligible air vis-
cosity), must be equal to the total shear stress, o,
of the mixture at y = 1. Thus

Ouy(1) = (My 4 M3)v, (1) 4+ (Ma + My)vy, (1) = 0.
(46)

From conditions (41) and (46), we find that

Cs = 771—2{(M2 + My)[C1 + W — Cicosh(v1)

—C’gsinh(’yl)] + 2},
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Cs = n%{ — (My + M3)[Cy + W — Cicosh(v1)

—Cysinh(m )] + 2},

My + My)

Ci= —y My + M)

= M)
2 2
(47)
The volume rate of flow per unit length in the

z-direction is

1

1
Q= /ledy—i—/vgxdy. (48)
0 0

Inserting v1, and ve, from Eqs. (44) and (45),
with the aid of Eq. (47), into Eq. (48) yields

] coth (%) —2C,.

(49)

4—-3Qn:
(My— M2+ Ms— My)

W=m [C1+ 3

It is obvious from Eq. (49) that the value of con-
stant W in Eqgs. (43)2 and (47)1 2 can be determined
by experimental measurement of Q.

Flow between intersecting planes, one of
which is moving

In this section, we consider the slow motion of a mix-
ture of two incompressible Newtonian fluids near a
corner of plane rigid walls, one of which is station-
ary and the other moving. The flow is caused by
the motion of the wall at # = 0. The moving wall is
made of a porous material through which the fluids
are injected with constant velocities V7 and Vs (see
Figure 2).

It seems reasonable to assume that the velocity
distribution and total density in planar polar coor-
dinates (r, 0) are of the form

Vg = [UﬁT(Ta 0), Ugg(?“, 9)]a p= p(?“, 0) (50)

Figure 2. Sketch of flow geometry and coordinate system



BARIS, DOKUZ

where vg, and vgg denote the velocity components
of the Ath fluid in the directions of r» and 6, respec-
tively. By defining the stream function ¢3(r, 6), such
that

L0000

r 00’ or
the equation V - vg = 0 is satisfied automatically. In
this case, we easily conclude from Egs. (5) and (13),
taking account of Eq. (12), that the density p of the
mixture is a constant. Since p has been proved to be

(51)

constant, all of the coefficients in Egs. (23) and (24)
are constants. Now we shall seek a solution of the
following form (Riedler and Schneider, 1983):

Ya(r,0) =71 f5(0). (52)

Inserting vg, and vge from Eq. (51), with the
aid of (52), into the r- and f-components of the mo-
mentum equations (23) and (24) and eliminating the
pressure terms by cross-differentiating yields

My(ff* +2f1 + A1)+ My (f +2f) + f2) —ar® (ff = f5 + fr— f2) =0, (53)

Ms (fi" +2f1 + f1) + My (fy +2f5 + fo) +ar® (ff = f + fr = f2) =0 (54)

where primes denote differentiation with respect to 6.

Let us make the variables and material constants non-dimensional by the following substitutions:

_ M; - 0
M; = 71, a = 3(0) = —fﬁ‘ﬁ )- (55)
Thus the non-dimensional governing equations become
My (f7+2f + A) + Ma (" +2f + fo) —a (= i + i = o) =0, (56)
Ms (" +2f1 + 1) + Ma (" +2f + o) +a (A = + i = f2) = 0. (57)

The boundary conditions for the dimensionless velocity fields are as follows:

T)g,«(?‘, 0) = —1,

T)g,«(?‘, 90) =0,

T)gg(?‘, 0) = Vg/V(Vg >0,V > 0), 539(7‘, 90) = 0. (58)

From Egs. (51), (52) and (58), it follows that the boundary conditions for the function fs are

f8(0)==V5/V, fs(6o) =0,

f5(00) = 0. (59)

From Egs. (56) and (57), making simple algebraic calculations as in the previous section, we can obtain the

following equations:
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m(fi° + 2/ + fi) —a (My+ M) (ff = f5' + fL = f2) =0, (60)

—m (fs’ +2f5 + f2) —a (My+ Ms) (ff — f3' + fr — f2) = 0. (61)

