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1 .+��T Rm×n �r�X m × n m�j7yi� Cm×n �r�X m × n U�j7yi�
Qm×n �r�X m × n �`|�j7yi� SRn×n �r�X n �mD"�j7yi�
ASRn×n �r�X n�mKD"�j7yi�In �r n�0��j�D A ∈ Qm×n, AH �r
A7℄�{s�j�A ∈ Qn×n �"� Hermite�j�e
 aij = aji(i, j = 1, 2, · · · , n) [1].�X
n� Hermite�`|�j7yi�� HQn×n. bIEX�`| a�� a = a0+a1i+a2j+a3k,Wu a0, a1, a2, a3 �m%|�[ i2 = j2 = k2 = −1, ij = −ji = k, iBDbI7 A ∈ HQn×n,

A '�r� A = A0 + A1i + A2j + A3k, Wu A0 ∈ SRn×n, A1, A2, A3 ∈ ASRn×n. D A =

(aij) ∈ Qm×n, B = (bij) ∈ Qm×n, A ◦ B = (aijbij) �r A \ B 7 Hadamard w��J A\ B 7Pw� (A, B) = tr(AHB), g Qm×n tEX Hilbert Pw(�[V*Pw2)7L|
‖A‖ = (A, A)

1

2 t Frobenius L|�	y�jyi S 7�1n�
,�%>~�\[&OT7;GA^ [2–3]. e�^h~�X)`K48mf*t1F:A^u��jyi S ��tLX�jN&7d{�yi
[4–9].;G>hr9Z�jyi S 7����t�"i/�1n�
7`��D�te^f�pfs�f\LX�jN&7d{�yisd{�1I%�yi�H℄5;GxC7�
��� [10–20].^f	y�jyi7�1n�
HX$\7�" (6e�� [4–7, 15]). �}R,tZ�jN&

AXB = C (1)wW
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D℄5;GxC7$
�6e�?f. [21] �l5TbJYKpR�f�|,`R�53=�7�1I%D"�zW�����T: [22], T [23], .f?
[24] R�5T?/J�"=i/�1n�
�_H��!H�o�tZ�`|�jN& (1) 7 Hermite �j�1n�
�F5q�tjG���!H,�F*/�
�tZ�`|�jN& (1) 7 Hermite �j�1n�
'Jze&�%� I Y� A ∈ Qn×m, B ∈ Qm×k, f C ∈ Qn×k. \ X ∈ HQm×m o5

‖AXB − C‖ = mineX∈HQm×m

‖AX̃B − C‖.%� II Y� X∗ ∈ Qm×m, \ X̂ ∈ SL o5
‖X̂ − X∗‖ = min

X∈SL

‖X − X∗‖, (2)Wu SL t�
 I 7�yi��
 II 7� X̂ "�tZ�`|�jN& (1) 7 Hermite �j�1n�
7��e
!HB X1 = X − X∗, C∗ = C − AX∗B, g ‖AXB − C‖ = ‖AX1B − C∗‖ [
‖X − X∗‖ = ‖X1‖. !*e&I7�Fu�!H'�kE�6<���
 II u X∗ = 0.���^e&�!Hx'e= 2 ��F�`|�jD7�|,`R��_ke= 3 �f= 4 �4�R�53�
 I, II �7�,p�
2 CCD-Q��!H
7�`|�jD7�|,`R� (CCD-Q).
� 1 (CCD-Q) h D ∈ Qm×n, B ∈ Qm×k, rank(D) = p, rank(B) = q, g+eW�j
Q ∈ Qm×m fQYK�j M ∈ Qn×n, N ∈ Qk×k o5

D = Q(ΣD, 0)M, B = Q(ΣB, 0)N, (3)Wu ΣD ∈ Rm×p f ΣB ∈ Rm×q [
ΣD =




Ii 0 0

0 Γ 0

0 0 0

0 0 0

0 S 0

0 0 Ip−i−j




i

j

q − i − j

m − q − p + i

j

p − i − j

, ΣB =


 Iq

0


 ,

Γ = diag(αi+1, · · · , αi+j), 1 > αi+1 ≥ · · · ≥ αi+j > 0,

S = diag(βi+1, · · · , βi+j), 0 < βi+1 ≤ · · · ≤ βi+j < 1,

α2
t + β2

t = 1, t = (i + 1) : (i + j),

i = rank(D) + rank(B) − rank([D, B]),
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j = rank([D, B]) + rank(BHD) − rank(D) − rank(B).3 V�`|�j7YKpR� [25], D D ∈ Qm×n, g+eW�j Ω ∈ Qm×m, G ∈

Qn×n o5
D = Ω


Σp 0

0 0


GH = (QD, Q̃D)


Σp 0

0 0





GH

D

G̃H
D




= QDΣpG
H
D = (QD, 0)


