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1 f
(I) 8� Reed-Muller ��� AG(m, 2) F�m� F2 5) m ℄=8�i� u0,u1, · · · ,um−1 FO):[�3�

0 ≤ j ≤ 2m − 1, : j ) 2-adic $zB[ j =
m−1
∑

i=0

ξij2
i, "3 ξij ∈ F2, � xj =

m−1
∑

i=0

ξijui,# xj ÆC=8�i AG(m, 2) 3)N�/� n = 2m, � E [ m × n w*�"
v�[
xj , 0 ≤ j ≤ 2m − 1. 3� i = 0, 1, · · · , m − 1, � vi ÆC E ). i {�# vi vF AG(m, 2)3)� � Ai = {xj ∈ AG(m, 2) | ξij = 1} )S+PI�6 AG(m, 2) )S+PI[( 1 v� 1 = (1, 1, · · · , 1). 3�.	) a,b ∈ Fn

2 , 0
 L ab = (a0b0, a1b1, · · · , an−1bn−1). `�/'�N��℄ vi1vi2 · · ·vis
, 0 ≤ s ≤ m F Z2 n|aJ)�H� Fn

2 )�A[�"3$ s = 0>�`��0�℄ÆCv� 1.3� 0 ≤ r ≤ m, �N��℄ vi1vi2 · · ·vis
(0 ≤ s ≤ r) D[�A[N%�)n|��[

r m8� Reed-Muller ��[ RM(r, m). j+� RM(r, m) )℄I[ 1 +
(

m
1

)

+ · · · +
(

m
r

)

.�xÆ�J� Reed-Muller ���F�6VQ)��#O)�/F��o���6�;L;)�e��J� Reed-Muller �)qfp6�j�|^k [1].

(II) Z4 n|�� Gray �8�� Z4 F,IY� 4 )<��Y� Zn
4 F Z4 5 n �v�)^U� Zn

4 3).� Z4 =�
C v�[�F Z4 n|�� C )�y0
[OD[ Abel *)�y�HE0!�2007-11-05; ~10!�2008-12-18
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4F� Z4 & Z2 )�8
α : 0 7−→ 0, 1 7−→ 1, 2 7−→ 0, 3 7−→ 1;

β : 0 7−→ 0, 1 7−→ 0, 2 7−→ 1, 3 7−→ 1;

γ : 0 7−→ 0, 1 7−→ 1, 2 7−→ 1, 3 7−→ 0.(4F�8~�>+,YL& Zn
4 5�`��YLW)�8/��[ α, β, γ. 0


φ : Zn
4 −→ Z2n

2 , c 7−→ φ(c) = (β(c), γ(c))[ Gray �8�j+�3�.	) x,y ∈ Zn
4 , �

φ(x + y) = φ(x) + φ(y) + φ(2α(x)α(y)). (1)� C F�F Z4 n|�� φ(C) �[ C ! Gray �8g)8�t�g�(F��G��
φ(C) Fn|�)�F��Uk�eT 1[2] � C F Z4 n|�� x1,x2, · · · ,xm F C )�A;���% C = φ(C). # CFn|�$%s$3�.	) 1 ≤ i ≤ j ≤ m, 2α(xi)α(xj) ∈ C.� C F�F8�n|��3 C F�F Z4 n|� C ! Gray �8g)8�t�#� CF Z4 n|)�[�Q�8� Reed-Muller �) Z4 n|� Hammons +- [3] � Wan[2] p6��� Z4 n|����[ ZRM(r, m) � QRM(r, m). g��`�G�O�)0
�� G(r, m) ÆC RM(r, m) );�w*�`��0 RM(−1, m) = RM(m + 1, m) = {0},%;�w* G(−1, m) = G(m + 1, m) = (0). 3�.	) 0 ≤ r ≤ m, 0
 QRM(r, m) F�2[ 2m ) Z4 n|��";�w*[





G(r − 1, m)

2G(r, m)



 .� QRM(r, m) = φ(QRM(r, m)) FO)8�t�0
 ZRM(r, m) F� RM(r − 1, m) �
2RM(r, m) )��! Zn

4 3N%�)�2[ 2m ) Z4 n|��`
ZRM(r, m) = 〈RM(r − 1, m), 2RM(r, m)〉4.`��O)8�t[ ZRM(r, m).