The sum of the above equations is

=+ A=) (=) = (fi—f)=0 (62)

where v2 = —1 4+ an2/n1. The characteristic roots of Eq. (62) are ¢ and +,/72. Hence, the general solution is

If Yo < 0,
fi — fo = C1cos O + Cysin 6 + Cscos(y/ |12]0) + Cusin(y/ 12| 6). (63)

If Yo = 0,
fi— fo=Dicosf + Dysinf + D30 + Dy. (64)

If Yo > 0,
fi — fa = Eycosf + Easin @ + Escosh(\/720 ) + Essinh(\/720 ). (65)

Applying the boundary conditions (59) to Egs. (63)-(65) separately, we find

\/ Vo — Vi .
C, = v el(Va = Vi) *2 D) [cos@o cos(v/ |v2100) + v/ |y2| sin 6y sin(~/ |y2|60) — 1} ;

C
Oy =V |’Y2|(CV;1 —Va) [\/WCOS% sin(y/y2]60) — sin 6o cos(\/meo)} ;
Cy = 7(‘/10_*‘/2) {\/W[l — cos b cos(\/meo)} —sin Sin(\/WQO)},

Vi—Vo)r. .
Cy= (107*2) [sm@o cos(v/ [12100) — v/ |y2] cos B sin(+/ |’)/2|90)} ,

D1 ZD*(COSQQ—l), D2 =D* sin@o, D3 Z—DQ, D4:D1+D*9051n90,

Vo — Vi
E, = %[1 — cos 6y cosh(y/7200) + /72 sin g sinh(\/72600)]
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-V
E, = %[@n 6o cosh(\/7200) + /72 cos O sinh(\/72600)]
R PN
E3 = T{Sm 0o sinh(y/7200) + \/72[cos O cosh(y/7260) — 1]},
AN |
E, = T[Sln 6o cosh(/7200) + /72 cos by sinh(y/7260)] (66)

where

Cr = V{Q [v2][cos Bg cos(v/ |72100) — 1] + (1 + |y2| ) sin By sin(+/ | 12| 90)},

D* = (Vo —V1)/[V(2cos by + Oy sin by — 2)],

E* = V{2 /72[1 — cos by cosh(y/7200)] + (72 — 1) sin Oy sinh(y/7260)} . (67)
Having substituted Eqs. (63)-(65) into Egs. (60) and (61), we integrate the resulting equations and obtain
the following solutions for f1(6) and f2(6), respectively

If v <0,

« (M2 + M4)

0) = (C5 + Cg0 0+ (C7+ Cgh)sinf —
fl() (5 G)COS (7 S)Sln 771(|72|_1)

[C’gcos(\/ﬁe) + 0452'71(\/@9)} )

. My + M. .

f2(0) = (Co + C100) cos§ + (C11 + C120) sin b + W [03605(\/ |7210) 4+ Cysin(y/ |’)/2|9)} . (68)

If Yo = 0,
My + M.
f1(0) = (Ds + Dgb) cos 0 + (D7 + Dg) sin 6 + W(m + Dsf),
1
My + M.
f2(0) = (Dg + D100) cos 0 4 (D11 + Dy26) sin — W(m + Dsf). (69)
1

If Y2 > 0,

Ms + M.
f1(0) = (E5 4+ Eg0) cos § + (E7 + Egf) sinf + %[Egcosh(\/'yge) + Eysinh(y/720)],
2

M; + M.

f2(0) = (Eg + E100) cos 0 + (Ey1 + E120) sin 6 — 2 [Bscosh(y/720) + Eysinh(y/720)] (70)

72
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With the help of Eq. (59), the constants of integration Cs,...,Cia, Ds,...,Di2 and Fs, ..., E12 can be
expressed as

Vi a(My+ My)

C5= L 2T
° Voo om(el—1)

3
Co = { [a(My + Ma) (Vi = Vo) +mVi(|ra| — 1)] [sin(260) + 260] + 2 Vi (|y2| — 1) sin® 90}/0,

C7 =2aV(Ms + My) {Cg|: (00590 — cos(meo) — MSin(meo)) sin
+ (1 — cos Oy COS(M@Q)) 90} + C’4[(M90 cos(\/meo) — sin(meo)) sin O