ΣpG

H
D

R


 = (QD, 0)RD,Wu Σp = diag(σ1, σ2, · · · , σp) ∈ Qp×p, σ1 ≥ σ2 ≥ · · · ≥ σp � D 7mYKp� QD ∈ Qm×p�|�mÆ� rank(ΣpG

H
D) = p, g�+e�j R o5 RD = (GDΣp, R

H)H ∈ Qn×n QYK�/�<� B = (QB, 0)RB, Wu QB ∈ Qm×q �|�mÆ� RB ∈ Qk×k QYK�B
Q1 = (QD, Q̂D), Q2 = (QB, Q̂B), Wu Q1, Q2 tW�j� Q̂D , Q̂B R�mÆZ QD, QB . iB
QH

2 Q1 tEX m × m W�j�V�`|�j7 C-S R� [25], +eW�j U1 ∈ Qq×q, U2 ∈

Q(m−q)×(m−q), V1 ∈ Qp×p, V2 ∈ Q(m−p)×(m−p) o5


UH
1 0

0 UH
2



QH
2 Q1



V1 0

0 V2



 =




Ii 0 0 0H
S 0 0

0 Γ 0 0 S 0

0 0 0Γ 0 0 I

0S 0 0 I 0 0

0 S 0 0 −Γ 0

0 0 I 0 0 0H
Γ




.

B U = diag(U1, U2), Zt UH(QB, Q̂B)HQDV1 = ΣD, | UHQH
2 QDV1 = ΣD. B Q = Q2U, !HX

QD = Q2UΣDV H
1 = QΣDV H

1 ,

QB = Q2


 Iq

0


 = Q2UUH


 Iq

0


 = Q


UH

1 0

0 UH
2





 Iq

0




= Q


UH

1

0


 = Q


 Iq

0


UH

1 = QΣBUH
1 .B M =


V H

1 0

0 I


 RD, N =


UH

1 0

0 I


RB, !HX

D = (QD, 0)RD = (QΣDV H
1 , 0)RD = Q(ΣD, 0)


V H

1 0

0 I


RD = Q(ΣD, 0)M,

B = (QB, 0)RB = (QΣBUH
1 , 0)RB = Q(ΣB, 0)


UH

1 0

0 I


 RB = Q(ΣB, 0)N.n��
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3 ' I ��-� 1 Y��j J ∈ Qn×n, SA = diag(a1, a2, · · · , an) > 0, SB = diag(b1, b2, · · · , bn) > 0,

a2
i + b2

i = 1, i = 1, 2, · · · , n. $E&I\�o�j S ∈ HQn×n X`7�1n�
�
Φ = ‖SASSB − J‖2 = min. (4)g S '�r�

S = K ◦ (SAJSB + SBJHSA), (5)Wu K = (kij)n×n, kij = 1/(a2
i b

2
j + b2

i a
2
j ), i, j = 1, 2, · · · , n.3 D S = (Sij) ∈ HQn×n, J = (Jij) ∈ Qn×n, �

S = S(0) + S(1)i + S(2)j + S(3)k, J = J (0) + J (1)i + J (2)j + J (3)k,

Sij = S
(0)
ij + S

(1)
ij i + S

(2)
ij j + S

(3)
ij k, Jij = J

(0)
ij + J

(1)
ij i + J

(2)
ij j + J

(3)
ij k.(_� S(0) ∈ SRn×n, S(1), S(2), S(3) ∈ ASRn×n, !HX

Φ = Φ0 +

3∑

l=1

Φl,Wu
Φ0 = ‖SAS(0)SB − J (0)‖2, Φl = ‖SAS(l)SB − J (l)‖2, (l = 1, 2, 3). (6)e (6) u� Φ0 tEXX n(n+1)

2 X�< S
(0)
ij (1 ≤ i ≤ j ≤ n) 7:<'�d|�Z!EXd|eE>'�7�C
	�!H'5

S
(0)
ij =

aiJ
(0)
ij bj + biJ

(0)
ji aj

a2
i b

2
j + a2

jb
2
i

.Zt'5
S(0) = K ◦ (SAJ (0)SB + SBJ (0)T SA). (7)/�<�!H'5

S(l) = K ◦ (SAJ (l)SB − SBJ (l)T SA), (l = 1, 2, 3). (8)

(5) 'V (7)–(8) '5�n���=53�
 I 7��!H:C�`|�jD (AH , B)H 7 GSVD-Q, Wu A ∈ Qn×m,

B ∈ Qm×k.-� 2 [26] (GSVD-Q) h A ∈ Qn×m, B ∈ Qm×k, g+eW�j U ∈ Qn×n, V ∈ Qk×kfQYK�j P ∈ Qm×m o5
A = U(ΠA, 0)P, BH = V (ΠB, 0)P, (9)
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ΠA =




