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1 &#" P , Q D>ls�o PD N QD %n�� PQ = 0, Hartwig, CNF [4] ?L P, Q, PDN QD A!x P + Q - Drazin 
-�&'�P|�J��iZI�/e�+=q_AF*[68� C, \k+1�℄" ϕ, η : X → X D C x6 � ϕD N ηD %n�� ϕη = 0, ��
ϕ + η - Drazin 
+=%n
�J%n�+=�Yq_d ϕ, η, ϕD N ηD t�(
ÆHT'xrRI<�ÆbHN [10] x-e��xAF�fN� [9] 8�x6 N-�
�)�go~ Drazin 
-�s�ÆHb8� ϕ + η -
Drazin 
�b Huylebrouck -e�AF* Drazin 
�" B = A+E D>ls�F [7−8] Wjx�
-�4I<�A!x B# = (I +ADE)−1AD-�;�Z=_��$� E +q� A -�4ls� I +ADE q
�Castro González, Koliha,

Stras̆krabaNF [2−3] Wjx BD = (I + ADE)−1AD -�;�Z=_��YJ�b��/e�AF*8� C x-6 ��
% 1.1[1,5] " ϕ, ξ : X → X D[68� C x-6 ��~
(1k) ϕk = ϕkξϕ;

(2) ξ = ξϕξ;

(5) ϕξ = ξϕ.o ξ �D ϕ - (1k, 2, 5) - 
U ϕ - Drazin 
�YD ξ = ϕD. � k = 1, o ξ �D ϕ -�
�YD ξ = ϕ#..����2006-10-08; S3���2008-09-26
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2 ϕη = 0 � ϕ + η 	 Drazin �
� 2.1 " C D[68��℄"6 ϕ : X → X mg (1k1 , 2, 5) - 
 ϕD, η : X → Xmg (1k2 , 2, 5) - 
 ηD �~ ϕη = 0. o ϕ + η g (1m, 2, 5) - 
Æ
(ϕ + η)D = (1X − ηηD)

k2−1∑

i=0

ηi(ϕD)iϕD + ηD

k1−1∑

j=0

(ηD)jϕj(1X − ϕϕD),x m = k1 + k2 − 1.) | w1 = (1X − ηηD)
k2−1∑
i=0

ηi(ϕD)iϕD, w2 = ηD
k1−1∑
j=0

(ηD)jϕj(1X − ϕϕD). Y w =

w1 + w2. D ϕη = 0, og ϕηD = ϕη(ηD)2 = 0, ϕDη = (ϕD)2ϕη = 0. E ϕw2 = 0, Æ
ϕw1 = ϕ(1X − ηηD)

k2−1∑

i=0

ηi(ϕD)iϕD = ϕ

k2−1∑

i=0

ηi(ϕD)iϕD = ϕϕD,

ηw1 = η(1X − ηηD)

k2−1∑

i=0

ηi(ϕD)iϕD = (1X − ηηD)

k2−1∑

i=0

ηi+1(ϕD)(i+1)

= (1X − ηηD)

k2∑

i=1

ηi(ϕD)i = (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i + (1X − ηηD)ηk2(ϕD)k2

= (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i,

ηw2 = ηηD

k1−1∑

j=0

(ηD)jϕj(1X − ϕϕD) = ηηD(1X − ϕϕD) + ηηD

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

= ηηD(1X − ϕϕD) +

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD),#
(ϕ + η)w = ϕw1 + ϕw2 + ηw1 + ηw2

= ϕϕD + (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i + ηηD(1X − ϕϕD) +

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

= ϕϕD + ηηD
− ηηDϕϕD + (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i +

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD).{^:�
w1ϕ = (1X − ηηD)

k2−1∑

i=0

ηi(ϕD)iϕDϕ = (1X − ηηD)ϕDϕ + (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)iϕDϕ

= (1X − ηηD)ϕDϕ + (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i,

w2ϕ = ηD

k1−1∑

j=0

(ηD)jϕj(1X − ϕϕD)ϕ =

k1−1∑

j=0

(ηD)j+1ϕj+1(1X − ϕϕD)
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=

k1∑

j=1

(ηD)jϕj(1X − ϕϕD) =

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD) + (ηD)k1ϕk1(1X − ϕϕD)

=

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD),�$g
w1η = (1X − ηηD)

k2−1∑

i=0

ηi(ϕD)iϕDη = 0,

w2η = ηD

k1−1∑

j=0

(ηD)jϕj(1X − ϕϕD)η = ηD

k1−1∑

j=0

(ηD)jϕjη = ηDη,#
w(ϕ + η) = w1ϕ + w2ϕ + w1η + w2η

= (1X − ηηD)ϕDϕ + (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i +

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD) + ηDη

= (ϕ + η)w.dLtJ�v� w(ϕ + η)w = w. |
w̃1 = (1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i, w̃2 =