+ (\/WGO — cos By sin(\/meo)) 90} }/C’

HmV(1 = ha) sin(260) + 2m0 (1 = P2 ) (Vi + 60V)] /€,

Cs = {2[a(Mz + My) (Vi = Vo) + mVa(|r2| — 1)]sin® 6o 4+ mV (]92] — 1)[260 — sin(26,)] }/é’

Co=Cs—-Ci, Cio=0Cs, Cii=0C;—0Cy Cia=0Cy,

Dg = { [a (M3 + My) (Vo — Vi) +m V4] [sin(260) + 26] + 211V sin® 90}/ﬁ,

D7 =2aV (M + My) {Ds(cos 0y — 1) 03 + D4[(1 — cos 0p)(sin 6y — 6p)] }/ﬁ
—m {Visin(200) +26] +2V63} /D,

DS = {2 [O{(MQ + M4)(Vv2 - ‘/1) + 7’]1‘/1]811’12 90 + 7’]1‘/[290 - SID(QQQ)] }/D,

Dy =Ds — D1, Dio=Ds, Di1=D7—Ds, Dis=Dsg,

Ms + M.
Es = _% — MEP,,
2

Eg = { [(M3+ My)(Va — Vi) + n2VA] [sin(26) + 260 + 212V sin® 90}/E,
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E; =2V (My + My) {Eg [(cosh(\/%eo) —cosfy — /72 b sinh(\/'y_geo)) sin
+ (cos 6o cosh(y/7200) — 1) 90] +FEy [(sinh(\/%eo) — /726 cosh(\/’y_geo)) sin
+ (COS 0o Sinh(\/’y_geo) — \/%90) 90] }/E — [772‘/1 sin(290) + 277290(‘/1 + GQV)]/E,

BEs = {2[(Mz + My) (Vo — V1) + 02V sin” 0 + 12V [260 — sin(26,)] }/Ea

where

C' = mV (Jrz| = 1)[cos(260) + 265 — 1],

Eyn=FE;—FE;, FE;2=1F; (71)

D =,V [cos(26p) + 262 — 1],

E =V [cos(200) + 262 — 1]. (72)

Flow between two coaxial moving cylinders

Finally, we study the fully developed flow of a binary
mixture of incompressible Newtonian fluids between
an inner cylinder of radius r; rotating at a constant
rate of wy as well as translating at uniform velocity
V and outer concentric cylinder of radius ro rotat-
ing at a constant rate of ws, as sketched in Figure 3.
The flow is driven by a combination of externally ap-
plied pressure gradients (0p1/0z, dp2/0z) and the
motion of cylinders. Cylindrical coordinates (r, 6, z),
with the z-axis coinciding with the common axis of
the cylinders, are introduced.

We look for a solution, compatible with the mass
balance equations (5), of the form

v =[0,v80(r),v5:(1)], p=p(r) (73)

where vgg and vg, denote the velocity components
of the 8 th fluid in the directions of # and z, respec-
tively. Substituting velocity components and total
density from Eq. (65) into equations of motion (23)
and (24) gives

_9m

My (r?vy 4 rvhy — v1g) + Mo (r?vlhy 4 10hy — vag) — o 72 (v1g — vag)

+r? (M{ vy + Myvh) — r(Mgvie + Migvae) =7

1
Moy, + Myvy, + - (M0, + Myvy,) + Moy, + Myvy, — a (v1. — v2.) =

b4 74
r=a (74)
R

g1 }
Wy
\J ;
Y
W
Figure 3. Schematic diagram of flow
op
— 75
223 (75)
op
= — 76
23 (76)
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M (r?vy 4 rvhy — vig) + My(r?vhy 4+ 10hy — vag) + a 7% (v1g — vag)

+7“2(M?I,U119 + Mi“ée) - T(Mh V19 + M{2U20) =r

1
M3vlllz + M4UIQIZ + ; (M3U11z + M4vl2z) + M?:Ullz + MiUIQZ + o (UlZ - UQZ) =

The primes here indicate differentiation with re-
spect to r. Elimination of & A / 0 r between Eqgs. (74)
and (77), with the help of Egs. (12), (16) and (20),
leads to

dp d*(pA)
(p = p10) (P20 — p) ar dp?