Ir 0 0

0 SA 0

0 0 0A




n×l

, ΠB =




0B 0 0

0 SB 0

0 0 Il−r−g




k×l

,

SA = diag(αr+1, αr+2, · · · , αr+g), 1 > αr+1 ≥ αr+2 ≥ · · · ≥ αr+g > 0,

SB = diag(βr+1, βr+2, · · · , βr+g), 0 < βr+1 ≤ βr+2 ≤ · · · ≤ βr+g < 1,

α2
i + β2

i = 1, i = (r + 1) : (r + g).

l = rank


 A

BH


 , r = rank


 A

BH


 − rank(BH),

g = rank(A) + rank(BH) − rank


 A

BH


 .5TN1 1 f 2, /�� [13] u�1 3.1, !H'5&I�1�
� 2 h�jD (AH , B)H 7 GSVD-Q e (??) �r�Wu

PXPH =

r

g

l − r − g

m − l




X11 X12 X13 X14

XH
12 X22 X23 X24

XH
13 XH

23 X33 X34

XH
14 XH

24 XH
34 X44




, (10)Wu XH
ii = Xii (i = 1, 2, 3, 4). 
W�j U, V R+�

U = (U1, U2, U3), V = (V1, V2, V3),Wu




U1 ∈ Qn×r, U2 ∈ Qn×g, U3 ∈ Qn×(n−r−g),

V1 ∈ Qk×(k−l+r), V2 ∈ Qk×g, V3 ∈ Qk×(l−r−g).�
UHCV = (Cij), Cij = UH

i CVj , i, j = 1 : 3.g�
 I 7� X '�r�
X = P−1




X11 C12S
−1
B C13 X14

S−1
B CH

12 K ◦ (SAC22SB + SBCH
22SA) S−1

A C23 X24

CH
13 CH

23S
−1
A X33 X34

XH
14 XH

24 XH
34 X44




P−H , (11)Wu
K = (kij) ∈ Rg×g, kij = 1/(α2

i β
2
j + α2

jβ
2
i ), i, j = (r + 1) : (r + g),

Xi4 (i = 1, 2, 3) �bI7�`|�j� X11, X33, X44 �bI7 Hermite �`|�j�
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4 ' II ��-� 3 (�Q�1) h X tEXPw(�� M � X 7�(�� M⊥ ��(� M 7mÆ��DY�7 x ∈ X, e
DbI7 m ∈ M, +e m0 ∈ M o5 ‖x − m0‖ ≤ ‖x − m‖$7�g m0 t�E7[ m0 ∈ M � M u�E7�1n/<1[�1 (x − m0) ⊥ M |
(x − m0) ∈ M⊥.
� 3 Y��j A ∈ Qn×m, B ∈ Qm×k, f C ∈ Qn×k. B X0 ��
 I 7bE���J

C0 = AX0B.g�jN&
AXB = C0 (12)e�jyi HQm×m ut,d7�[�7 Hermite �yi\�`|�jN& (1) 7�1I%

Hermite �yi,��3 h S = {Z|Z = AXB, X ∈ HQm×m}.VZ X0 t�
 I7EX��!H'o C0 ∈ S[
‖C0 − C‖ = ‖AX0B − C‖ = min

X∈HQn×n

‖AXB − C‖ = min
Z∈S

‖Z − C‖.5TN1 3 X (C0 −C)⊥S,| (C0 −C) ∈ S⊥. ZtDbI X ∈ HQm×m X (AXB−C0) ∈ S.g
‖AXB − C‖2 = ‖AXB − C0 + (C0 − C)‖2 = ‖AXB − C0‖

2 + ‖C0 − C‖2._�17�F$7�n��V�1 2 f 3, !Ho (12) u C0 '�r$
C0 = U




0 C12 C13

0 SA(K ◦ (SAC22SB + SBCH
22SA))SB C23

0 0 0


V H ,i47�ee�1 2 �r�(_ C0 �G-Z�j A � B � C, \�`|�jN& (1) �1I% Hermite � (X0, Y0) 7=f"`�/�N1 1, !H'5&IN1�-� 4 h SA = diag(a1, a2, · · · , an) > 0.

(1) Y� J ∈ Qn×n, $E&I\�o�j S ∈ HQn×n X`7�1n�

Φ = 2‖SSA − J‖2 + ‖S‖2 = min,g S '�r�

S = F ◦ (JSA + SAJH), (13)Wu F = (fij)n×n, fij = 1/(1 + a2
i + a2

j), i = 1 : n, j = 1 : n.