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD),o
w1ϕ

Dϕ = w1,

w1ηηD(1X − ϕϕD) = (1X − ηηD)

k2−1∑

i=0

ηi(ϕD)iϕDηηD(1X − ϕϕD) = 0,

ϕDw̃1 = ϕD(1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i = ϕD

k2−1∑

i=1

ηi(ϕD)i = 0.# w1w̃1 = 0. e ϕDηD = (ϕD)2ϕηD = 0 q, ϕDw̃2 = 0. # w1w̃2 = 0, w2ϕ
Dϕ = 0, Æg

w2η = ηD

k1−1∑

j=0

(ηD)jϕj(1X − ϕϕD)η = ηD

k1−1∑

j=0

(ηD)jϕjη = ηDη,U
w2ηηD(1X − ϕϕD) = ηDηηD(1X − ϕϕD) = ηD(1X − ϕϕD)N

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)w̃1 =

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)(1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i

=

k1−1∑

j=1

(ηD)jϕj−1(1X − ϕϕD)ϕη(1X − ηηD)

k2−1∑

i=1

ηi−1(ϕD)i

= 0,
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w2w̃1 = [ηD(1X − ϕϕD) + ηD

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)]w̃1 = ηD(1X − ϕϕD)w̃1

= ηD(1X − ϕϕD)(1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i

= ηD(1X − ϕϕD)η(1X − ηηD)

k2−1∑

i=1

ηi−1(ϕD)i

= ηDη(1X − ηηD)

k2−1∑

i=1

ηi−1(ϕD)i = 0,

w2w̃2 = [ηD(1X − ϕϕD) + ηD

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)]w̃2

= ηD(1X − ϕϕD)

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

+ηD

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

= ηD

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

+ηD

k1−1∑

j=1

(ηD)jϕj−1ϕ(1X − ϕϕD)ηD

k1−1∑

j=1

(ηD)j−1ϕj(1X − ϕϕD)

= ηD

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD),

w(ϕ + η)w = (w1 + w2)[(ϕ + η)w]

= (w1 + w2)[ϕϕD + ηηD(1X − ϕϕD) + w̃1 + w̃2]

= w1[ϕϕD + ηηD(1X − ϕϕD)] + w1w̃1 + w1w̃2

+w2[ϕϕD + ηηD(1X − ϕϕD)] + w2w̃1 + w2w̃2

= w1 + ηD(1X − ϕϕD) + ηD

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

= w1 + ηD

k1−1∑

j=0

(ηD)jϕj(1X − ϕϕD) = w1 + w2 = w.�QJ�v� (ϕ + η)mw(ϕ + η) = (ϕ + η)m, x m = k1 + k2 − 1. e ϕη = 0, ,
(ϕ + η)m =

m∑

s=0

ηsϕm−s,

(ϕ + η)mηηD(1X − ϕϕD) =

m∑

s=0

ηsϕm−sηηD(1X − ϕϕD)

= ηmηηD(1X − ϕϕD) = ηm(1X − ϕϕD),
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(ϕ + η)mw̃1 = (ϕ + η)m(1X − ηηD)

k2−1∑

i=1

ηi(ϕD)i

= (ϕ + η)m

k2−1∑

i=1

ηi(ϕD)i − (ϕ + η)mηηD

k2−1∑

i=1

ηi(ϕD)i

=

m∑

s=0

ηsϕm−s

k2−1∑

i=1

ηi(ϕD)i −

m∑

s=0

ηsϕm−sηηD

k2−1∑

i=1

ηi(ϕD)i

= ηm

k2−1∑

i=1

ηi(ϕD)i − ηmηηD

k2−1∑

i=1

ηi(ϕD)i

= ηm

k2−1∑

i=1

ηi(ϕD)i
− ηm

k2−1∑

i=1

ηi(ϕD)i = 0.Mn5 j = 1, 2, · · · , k1 − 1, g
ηm(ηD)j = ηm−1η(ηD)2(ηD)j−2 = ηm−1(ηD)j−1 = · · · · · ·

= ηm−(j−1)(ηD)j−(j−1) = ηm−(j−1)ηD

= ηm−k2−jηk2+1ηD = ηm−k2−jηk2 = ηm−j .5_
(ϕ + η)mw̃2 =

m∑

s=0

ηsϕm−s

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD) = ηm

k1−1∑

j=1

(ηD)jϕj(1X − ϕϕD)

=

k1−1∑

j=1

ηm(ηD)jϕj(1X − ϕϕD) =

k1−1∑

j=1

ηm−jϕj(1X − ϕϕD),

(ϕ + η)mϕϕD =

m∑

s=0

ηsϕm−sϕϕD =

m∑

s=0

ηm−sϕsϕϕD

= ηmϕϕD +

k1−1∑

s=1

ηm−sϕsϕϕD +

m∑

s=k1

ηm−sϕsϕϕD

= ηmϕϕD +

k1−1∑

s=1

ηm−sϕsϕϕD +

m∑

s=k1

ηm−sϕs,

(ϕ + η)mw(ϕ + η) = (ϕ + η)m[ϕϕD + ηηD(1X − ϕϕD) + w̃1 + w̃2]