Hammons +- [3] -��3� r = 0, 1, 2, m _ m + 1, ZRM(r, m) )8�t#F Reed-

Muller � RM(r, m + 1), ��r3�"�) r, RM(r, m + 1) �F Z4 n|)�(��rB5� Hou +- [4] -��3�pV) r, Wan[2] -� QRM(r, m) )8�t�F RM(r, m + 1).���$ r = 0, 1, 2, m _ m + 1 >�(�� Z4 n|�FZ(��)��^dW,�u�(�� Z4 n|��Æ�$ 3 ≤ r ≤ m − 1 >�O�FZ(�V)�!. 2 n3�`�aL�
ZRM(r, m)� QRM(r, m))�y�-�O�)8�t ZRM(r, m)Fn|)�6 QRM(r, m)F>n|)�# QRM(r, m) N%�)n|�#F ZRM(r, m). BW�!. 3 n33�>n|� QRM(r, m), Q��O)1�R�
2 ZRM(r, m) Xg QRM(r, m) Xg�h0 3 ≤ r ≤ m − 1.
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2 , O�! Zn

2 3)g:[ x+b y. lO�{� Z4 5)v��[�'���O�! Zn
4 3)g:[ x + y. 1��-�3�.	) x1,x2, · · · ,xs ∈ Zn

2 ,

x1 +b x2 +b · · · +b xs = (x1 + x2 + · · · + xs) + 2
∑

1≤i<j≤s

xixj . (2)KT 2 : 〈RM(r−1, m)〉4 F� RM(r−1, m)3)��;�) Z4 n|��# ZRM(r,

m) = 〈RM(r−1, m)〉4. �%�ZRM(r, m))�y[ 4k12k2−k1 ,"3 k1 = 1+
(

m

1

)

+· · ·+
(

m

r−1

)

,

k2 = 1 +
(

m
1

)

+ · · · +
(

m
t

)

, t = min{2r − 2, m}.k |� ZRM(r, m) pJ�)�F Z2 n|�
C1 = {α(c) | c ∈ ZRM(r, m)},

C2 = {β(c) | c ∈ Z̃RM(r, m)},"3 Z̃RM(r, m) = {c ∈ ZRM(r, m) | 2c = 0} F ZRM(r, m) )=��j+� C1 =

RM(r − 1, m), I dimC1 = 1 +
(

m
1

)

+ · · · +
(

m
r−1

)

= k1.g��`�aL C2 )℄I�3.	)=^ J ⊆ {1, 2, · · · , m} �� | J |≤ min{2r− 2, m}, !=^ I1, I2 A( I1 ∪ I2 = J , % | I1 |≤ r − 1, | I2 |≤ r − 1, I� (2) B(
∏

i∈I1

vi +b

∏

i∈I2

vi =
∏

i∈I1

vi +
∏

i∈I2

vi + 2
∏

i∈J

vi.�� |I1| ≤ r − 1, |I2| ≤ r − 1, # ∏

i∈I1

vi,
∏

i∈I2

vi ∈ RM(r − 1, m), % ∏

i∈I1

vi +b

∏

i∈I2

vi ∈

RM(r − 1, m). �6
2

∏

i∈J

vi =
(

∏

i∈I1

vi +b

∏

i∈I2

vi

)

−
∏

i∈I1

vi −
∏

i∈I2

vi ∈ 〈RM(r − 1, m)〉4 ⊆ ZRM(r, m),I 2
∏

i∈J

vi ∈ Z̃RM(r, m), # ∏

i∈J

vi ∈ C2. � t = min{2r − 2, m}. `�/'�N�)�℄
∏

i∈J

vi, |J | ≤ t, F RM(t, m) )�A[�I RM(t, m) ⊆ C2.��<��� D = 2RM(t, m). 3�.	) x ∈ Z̃RM(r, m), x ~�w� x = x1 + x2,"3 x1 ∈ 〈RM(r − 1, m)〉4 ∩ Z̃RM(r, m), x2 ∈ 〈2RM(r, m)〉4 = 2RM(r, m). �� t ≥ r, I
x2 ∈ D. h:

x1 = λ1y1 + λ2y2 + · · · + λsys, (3)"3 λi ∈ Z4, yi ∈ RM(r − 1, m). 3� i = 1, 2, · · · , s, h:
yi =

∏

l∈Ii1

vl +b

∏

l∈Ii2

vl +b · · · +b

∏

l∈Ii,hi

vl

=
∏

l∈Ii1

vl +
∏

l∈Ii2

vl + · · · +
∏

l∈Ii,hi

vl + 2
∑

1≤j<k≤hi

∏

l∈Iij∪Iik

vl, (4)"3 |Iij | ≤ r − 1. ��3.	) 1 ≤ j < k ≤ hi, |Iij ∪ Iik| ≤ min{2r − 2, m} = t, I
2