Here, in general, p # pio, p # p2o and
d?(pA) / dp? # 0, and hence we arrive at the con-
clusion that the total density p is a constant. Since
p has been proved to be constant, the coeflicients

=0. (30

Opa
Opa
—_— 78
2, (78)
Opa
5 (79)

M, etc. appearing in equations of motion become
constants. It also follows that the quantities p; and
p2 are not functions of r. From Eqgs. (75) and (78),
it is clear that Op; /96 and 9 py / 00 are constants.
Since p; and po are periodic functions of 0, these
constants must be equal to zero. Consequently, p;
and ps can be at most functions of z. Then Eqgs.
(76) and (79) imply that the pressure gradients are
constants, i.e. dp1/0z = p1p and Opa/ Dz = pay.
It is assumed that p1g = p2p = po- In the light of
these arguments, the equations of motion reduce to

My (P20 + T0yy — D19) + Mo (P20 + Ty — Uog) — a72(019 — U20) = 0, (81)
_ _ 1 - _
Moy, + Myvy, + - (M1}, + Mat,) — & (V12 — D2z) = p°, (82)
M3 (720 + 70y — D19) + My(F20yy + Ty — Vo) + a72(019 — U29) = 0, (83)
_ _ 1 - _
M3vy, + Moy, + = (M3}, + My®h,) + & (01, — Vaz) = p° (84)
where
r - M; Vg9 vg. __ ar3 . por3
r=—, Mi:_a 659: ) VB2 = ) &=— P = —- (85)
T2 7 roWs 1% I uVv
From the above equations, after a little algebra as in the previous sections, we get
1 *
m (Ulllz + ;Uiz> —a (M + My) (vi; —vaz) = (Mg — My) p*, (86)
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1
- (UIQIZ + ;UIQZ> —a (M + Ms) (viz —ve.) = (M3 — M) p*, (87)
m(r?vly +rviy — vig) — ar® (May + My) (vig — veg) = 0, (88)
—n1 (P20l + 1y — vag) — a1 (My + M) (vig — v2g) = 0. (89)

Adding Eqgs. (86) and (87) gives

1
m (vf, —vy,) + i (v}, —vh,) — ang (Vi — v2.) = M4 (90)

where 14 = —n3 p*. Integration of this equation yields

T4

V12 — V2. = C1ly (mr) + CoKo (1) — (91)
a 12
where Iy and K are modified Bessel functions of order zero.
The no-slip boundary conditions of the problem are

riw
vgo(r1/ra) = ——, wvge(l) =1, (92)

w2
vgz(ri/re) =1, wvg.(1)=0. (93)

The boundary conditions on velocity given by Eq. (93) require

C — Na[Ko(71) — Ko(y171/72)]

ana[Io(y1r1/r2) Ko(v1) — To(71) Ko(y171/72)]

_ na[lo(v1) — Lo(y17r1/72)]
@ ana[Ko(yir1/r2)lo(v) — Ko(y1)lo(miri/r2)] (94)

Substituting Eq. (91) into Eqs. (86) and (87), and integrating these differential equations, we have, respec-
tively

Mo+ M i
Viz = %{Cﬁ o (mr) = 1] + CoKo (i)} + %7‘2 + Czlnr + Cy, (95)
P 2
My + M i
Voy = —%{01[10 (n17) = 1]+ CaKo (n17)} + %7‘2 + CsInr + Cg. (96)
2 2

Here Cj, ..., Cg are constants of integration. Boundary conditions (93) allow us to express these constants
as
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My + M, p*(r3 —r7) +2rin
== = I — I Co| K, — K 1
Cs n 1n(7“1/7“2){01[ 0 (1) = Io (mr1/r2)] + Ca[Ko (1) — Ko (71 /r2)] Hlem] + — "2 In(r/ra)
Ms + M. *
Ca = ——2—=2{C Iy (m) — 1] + CaKop (M)} — 2,
M2 212
My + M3 p* (rs —r7) +2rim
= " I — I O K, — K,
Cs n 1n(r1/7“2){01[ o (mr1/rz2) = Io ()] + Ca[Ko (71 /72) — Ko ()]} + — 2 (/1)
M, + M. *
C = ——2{C1[Ig (1) — 1] + CaKo (1)} — . (97)
12 212
The sum of Egs. (88) and (89)
1% (v — Vi) + (Vg — vhe) — (1 +777%)(v1g — v26) = 0. (98)
The solution of this equation is
vig — v2g = CrIy (7)) + Cs K1 (i) (99)

where I; and K; are modified Bessel functions of order one. On application of conditions (92), we get