= (ϕ + η)mϕϕD + (ϕ + η)mηηD(1X − ϕϕD) + (ϕ + η)mw̃1 + (ϕ + η)mw̃2

= ηmϕϕD +

k1−1∑

s=1

ηm−sϕsϕϕD +
m∑

s=k1

ηm−sϕs + ηm(1X − ϕϕD)

+

k1−1∑

j=1

ηm−jϕj(1X − ϕϕD)

= ηm +

k1−1∑

s=1

ηm−sϕs +
m∑

s=k1

ηm−sϕs = ηm +
m∑

s=1

ηm−sϕs = (ϕ + η)m.
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�W� (ϕ + η)D %nÆg
(ϕ + η)D = w = (1X − ηηD)

k2−1∑

i=0

ηi(ϕD)iϕD + ηD

k1−1∑

j=0

(ηD)jϕj(1X − ϕϕD)., 2v 2.1 T'xHN [10] x;!-I<��� 2.2 " C D[68���6 ϕ, η : X → X ;�g�
 ϕ# N η# Æ�~ ϕη = 0,o ϕ + η g�
Æ (ϕ + η)# = (1X − ηη#)ϕ# + η#(1X − ϕϕ#).
� 2.3 " C D[68��℄"6 ϕ : X → X mg (1k1 , 2, 5) - 
 ϕD Æ�~
ϕϕDη = η. � γ = (ϕ + η)ϕϕD g (1k2 , 2, 5) - 
 γD. o ϕ + η g (1k1+k2 , 2, 5) - 
Æ

(ϕ + η)D = γD +

k1−1∑

i=0

(γD)i+2ηϕi(1X − ϕϕD).) Y q = ϕ2ϕD + η, s = η(1X − ϕϕD), γ = (ϕ + η)ϕϕD, o q = s + γ Æg
sγ = η(1X − ϕϕD)(ϕ + η)ϕϕD = η(1X − ϕϕD)ϕϕϕD + η(1X − ϕϕD)ηϕϕD = 0,

s2 = η(1X − ϕϕD)η(1X − ϕϕD) = 0.# s g (12, 2, 5) - 
N sD = 0. e2v 2.1 , q g (1k2+1, 2, 5) - 
�
qD = γD(1X + γDs) = γD + (γD)2s.| p = ϕ(1X − ϕϕD), o ϕ + η = p + q,

pq = ϕ(1X − ϕϕD)(ϕ2ϕD + η) = ϕ(1X − ϕϕD)ϕ2ϕD + ϕ(1X − ϕϕD)η = 0,

pk1 = [ϕ(1X − ϕϕD)]k1 = ϕk1(1X − ϕϕD) = 0.5_� p g (1k1 , 2, 5) - 
� pD = 0. je2v 2.1 , ϕ + η = p + q g (1m, 2, 5) - 
 (x
m = k1 + k2) Æg

(ϕ + η)D = (p + q)D = qD

k1−1∑

j=0

(qD)jpj(1X − ppD)

= qD

k1−1∑

j=0

(qD)jpj = qD +

k1−1∑

j=1

(qD)j+1pj .e sγ = 0, J�, sγD = 0, E
(qD)2 = [γD + (γD)2s][γD + (γD)2s] = (γD)2 + (γD)3s.Dh^�� (qD)i = (γD)i + (γD)i+1s, i ≥ 1. zb*
sp = η(1X − ϕϕD)ϕ(1X − ϕϕD) = ηϕ(1X − ϕϕD) = ηp,

γp = (ϕ + η)ϕϕDϕ(1X − ϕϕD) = 0, γDp = 0,

(qD)i+1p = [(γD)i+1 + (γD)i+2s]p = (γD)i+1p + (γD)i+2ηp = (γD)i+2ηp,
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(qD)i+1pi = (γD)i+2ηpi = (γD)i+2η[ϕ(1X − ϕϕD)]i = (γD)i+2ηϕi(1X − ϕϕD).#,
(ϕ + η)D = qD +

k1−1∑

i=1

(qD)i+1pi = γD + (γD)2s +

k1−1∑

i=1

(γD)i+2ηϕi(1X − ϕϕD)

= γD +

k1−1∑

i=0

(γD)i+2ηϕi(1X − ϕϕD).�� 2.4[10] " C D[68��℄"6 ϕ : X → X g (1k1 , 2, 5) - 
 ϕD Æ6 
η : X → X �~ ϕϕDη = η, 1X + ϕDη q
�o ϕ + η g (1k1+1, 2, 5) - 
�Æg

(ϕ + η)D = ξ +

k1−1∑

i=0

ξi+2ηϕi(1X − ϕϕD),x ξ = (1X + ϕDη)−1ϕD.) | γ = (ϕ + η)ϕϕD, dLtJ�bv� γ# = ξ.