∑

1≤j<k≤hi

∏

l∈Iij∪Iik

vl ∈ D. � (3) T (4) B�~:
x = λ′

1

∏

l∈I1

vl + λ′
2

∏

l∈I2

vl + · · · + λ′
w

∏

l∈Iw

vl + c,
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i ∈ Z4, c ∈ D, % I1, · · · , Iw F {1, 2, · · · , m} )�V=^��� |Ii| ≤ r − 1, #

2x = 2λ′
1

∏

l∈I1

vl + 2λ′
2

∏

l∈I2

vl + · · · + 2λ′
w

∏

l∈Iw

vl = 0.�� ∏

l∈I1

vl, · · · ,
∏

l∈Iw

vl F Z4 >�)�I 2λ′
i = 0, ` λ′

i = 2µi 3�F µi ∈ Z4, #
x = 2µ1

∏

l∈I1

vl + 2µ2

∏

l∈I2

vl + · · · + 2µw

∏

l∈Iw

vl + c ∈ D.��� Z̃RM(r, m) ⊆ D, I C2 = β(Z̃RM(r, m)) ⊆ β(D) = RM(t, m).�5~/� C2 = RM(t, m), I dimC2 = 1 +
(

m

1

)

+ · · · +
(

m

t

)

= k2. ��� ZRM(r, m))�y[ 4k12k2−k1 .j+� 〈RM(r − 1, m)〉4 ⊆ ZRM(r, m). !5�)Q�3�� 〈RM(r − 1, m)〉4 TZ
ZRM(r, m), V�~( 〈RM(r − 1, m)〉4 )�y�[ 4k12k2−k1 , I

ZRM(r, m) = 〈RM(r − 1, m)〉4.KT 3 QRM(r, m) )�y[ 4k′

12k′

2
−k′

1 , "3
k′
1 = 1 +

(

m

1

)

+ · · · +

(

m

r − 1

)

, k′
2 = 1 +

(

m

1

)

+ · · · +

(

m

r

)

.k |� QRM(r, m) pJ�)�F Z2 n|�
C1 = {α(c) | c ∈ QRM(r, m)},

C2 = {β(c) | c ∈ Q̃RM(r, m)},"3 Q̃RM(r, m) = {c ∈ QRM(r, m) | 2c = 0}. j+� C1 );�w*[ (G(r − 1, m)),I C1 = RM(r − 1, m), # dimC1 = 1 +
(

m

1

)

+ · · · +
(

m

r−1

)

= k′
1; �%� Q̃RM(r, m) );�w*[ (2G(r, m)), I C2 );�w*[ (G(r, m)), # C2 = RM(r, m), �6 dimC2 =

1 +
(

m
1

)

+ · · · +
(

m
r

)

= k′
2. ��� QRM(r, m) )�y[ 4k′

12k′

2
−k′

1 .o $ 3 ≤ r ≤ m − 1 >� t = min{2r − 2, m} 6= r, I�0� 2 � 3 / ZRM(r, m) �
QRM(r, m) x��V)�y�IF�V)�� Z4 n|��KT 4 � C F�2[ n ) Z2 n|�� C = 〈C〉4 F� C ! Zn

4 3%�) Z4 n|��#8�t φ(C) F�2[ 2n ) Z2 n|��k 3�.	) x,y ∈ C, � (2) B~(
2α(x)α(y) = 2xy = (x +b y) − (x + y) ∈ C,I��� 1 / φ(C) Fn|)��0� 2 � 4 /℄U 5 8�t ZRM(r, m) = φ(ZRM(r, m)) F�2[ 2m+1 ) Z2 n|���%�

dimZRM(r, m) = k1 + k2, "3 k1 � k2 �0� 2 G��KT 6 8�t QRM(r, m) = φ(QRM(r, m)) F�2[ 2m+1 )8�>n|��k B#�3�.	) x,y ∈ QRM(r, m), ��� 1 ( 2α(x)α(y) ∈ Q̃RM(r, m), "3
Q̃RM(r, m) = {c ∈ QRM(r, m) | 2c = 0}. �0� 3 )-�/ Q̃RM(r, m) = 2RM(r, m).