V19 — V29 — 0. (100)

Substituting Eq. (100) into Egs. (88) and (89), we obtain

TQUlég + rvje —vgg = 0. (101)

It is easy to see that 3, under the boundary conditions (92), has the form

[(7‘2 — Dwy + wg] r? — r2wor3

vgo(r) =

Discussion

In this paper some steady and slow flows of a mixture
of two incompressible inert Newtonian fluids have
been studied theoretically. Exact solutions have been
obtained for the problems under consideration. We
infer from these solutions that the presence of ex-
ternally applied pressure gradients or the difference
between boundary conditions for each fluid brings
about the relative motion between the fluids, i.e.
Vi — Vo 75 0.

In order to make predictions based on the forego-
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r{ —T5)ws

s (102)

ing analysis, it is necessary to know all of the mate-
rial functions in the constitutive equations. Determi-
nation of these functions for a mixture is much more
difficult than that for a single continuum, owing to
the large number of response functions appearing in
the constitutive equations. On the other hand, a
significant body of literature has grown up around
the problem of determining these functions due to
the fact that the flow of mixtures is of great tech-
nical importance. For example, employing results
obtained from the kinetic theory of fluids, Sampaio
and Williams (1977) were able to derive formulae for
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1, 2, w3 and pg in terms of the viscosities of the
unmixed fluids and the volume fractions in the case
of A5 = 0. In this work, we benefit from the formulae
suggested by Sampaio and Williams (1977) with the
intention of assigning reasonable values to M, My,
M5 and M. To achieve this for a mixture composed
of water and oil, at the outset we assume that the
densities of unmixed fluids and the volume fractions
are known. With the aid of Egs. (3) and (10), knowl-
edge of these quantities enables p;, p2 and p = pg
to be calculated. Later, the viscosity coefficients can
be determined by using the formulae proposed in the
work of Sampaio and Williams (1977). For the pur-
pose of simulations, the following values are given to
the dimensionless parameters:

M, =0.32, My = M;=0.22, M,;=0.68.
(103)
G[3>( _
1 Vix
0.8 B
""""""""" VZx
0.6
0.4
0.2
‘ ‘ ‘ ‘ . YIS
0.2 0.4 0.6 0.8 1

Figure 4. Velocity components in the x-direction for
Q=1 a=045

Figure 5. Radial velocity components for V1 /V = —0.1,
Vo/V =—-02,a=1, 6y =m7/2
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Figure 6. Tangential velocity components for
Vi)V =-01, W/V =-02a=1,6=mr/2
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Figure 7. Streamline patterns for V;/V = —0.1,
Va/V =-02,a=1, 0y =7/2
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Figure 8. Axial velocity components for @ = 10, p* = —5

469



BARIS, DOKUZ

V2 Nomenclature
' Vi A Helmbholtz free energy, L2T 2
0.8 F external body force, LT 2
06 ,,,,,,,,,,,,,,,, v, f diffusive force, ML~2T~2
I identity tensor
0.4 I, Ko, modified Bessel functions of order m
K thermal coefficient, M L~1T—2
02 p pressure, ML~ 1T—2
‘ T Q volumetric flow rate per unit width,
0.6 L2171
-0.2 q heat flux vector, MT 3
. _ _ ) i r heat supply, L?T—3
Figure 9. Axial velocity components for & = 10, p* = 10 g entropy, L2721
t time, T'
U internal energy, L>T 2
In Figures 4 to 9, the velocity distributions for AV translation velocity, LT !
constituents of binary mixture under consideration Vi, Vs injection velocities, LT-1
are plotted as a function of position for various val- v velocity vector, LT~*
ues of the parameters, keeping the material constants w mean velocity, LT~}
fixed at the values given in Eq. (103). From these w1, W angular velocities of the cylinders,
figures, we arrive at the conclusion that the particles T-1
of each constituent move independently with veloci- X reference position of a typical particle,
ties vi, vo at a given point in the mixture, but the L
velocity profiles of mixture components are gener- x position vector of the material parti-
ally similar to those of pure Newtonian fluids. For cle, L
the solutions corresponding to pure Newtonian fluid a diffusive coefficient, M L3371
we refer the reader to the books of Batchelor (1967) v composition factor, dimensionless
and Papanastasiou et al. (2000). A, ..., ft1,... material constants, ML 1T!
p density, M L3
o stress tensor, M L~1T~2
¥ stream function, L27T !
& temperature, 6
References