γξ = (ϕ + η)ϕϕD(1X + ϕDη)−1ϕD = (ϕ + η)ϕϕDϕD(1X + ηϕD)−1

= (ϕ + η)ϕD(1X + ηϕD)−1 = (ϕϕD + ηϕD)(1X + ηϕD)−1

= (ϕϕD + ϕϕDηϕD)(1X + ηϕD)−1 = ϕϕD,

ξγ = (1X + ϕDη)−1ϕD(ϕ + η)ϕϕD

= (1X + ϕDη)−1ϕDϕ + (1X + ϕDη)−1ϕDηϕϕD

= (1X + ϕDη)−1(1X + ϕDη)ϕϕD = ϕϕD.E
γξ = ξγ,

γξγ = ϕϕDγ = ϕϕD(ϕ + η)ϕϕD = ϕ2ϕD + ηϕϕD = (ϕ + η)ϕϕD = γ,

ξγξ = (1X + ϕDη)−1ϕDϕϕD = (1X + ϕDη)−1ϕD = ξ.og γ# = ξ, e2v 2.3 w ϕ + η g (1k1+1, 2, 5) - 

(ϕ + η)D = γD +

k1−1∑

i=0

(γD)i+2ηϕi(1X − ϕϕD) = ξ +

k1−1∑

i=0

ξi+2ηϕi(1X − ϕϕD).
� 2.5 " C D[68��℄"6 ϕ : X → X mg (1k1 , 2, 5) - 
 ϕD Æ6 
η : X → X �~ ϕDη = 0. � γ = (ϕ + η)(1X − ϕϕD) g (1k2 , 2, 5) - 
 γD, o ϕ + η g
(1k2+1, 2, 5) - 
Æg

(ϕ + η)D = γD + (1X − γDη)ϕD + (1X − γγD)

k2−1∑

i=0

(ϕ + η)iη(ϕD)i+2.) | p = ϕ2ϕD, o p g�
 p# = ϕD, | q = ϕ(1X − ϕϕD) + η, og
ϕ + η = p + q,
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pq = ϕ2ϕDϕ(1X − ϕϕD) + ϕ2ϕDη = 0,| s = ηϕϕD, o q = s + γ, Æ s2 = ηϕϕDηϕϕD = 0. E s g (12, 2, 5) - 
 sD = 0,

sγ = ηϕϕD[(ϕ + η)(1X − ϕϕD)] = ηϕϕDϕ(1X − ϕϕD) = 0.og sγD = 0. e2v 2.1 w q g (1k, 2, 5) - 
�x k = k2 + 1.

qD = (s + γ)D = γD + (γD)2s,

qqD = (s + γ)[γD + (γD)2s] = γ[γD + (γD)2s] = γγD + γDs.e2v 2.1 w� ϕ + η g (1k, 2, 5) - 
�Æ
(ϕ + η)D = (p + q)D = (1X − qqD)

k−1∑

i=0

qi(pD)ipD + qD(1X − ppD)

= (1X − qqD)

k−1∑

i=0

qi(p♯)ip♯ + qD(1X − pp♯)

= (1X − qqD)

k−1∑

i=0

qi(ϕD)iϕD + qD(1X − ϕϕD).Eg qϕD = [ϕ(1X − ϕϕD) + η]ϕD = ηϕD, q2ϕD = (ϕ + η − ϕ2ϕD)ηϕD = (ϕ + η)ηϕD . zb* ϕD(ϕ + η) = ϕDϕ, ϕD(ϕ + η)2 = ϕDϕ(ϕ + η) = ϕ2ϕD. D ϕD(ϕ + η)i = ϕiϕD, 5_
ϕD(ϕ + η)iη = ϕiϕDη = 0. eH	6w qiϕD = (ϕ + η)i−1ηϕD, i ≥ 1. 5_

qi(ϕD)i+1 = (ϕ + η)i−1η(ϕD)i+1.j
s(ϕ + η)i−1η = ηϕϕD(ϕ + η)i−1η = 0,

s(1X − ϕϕD) = ηϕϕD(1X − ϕϕD) = 0,

sϕD = ηϕϕDϕD = ηϕD,

γϕD = (ϕ + η)(1X − ϕϕD)ϕD = 0.W,
γDϕD = 0,

qD(1X − ϕϕD) = [γD + (γD)2s](1X − ϕϕD) = γD(1X − ϕϕD) = γD,

(1X − qqD)ϕD = (1X − γγD − γDs)ϕD = ϕD − γγDϕD − γDsϕD = ϕD − γDηϕD,

(1X − qqD)qi(ϕD)i+1 = (1X − γγD − γDs)qi(ϕD)i+1

= (1X − γγD)qi(ϕD)i+1 − γDsqi(ϕD)i+1

= (1X − γγD)(ϕ + η)i−1η(ϕD)i+1 − γDs(ϕ + η)i−1η(ϕD)i+1

= (1X − γγD)(ϕ + η)i−1η(ϕD)i+1.
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(ϕ + η)D = (1X − qqD)

k−1∑

i=0

qi(ϕD)i+1 + qD(1X − ϕϕD)