No.4 �yÆ+�K� ZRM �)�u 895� I1, I2 F {1, 2, · · · , m} )=^��� |I1| = |I2| = r − 1, % |I1 ∪ I2| > r. � x =
∏

i∈I1

vi,

y =
∏

i∈I2

vi, # x,y ∈ QRM(r, m), 6 2α(x)α(y) = 2
∏

i∈I1∪I2

vi /∈ 2RM(r, m), �5�tK ZRM(r, m)Fn|)�6 QRM(r, m)F>n|��#g�(F0�Æ�8'���0)�d�D�5�� QRM(r, m) %�)n|�#F ZRM(r, m).KT 7 � 〈QRM(r, m)〉2 F� QRM(r, m) %�)n|��#
〈QRM(r, m)〉2 = ZRM(r, m).k j+� 〈QRM(r, m)〉2 ⊆ ZRM(r, m). 3�.	)=^ I ⊆ {1, 2, · · · , m} �� |I| ≤

r − 1, � ∏

i∈I

vi ∈ QRM(r, m), I
φ
(

∏

i∈I

vi

)

=
(

0,
∏

i∈I

vi

)

∈ 〈QRM(r, m)〉2. (5)3.	=^ J ⊆ {1, 2, · · · , m}�� |J | ≤ min{2r− 2, m},  !=^ I1, I2 ⊆ {1, 2, · · · , m} A(
|I1| ≤ r − 1, |I2| ≤ r − 1, % I1 ∪ I2 = J , # ∏

i∈I1

vi,
∏

i∈I2

vi ∈ QRM(r, m). � (1) B(
φ
(

2
∏

i∈I1

vi

∏

i∈I2

vi

)

= φ
(

∏

i∈I1

vi +
∏

i∈I2

vi

)

−b φ
(

∏

i∈I1

vi

)

−b φ
(

∏

i∈I2

vi

)

∈ 〈QRM(r, m)〉2,I
φ
(

2
∏

i∈I1

vi

∏

i∈I2

vi

)

= φ
(

2
∏

i∈J

vi

)

=
(

∏

i∈J

vi,
∏

i∈J

vi

)

∈ 〈QRM(r, m)〉2. (6)��v� (0,
∏

i∈I

vi) � (
∏

i∈J

vi,
∏

i∈J

vi), "3 |I| ≤ r − 1, |J | ≤ min{2r − 2, m}, F Z2 n|aJ)�I� (5) T (6) B/ dim〈QRM(r, m)〉2 ≥
r−1
∑

i=0

(

m
i

)

+
t

∑

i=0

(

m
i

)

= dimZRM(r, m). ���
〈QRM(r, m)〉2 = ZRM(r, m).0� 7 )-�N��e5G��8�n|� ZRM(r, m) );�w*�℄U 8 � t = min{2r− 2, m}, #8�t ZRM(r, m) F�2[ 2m+1 )8�n|��";�w*[





0 G(r − 1, m)

G(t, m) G(t, m)



 .

3 QRM(r, m) JlgO
Pujol � Rifa[5] 38�>n|�0
�1�R)D��� C F Zn

2 )=^� 〈C〉2 F�
C %�)n|��# 〈C〉2 )℄I�[ C )1�h0 0 ∈ C, �

kerC = {x ∈ C | x + C = C},�[ C )R�j+� kerC F
O! C 3)�Fn|��(�n3�`�lQ�8�>n|� QRM(r, m) )1�R��0� 7 / 〈QRM(r, m)〉2 = ZRM(r, m), I`��KT 9 8�>n|� QRM(r, m) )1[ k1 + k2, "3 k1, k2 �0� 2 G��
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G(1, m)

2G(r, m)



 ,# φ(C1) F�2[ 2m+1 )8�n|��";�w*[




0 G(1, m)

G(r, m) G(r, m)



 . (7)I dim φ(C1) = k′
2 + (m + 1), "3 k′

2 �0� 3 G��k ��� 1, 1��- φ(C1) Fn|)�V0� 3 )-����`�~( C1 )�y[
4m+12k′

2
−(m+1), I dimφ(C1) = k′

2 + (m + 1). j+
φ(1) = (0,1) ∈ φ(C1),

φ(vi) = (0,vi) ∈ φ(C1), i = 1, 2, · · · , m.�%�3�.	=^ J ⊆ {1, 2, · · · , m} �� |J | ≤ r, `�/' 2
∏

i∈J

vi ∈ C1, I
φ
(

2
∏

i∈J

vi

)

=
(

∏

i∈J

vi,
∏

i∈J

vi

)