(2) Y� J ∈ Qm×n, $E&I\�o�j S ∈ Qm×n X`7�1n�

Φ = ‖SSA − J‖2 + ‖S‖2 = min,
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 7g S '�r�
S = G ◦ (JSA), (14)Wu G = (gij)m×n, gij = 1/(1 + a2

j), i = 1 : m, j = 1 : n.
� 4 D A ∈ Qn×m, B ∈ Qm×k, h�jD [AH , B] 7 CCD-Q e (3) �r�|
AH = Q(ΣA, 0)M, B = Q(ΣB, 0)N, (15)Wu Q, ΣA, ΣB, M, N V (3) Y)�B

QHXQ =

i

j

q − i − j

m − q − p + j

j

p − i − j




X11 X12 X13 X14 X15 X16

XH
12 X22 X23 X24 X25 X26

XH
13 XH

23 X33 X34 X35 X36

XH
14 XH

24 XH
34 X44 X45 X46

XH
15 XH

25 XH
35 XH

45 X55 X56

XH
16 XH

26 XH
36 XH

46 XH
56 X66




, (16)


 M−1, N−1 R+� M−1 = (M1, M2, M3, M4), N−1 = (N1, N2, N3, N4), Wu
M1 ∈ Qn×i, M2 ∈ Qn×j, M3 ∈ Qn×(p−i−j), M4 ∈ Qn×(n−p),

N1 ∈ Qk×i, N2 ∈ Qk×j , N3 ∈ Qk×(q−i−j), N4 ∈ Qk×(k−q).� M−HC0N
−1 = (C̃ij), C̃ij = M−H

i C0N
−1
j , (i, j = 1 : 4). g�
 II +e�E� X̂ ∈ SL [

X̂ '�r�
X̂ = Q




C̃11 C̃12 C̃13 0 X̂15 C̃H
31

C̃H
12 X̂22 X̂23 0 X̂25 C̃H

32

C̃H
13 X̂H

23 0 0 X̂35 C̃H
33

0 0 0 0 0 0

X̂H
15 X̂H

25 X̂H
35 0 0 0

C̃31 C̃32 C̃33 0 0 0




QH , (17)

Wu
X̂15 = (C̃H

21 − C̃12Γ)S−1, X̂23 = Γ−1(C̃23 − SX̂H
35), X̂25 = (C̃H

22 − X̂22Γ)S−1,

X̂35 = (C̃H
23S), X̂22 = F ◦ (S2C̃H

22Γ + ΓC̃22S
2),

F = (fst), fst = 1/(α2
i+tβ

2
i+s + β2

i+t), s, t = 1 : j.3 5T,d�jN& (12), �i (15) f (16), !H'5
X = Q




C̃11 C̃12 C̃13 X14 X̂15 C̃H
31

C̃H
12 X22 X̃23 X24 X̃25 C̃H

32

C̃H
13 X̃H

23 X33 X34 X35 C̃H
33

XH
14 XH

24 XH
34 X44 X45 X46

X̂H
15 X̃H

25 XH
35 XH

45 X55 X56

C̃31 C̃32 C̃33 XH
46 XH

56 X66




QH ,
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X̃25 = (C̃H

22 − X22Γ)S−1, X̃23 = Γ−1(C̃23 − SXH
35).V�`|�f Frobenius L|7W��6X

‖X‖ = ‖QHXQ‖ =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥




C̃11 C̃12 C̃13 X14 X̂15 C̃H
31

C̃H
12 X22 X̃23 X24 X̃25 C̃H

32

C̃H
13 X̃H

23 X33 X34 X35 C̃H
33

XH
14 XH

24 XH
34 X44 X45 X46

X̂H
15 X̃H

25 XH
35 XH

45 X55 X56

C̃31 C̃32 C̃33 XH
46 XH

56 X66




∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

.

M* ‖X‖2 = min, ∀X ∈ SL 1[�1
X14 = 0, X24 = 0, X33 = 0, X34 = 0, X44 = 0,

X45 = 0, X46 = 0, X55 = 0, X56 = 0, X66 = 0,f




2‖X22ΓS−1 − C̃H
22S

−1‖2 + ‖X22‖
2 = min,

‖X35SΓ−1 − C̃H
23Γ

−1‖2 + ‖X35‖
2 = min.

(18)5TN1 4, �jN& (??) 7��
X̂22 = F ◦ (S2C̃H

22Γ + ΓC̃22S
2), X̂35 = (C̃H

23S).n��5T CCD-Q f GSVD-Q '$\�"^ftZLX�jN&7	y�j�1n�
�6e� [3, 4, 5, 21]. _H��!H�o�qGXa�l5Ti;wNJ^�"�ftZLX�`|�jN&7	y�j�1n�
���eiENI�=EX v�	 � # (
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Minimization Problem for Hermitian Matrices over the

Quaternion Field
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Abstract: In this paper, the canonical correlation decomposition of quaternion matrices (CCD-

Q) is established. Based on the CCD-Q, GSVD-Q, and the projection theorem in the finite

dimensional inner product space, the expression of minimization problem for Hermitian matrices

associated with the quaternion matrix equation AXB = C is derived.
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