= (1X − qqD)ϕD + qD(1X − ϕϕD) +

k−1∑

i=1

(1X − qqD)qi(ϕD)i+1

= ϕD − γDηϕD + γD +

k−1∑

i=1

(1X − γγD)(ϕ + η)i−1η(ϕD)i+1

= γD + (1X − γDη)ϕD +
k−2∑

i=0

(1X − γγD)(ϕ + η)iη(ϕD)i+2

= γD + (1X − γDη)ϕD + (1X − γγD)

k2−1∑

i=0

(ϕ + η)iη(ϕD)i+2.

3 1X + ϕ
D

η ��� ϕ + η 	 Drazin �
� 3.1 " C D[68��℄"6 ϕ : X → X g (1k, 2, 5) -
 ϕD Æ6 η : X → X&, 1X + ϕDη q
�Y
γ = α(1X − ϕDϕ)ηϕDβ,

δ = αϕDη(1X − ϕϕD)β,

ε = (1X − ϕϕD)ηα(1X − ϕDϕ),x α = (1X + ϕDη)−1, β = (1X + ηϕD)−1. � 1X − γ N 1X − δ q
Æ�~
η(ϕDϕ − 1X)ϕ = 0, ϕ(ϕϕD − 1X)η = 0.o f = ϕ + η − ε g (1k, 2, 5) - 
�) | f

(2)
0 = αϕD. `w αϕD = ϕDβ, ϕDε = εϕD = 0. og

f
(2)
0 ff

(2)
0 = αϕD(ϕ + η − ε)αϕD = αϕDϕαϕD + αϕDηαϕD

= αϕDϕϕDβ + αϕDηαϕD = αϕDβ + αϕDηαϕD

= αϕD(β + ηαϕD) = αϕD(β + βηϕD)

= αϕDβ(1X + ηϕD) = αϕD = f
(2)
0 ,

ff
(2)
0 f = fαϕDf = (ϕ + η − ε)αϕD(ϕ + η − ε) = (ϕ + η)αϕD(ϕ + η)

= ϕαϕD(ϕ + η) + ηαϕD(ϕ + η)

= ϕ(1X − αϕDη)ϕD(ϕ + η) + ηαϕD(ϕ + η)

= ϕϕD(ϕ + η) − ϕαϕDηϕD(ϕ + η) + ηαϕD(ϕ + η)

= ϕϕDϕ + η − η + ϕϕDη − ϕϕDηαϕD(ϕ + η) + ηαϕD(ϕ + η)

= ϕϕDϕ + η − (1X − ϕϕD)η + (1X − ϕϕD)ηαϕD(ϕ + η)

= ϕϕDϕ + η − (1X − ϕϕD)η[1X − αϕD(ϕ + η)]

= ϕϕDϕ + η − (1X − ϕϕD)η(1X − αϕDϕ − αϕDη)

= ϕϕDϕ + η − (1X − ϕϕD)ηα(1X − ϕϕD)

= ϕϕDϕ + η − ε = (ϕϕDϕ − ϕ) + f.
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εϕ = (1X − ϕϕD)ηα(1X − ϕϕD)ϕ = (1X − ϕϕD)βη(1X − ϕϕD)ϕ = 0.u2q,� ϕε = 0.

f2f
(2)
0 f = f(f + ϕϕDϕ − ϕ) = f2 + (ϕ + η − ε)(ϕDϕ − 1X)ϕ

= f2 + (ϕDϕ − 1X)ϕ2 + η(ϕDϕ − 1X)ϕ − εϕ(ϕDϕ − 1X)

= f2 + (ϕDϕ − 1X)ϕ2.eH	6w fsf
(2)
0 f = fs + (ϕDϕ − 1X)ϕs, s ≥ 1. :�0

fkf
(2)
0 f = fk + (ϕDϕ − 1X)ϕk = fk.u2�e ϕ(ϕϕD − 1X)η = 0 q, fk = ff

(2)
0 fk N

ϕDf = ϕD(ϕ + η − ε) = ϕDϕ(1X + ϕDη) = ϕDϕα−1,

f
(2)
0 f = αϕDf = αϕDϕα−1.�Yg

fϕD = β−1ϕϕD, ff
(2)
0 = β−1ϕϕDβ,

1X − ff
(2)
0 = β−1(1X − ϕϕD)β = (1X + ηϕD)(1X − ϕϕD)β = (1X − ϕϕD)β,

1X − f
(2)
0 f = α(1X − ϕϕD)α−1 = α(1X − ϕϕD)(1X + ϕDη) = α(1X − ϕϕD),

1X − f
(2)
0 f(1X − ff

(2)
0 ) = 1X − αϕDϕα−1(1X − ϕϕD)β

= 1X − αϕDϕ(1X + ϕDη)(1X − ϕϕD)β

= 1X − α(ϕDϕ + ϕDη)(1X − ϕϕD)β

= 1X − αϕDη(1X − ϕϕD)β = 1X − δ.u2g
1X − (1X − f

(2)
0 f)ff

(2)
0 = 1X − γ.