∈ φ(C1).��v� (0,vi), i = 1, 2, · · · , m, (0,1) � (
∏

i∈J

vi,
∏

i∈J

vi), |J | ≤ r n|aJ�I( k′
2 + (m + 1)Fv�A� φ(C1) )�A[�# (7) BF φ(C1) );�w*�KT 11 QRM(r, m) )Rx�;�w*2 (7) B�I ker(QRM(r, m)) )℄I[ k′

2 +

(m + 1), "3 k′
2 �0� 3 G��k 3�.	) c = φ(x) ∈ QRM(r, m), � (1) B~( c ∈ ker(QRM(r, m)) $%s$3�.	) b = φ(y) ∈ QRM(r, m), �

c +b b = φ(x) +b φ(y) = φ(x + y) +b φ(2α(x)α(y))

= φ(x + y + 2α(x)α(y)) ∈ QRM(r, m),` x + y + 2α(x)α(y) ∈ QRM(r, m), �6 2α(x)α(y) = 2xy ∈ QRM(r, m). ���� C = φ−1(ker(QRM(r, m))), # x ∈ C $%s$3�.	) y ∈ QRM(r, m), 2xy ∈

QRM(r, m). �/ C F QRM(r, m) )�F Z4 n|=��D�5�3�.	) x1,x2 ∈ C_ y ∈ QRM(r, m), `�� 2x1y, 2x2y ∈ QRM(r, m), I 2(x1 + x2)y ∈ QRM(r, m), #
x1 + x2 ∈ C. `��)0 ker(QRM(r, m)), 0�)0 C v~���� C1 F�� 10 3G�) QRM(r, m) )=��3�.	) y ∈ QRM(r, m), :

y =

s
∑

i=1

∏

k∈Ii

vk +

w
∑

j=1

2
∏

k∈Jj

vk,"3 |Ii| ≤ r − 1, |Jj | ≤ r. 3� l = 1, 2, · · · , m, ��
2vly =

s
∑

i=1

2
∏

k∈Ii∪{l}

vk ∈ QRM(r, m)
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21y = 2y ∈ QRM(r, m),I vl ∈ C, l = 1, 2, · · · , m, % 1 ∈ C. j+� 2

∏

i∈J

vi ∈ C, |J | ≤ r. ��� C1 ⊆ C.��<��3�.	)
x =

s
∑

i=1

∏

k∈Ii

vk +
w

∑

j=1

2
∏

k∈Jj

vk ∈ C, (8)"3 Ii, Jj F {1, 2, · · · , m} )�V=^��� |Ii| ≤ r − 1, |Jj | ≤ r. �=�	|�`�:
|I1| F Ii, i = 1, 2, · · · , s 3EB!)=^�3 |I1| ≥ 2, # !=^ I ⊆ {1, 2, · · · , m}\I1 ��
|I| ≤ r − 1, % |I ∪ I1| = r + 1. � y =

∏

k∈I

vk, # y ∈ QRM(r, m), 6
2xy = 2

∏

k∈I1∪I

vk + 2

s
∑

i=2

(

∏

k∈Ii∪I

vk

)

.9	& I1 ∪ I 6= Ii ∪ I, 3.	) i = 2, · · · , s. D�5�3 I1 ∪ I = Ii ∪ I 3�F i = 2, · · · , s,# I1 ⊆ Ii, 6 I1 )EB!�I I1 = Ii, �5��� | I1 ∪ I |= r + 1, I 2xy /∈ QRM(r, m),� C 3����)Uk�5����! (8) B3� |Ii| ≤ 1, i = 1, 2, · · · , s, I x ∈ C1.�5~/� C = φ−1(ker(QRM(r, m))) = C1, I ker(QRM(r, m)) = φ(C1).G R ^ `
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Study on Quaternary ZRM Codes

Pei Junying Wang Haihua Cui Jie
(Department of Mathematics, Soochow University, Jiangsu Suzhou 215006)

Abstract: In the literature two classes of Z4 linear codes were defined to discuss the Z4 linearity

of binary Reed-Muller codes, they are denoted by ZRM(r, m) and QRM(r, m), and their

binary images under the Gray map are denoted by ZRM(r, m) and QRM(r, m) respectively.

In this correspondence, the types of ZRM(r, m) and QRM(r, m) are computed respectively.

When 3 ≤ r ≤ m− 1, it is shown that the binary image ZRM(r, m) is linear while QRM(r, m)

is nonlinear. Moreover, the linear code spanned by QRM(r, m) is proved to be ZRM(r, m).

Finally, the rank and the kernel are determined for the nonlinear code QRM(r, m).

Key words: Reed-Muller code; Gray map; Binary image; ZRM code; QRM code.
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