Al-Sharif, A., Chamniprasart, K., Rajagopal, K.R.
and Szeri, A.Z., “Lubrication with Binary Mixtures:
Liquid-Liquid Emulsion”, J. Tribology, 115, 46-55,
1993.

Atkin, R.J. and Craine, R.E., “Continuum Theories
of Mixtures: Applications”, J. Inst. Maths. Appl.,
17, 153-207, 1976.

Atkin, R.J. and Craine, R.E., “Continuum Theories
of Mixtures: Basic Theory and Historical Develop-
ment”, Quart. J. Mech. Appl. Math., 29, 209-245,
1976.

Batchelor, G. K., “An Introduction to Fluid Dynam-
ics”, Cambridge University Press, 224-225, 1967.

Bedford, A. and Drumbheller, D.S.; “Theory of Im-
miscible and Structured Mixtures”, Int. J. Eng. Sci.,
21, 863-960, 1983.

470

Beevers, C.E. and Craine, R.E., “On the Determi-
nation of Response Functions for a Binary Mixture
of Incompressible Newtonian Fluids”, Int. J. Eng.
Sci., 20, 737-745, 1982.

Bowen, R.M. and Wiese, J.C., “Diffusion in Mix-
tures of Elastic Materials”, Int. J. Eng. Sci., 7, 689-
722, 1969.

Bowen, R.M., “Theory of Mixtures”, in Continuum
Physics, III/1, Ed. Eringen, A.C., Academic Press,
New York, 1976.

Chamniprasart, K., Al-Sharif, A., Rajagopal, K.R.
and Szeri, A.Z., “Lubrication with Binary Mixtures:
Bubbly Oil”, J. Tribology, 115, 253-260, 1993.

Craine, R.E., “Oscillations of a Plate in a Binary
Mixture of Incompressible Newtonian Fluids”, Int.
J. Eng. Sci., 9, 1177-1192, 1971.



BARIS, DOKUZ

Dai, F. and Khonsari, M.M., “A Theory of Hydro-
dynamic Lubrication Involving the Mixture of Two
Fluids”, J. Appl. Mech., 61, 634-641, 1994.

Green, A.E. and Naghdi, P.M., “On Basic Equa-
tions for Mixtures”, Quart. J. Mech. Appl. Math.,
22, 427-438, 1969.

Papanastasiou, T.C., Georgiou, G.C., Alexandrou,
A.N., “Viscous Fluid Flow”, CRC Press, 203-212,
2000.

Rajagopal, K.R. and Tao, L., “Mechanics of Mix-
tures”, World Scientific Publishing, 123-138, 1995.

Riedler, J. and Schneider, W., “Viscous Flow in a
Corner Regions with a Moving Wall and Leakage of
Fluid”, Acta. Mech., 48, 95-102, 1983.

Sampaio, R. and Williams, W.O., “On the Viscosi-
ties of Liquid Mixtures”, ZAMP, 28, 607-613, 1977.

Truesdell, C., “Sulle Basi Della Thermomeccanica”,
Rend. Lincei (8), 22, 33-38, 158-166, 1957.

Wang, S.H., Al-Sharif, A., Rajagopal, K.R. and
Szeri, A.Z., “Lubrication with Binary Mixtures:
Liquid-Liquid Emulsion in an EHL Conjunction”,
J. Tribology, 115, 515-522, 1993.

471