fk+1f
(2)
0 = fkff

(2)
0 = fk − fk(1X − ff

(2)
0 ) = fk − fkf

(2)
0 f(1X − ff

(2)
0 )

= fk[1X − f
(2)
0 f(1X − ff

(2)
0 )] = fk(1X − δ).

f
(2)
0 fk+1 = (1X − γ)fk.e 1X − γ N 1X − δ q
�,

fk = fk+1f
(2)
0 (1X − δ)−1 = fk+1x, x = f

(2)
0 (1X − δ)−1,

fk = (1X − γ)−1f
(2)
0 fk+1 = yfk+1, y = (1X − γ)−1f

(2)
0 .#� f g (1k, 2, 5) - 


fD = ykfkx = [(1X − γ)−1f
(2)
0 ]kfkf

(2)
0 (1X − δ)−1

= (1X − γ)−1[f
(2)
0 (1X − γ)−1]k−1f

(2)
0 fkf

(2)
0 (1X − δ)−1.
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 ϕ# Æ6 η : X → X &, 1X + ϕ#η q
�Y
γ = α(1X − ϕ#ϕ)ηϕ#β,

δ = αϕ#η(1X − ϕϕ#)β,

ε = (1X − ϕϕ#)ηα(1X − ϕ#ϕ),x α = (1X + ϕ#η)−1, β = (1X + ηϕ#)−1. � 1X − γ N 1X − δ q
�o f = ϕ + η − ε g�
Æg f# = (1X − γ)−1αϕ#(1X − δ)−1.�� 3.3 R +g(Gm-S� J(R) D Jacobson C�" R xm3 a g (1k, 2, 5) - 

aD, j D J(R) xm3�� j(aDa− 1)a = 0, a(aDa− 1)j = 0, o a + j − ε g (1k, 2, 5) - 
�x ε = (1 − aaD)j(1 + aDj)−1(1 − aDa)) D j ∈ J(R), o 1 + a#j, 1 − γ, 1 − δ q
�e2v 3.1 w�A� 3.3 �w�
� 3.4 " C D[68��℄"6 ϕ : X → X g Drazin 
 ϕD, 6 η : X → X &, 1X + ϕDη q
Æ�~

ϕϕDη = ηϕϕD, ϕ(1X − ϕϕD)η = ηϕ(1X − ϕϕD).Y f = ϕ + η, oLzT//^
(1) f g Drazin 
�Æ fD = (1X + ϕDη)−1ϕD;

(2) ϕϕDηm = ηm x m Dut0�
(3) ηmϕϕD = ηm x m Dut0�#$� ffD = ϕϕD.) | f

(2)
0 = (1X + ϕDη)−1ϕD, l2v 3.1 v�u2�

1X − f
(2)
0 f = α(1X − ϕDϕ), 1X − ff

(2)
0 = (1X − ϕDϕ)β,e ϕϕDη = ηϕDϕ q,

(1X − ϕϕD)η = η(1X − ϕDϕ). (3.1)k+
α−1(1X − ϕDϕ) = (1X + ϕDη)(1X − ϕDϕ) = 1X − ϕDϕ + ϕDη(1X − ϕDϕ)

= 1X − ϕDϕ + ϕD(1X − ϕDϕ)η = 1X − ϕDϕ.u2g (1X − ϕDϕ)β−1 = 1X − ϕDϕ. E
α(1X − ϕDϕ) = (1X − ϕDϕ)β = 1X − ϕDϕ.# 1X − f

(2)
0 f = 1X − ff

(2)
0 = 1X − ϕDϕ, W,

f
(2)
0 f = ff

(2)
0 = ϕDϕ. (3.2)l2v 3.1 v�u2g� ff

(2)
0 f = f + (ϕϕDϕ − ϕ − ε), x

ε = (1X − ϕϕD)ηα(1X − ϕϕD) = η(1X − ϕϕD)α(1X − ϕϕD)

= η(1X − ϕϕD)(1X − ϕϕD) = η(1X − ϕϕD).
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ϕsη(1X − ϕDϕ) = ηϕs(1X − ϕDϕ), ∀s ≥ 0. (3.3)dLtv�
fs(1X − ϕϕD) =

s∑

i=0

Ci
sϕ

s−iηi(1X − ϕDϕ). (3.4)*%��e (3.1) '
(1X − ϕϕD)ηj = ηj(1X − ϕϕD), ∀j ≥ 1, (3.5)

ϕs−jηj+1(1X − ϕDϕ) = ϕs−jηηj(1X − ϕDϕ)

= ϕs−jη(1X − ϕϕD)ηj e (3.5) '
= ηϕs−j(1X − ϕϕD)ηj e (3.3) '
= ηϕs−jηj(1X − ϕϕD). e (3.5) ' (3.6)�`Xv s = 1 $ (3.4) '�w�℄"e�n s $�w

fs+1(1X − ϕDϕ) = ffs(1X − ϕDϕ) = (ϕ + η)

s∑

i=0

Ci
sϕ

s−iηi(1X − ϕDϕ)

=

s∑

i=0

Ci
sϕ

s−i+1ηi(1X − ϕDϕ) +

s∑

i=0

Ci
sηϕs−iηi(1X − ϕDϕ)

= ϕs+1(1X − ϕDϕ) +

s∑

i=1

Ci
sϕ

s−i+1ηi(1X − ϕDϕ)

+

s−1∑

i=0

Ci
sηϕs−iηi(1X − ϕDϕ) + ηs+1(1X − ϕDϕ)

= ϕs+1(1X − ϕDϕ) +

s−1∑

i=0

Ci+1
s ϕs−iηi+1(1X − ϕDϕ)

+

s−1∑

i=0

Ci
sϕ

s−iηi+1(1X − ϕDϕ) + ηs+1(1X − ϕDϕ) e (3.6) '
= ϕs+1(1X − ϕDϕ) +

s−1∑

i=0

Ci+1
s+1ϕ

s−iηi+1(1X − ϕDϕ) + ηs+1(1X − ϕDϕ)

=

s+1∑

i=0

Ci
s+1ϕ

(s+1)−iηi(1X − ϕDϕ).#5�b s, (3.4) '�w�
ff

(2)
0 f = f + ϕϕDϕ − ϕ − ε = f − ϕ(1X − ϕDϕ) − η(1X − ϕDϕ)

= f − (ϕ + η)(1X − ϕDϕ) = f − f(1X − ϕDϕ)E
fsf

(2)
0 f = fs − fs(1X − ϕDϕ). (3.7)

(2) ⇔ (3) e (3.5) 'W,�
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(2) ⇒ (1) �%n m ≥ 1, &, ϕϕDηm = ηm, o
(1X − ϕDϕ)ηm = 0. (3.8)D ϕD + ϕ - (1k, 2, 5) - 
�| s = m + k − 1, og

fs(1X − ϕDϕ) = ϕs(1X − ϕDϕ) + C1
sϕs−1(1X − ϕDϕ)η + · · · + Cs−k

s ϕk(1X − ϕDϕ)ηs−k

+Cs−k+1
s ϕk−1(1X − ϕDϕ)ηs−k+1 + · · · + (1X − ϕDϕ)ηs

= 0 e (3.8) '�#e (3.7) 'w
fs = fsf

(2)
0 f, f

(2)
0 f = ff

(2)
0 , f

(2)
0 ff

(2)
0 = f

(2)
0 ,E f

(2)
0 + (1s, 2, 5) - 
� fD = f

(2)
0 = (1X + ϕDη)−1ϕD. e (3.2) ', ffD = ϕϕD.

(1) ⇒ (2) � fD = (1X + ϕDη)−1ϕD D f - (1s, 2, 5) - 
�D ϕD D ϕ - (1k, 2, 5) -
�|
u = f − f2fD, v = ϕ − ϕ2ϕD,o us = 0, vk = 0, �e (3.2) 'q, ffD = ϕϕD,

u = f(1X − ffD) = f(1X − ϕϕD),

v = ϕ(1X − ϕϕD).k+
uv = f(1X − ϕϕD)ϕ(1X − ϕϕD) = (ϕ + η)ϕ(1X − ϕϕD)

= ϕ2(1X − ϕϕD) + ηϕ(1X − ϕϕD) = ϕ2(1X − ϕϕD) + ϕ(1X − ϕϕD)η,

vu = ϕ(1X − ϕϕD)f(1X − ϕϕD)

= ϕ(1X − ϕϕD)(ϕ + η)(1X − ϕϕD)

= ϕ2(1X − ϕϕD) + ϕ(1X − ϕϕD)η(1X − ϕϕD)

= ϕ2(1X − ϕϕD) + ϕ(1X − ϕϕD)(1X − ϕϕD)η e (3.1) '
= ϕ2(1X − ϕϕD) + ϕ(1X − ϕϕD)η,W, uv = vu. � m = s + k − 1, o (u − v)m = 0. )

u − v = η(1X − ϕϕD).zb* (3.1) '� η(1X − ϕϕD) = (1X − ϕϕD)η. #
0 = (u − v)m = [η(1X − ϕϕD)]m = ηm(1X − ϕϕD)m = ηm(1X − ϕϕD)W%n m ≥ 1, &, ηm(1X − ϕϕD) = 0, ηm = ηmϕϕD., 2v 3.4 bHN [2] x-e�AF*x[68�x-6 ��
� 3.5 " C D[68��℄"6 ϕ : X → X g Drazin 
 ϕD, η : X → X D C x6 �o_L/^

(1) ϕϕDη = ηϕϕD = ϕ − ϕ2ϕD + η;
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(2) f = ϕ + η g�
�Æ f# = (1X + ϕDη)−1ϕD.) (1) ⇒ (2) | f
(2)
0 = (1X + ϕDη)−1ϕD. e=_ (1) ,

f = ϕ + η = ϕ + (ϕϕDη + ϕ2ϕD
− ϕ) = ϕ(1X + ϕDη) + ϕ(ϕϕD

− 1X),

ff
(2)
0 = ϕ(1X + ϕDη)f

(2)
0 + ϕ(ϕϕD − 1X)f

(2)
0

= ϕ(1X + ϕDη)(1X + ϕDη)−1ϕD + ϕ(ϕϕD − 1X)ϕD(1X + ηϕD)−1

= ϕϕD.u20�e η = ηϕDϕ + ϕ2ϕD − ϕ q, f
(2)
0 f = ϕDϕ. E

ff
(2)
0 = f

(2)
0 f,

f − f2f
(2)
0 = f(1X − ff

(2)
0 ) = f(1X − ϕϕD) = ϕ(1X − ϕϕD) + η(1X − ϕϕD)

= ϕ(1X − ϕϕD) + ϕ(ϕDϕ − 1X) e=_ (1)

= 0.#� f = ff
(2)
0 f, f

(2)
0 ff

(2)
0 = f

(2)
0 , W f

(2)
0 D f -�
�

f# = f
(2)
0 = (1X + ϕDη)−1ϕD,Æg f#f = ϕDϕ.

(2) ⇒ (1) l2v 3.1 -v�Ou2�
1X − ff

(2)
0 = (1X − ϕDϕ)β, 1X − f

(2)
0 f = α(1X − ϕDϕ).ek f

(2)
0 = f#, og (1X − ϕDϕ)β = α(1X − ϕDϕ). #

α−1(1X − ϕDϕ) = (1X − ϕDϕ)β−1. (3.9)

(3.9) 'i� ϕD, ,
0 = (1X − ϕDϕ)β−1ϕD = (1X − ϕDϕ)(1X + ηϕD)ϕD = (1X − ϕDϕ)η(ϕD)2,aW

(1X − ϕDϕ)ηϕD = 0. (3.10)�Y� (3.9) '�� ϕD, ,
ϕDη(1X − ϕDϕ) = 0.k+g� ηϕD = ϕDϕηϕD, ϕDη = ϕDηϕϕD, E

ϕϕDη = ϕϕDηϕϕD = ϕDϕηϕDϕ = ηϕDϕ = ηϕϕD. (3.11)dLtJ�X4 ff
(2)
0 f, e2v 3.1 -v�L�w

ff
(2)
0 f = ϕϕDϕ + η − (1X − ϕϕD)η + (1X − ϕϕD)ηαϕD(ϕ + η)

= ϕϕDϕ + η − (1X − ϕϕD)η + (1X − ϕϕD)ηϕDβ(ϕ + η)

= ϕϕDϕ + η − (1X − ϕϕD)η, e (3.10) ') f
(2)
0 = f#, ff

(2)
0 f = f, ϕϕDϕ + η − (1X − ϕϕD)η = ϕ + η, W ϕ − ϕ2ϕD + η = ϕϕDη e

(3.11) 'W, ϕϕDη = ηϕϕD = ϕ − ϕ2ϕD + η., 2v 3.5 bHN [8] x-e�AF*x[68�x-6 ��
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The Drazin Inverse of a Sum of Morphisms

1Chen Jianlong 1Zhuang Guifen 2Wei Yimin
(1Department of Mathematics, Southeast University, Nanjing 210096;

2Department of Mathematics, Fudan University, Shanghai 200433)

Abstract: Let C be an additive category. Suppose that ϕ and η : X → X are two morphisms

of C. If ϕ and η have the Drazin inverses such that ϕη = 0, then ϕ + η has the Drazin inverse.

If ϕ has the Drazin inverse ϕD such that 1X + ϕDη is invertible. We study the Drazin inverse

(resp. group inverse) of f = ϕ + η and give the necessary and sufficient condition for fD(resp.

f#) = (1X + ϕDη)−1ϕD. Finally, we extend the Huylebrouck’s result from the group inverse

to the Drazin inverse.
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