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A ∈ ω(P ), B ∈ ω(Q) H0 A2 = αA + βP, B2 = mB + nQ, βn 6= 0, 
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1 ℄XA H _�G1H Hilbert�d�B(H)�J H ;
rmrU'0Y�7QU' P ∈ B(H)�, P 2 = P , �� P _�4U'�7Q�, P 2 = P = P ∗, �� P _�k\���U'
T ∈ B(H) T H 1�'�d K, R(T ), N(T ), σ(T ) , T |K , IK G��JU' T 1���U'
T 1S�d�U' T 1)�U' T ��d K ;1l!T K ;1V4U'�U' A ∈ B(H)�_�U'�7Q�4� x ∈ H , <
 (Ax, x) ≥ 0, %Fb�� A

1

2 �JU' A 1�(EL�U' P 1N��4U'� ω(P )9�_ ω(P ) = {A ∈ B(H) : A2 = αA+βP, AP = PA =

A, P 2 = P, ∀α, β ∈ C}.w'��3���4U'T�4U'1mr-Ur"vq�NDBC91wx (h [1], [3-9]). �a���U'z�
�TU'G��J^,��wx Hilbert �d;�JN��4U'�1�%r�b��"���4��JN��4U' A2 = αA + βP,

B2 = mB + nQ, - βn 6= 0, A − B 1�%r^0� P − Q 1�%r~9	U' AB 1��
R(AB) 1�r^0�U' PQ 1�� R(PQ) 1�r~9��a/-1%zo�7g�9
 1. A P, Q ∈ B(H)K�4U'�A ∈ ω(P )�, A2 = αA+βP - β 6= 0, B ∈ ω(Q)�, B2 = mB + nQ - n 6= 0. � R(AB) K�1!zZiK R(PQ) K�1�9
 2 A P, Q ∈ B(H)K�4U'�A ∈ ω(P )�, A2 = αA+βP - β 6= 0, B ∈ ω(Q)�, B2 = mB + nQ - n 6= 0. 7Q P − Q K�%1�$� A − B K�%1�
2 �<℄F_��"%zo��b�is>℄J�
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 Vol.29A\E 2.1[2] A A =



A11 A12

A21 A22



 _ H ⊕ K ;1
rmrU'� A ≥ 0 1!zZiK
A11 ≥ 0, A22 ≥ 0, A12 = A∗

21, �-'�& K - H 1vWU' D G/
A =


 A11 A

1

2

11DA
1

2

22

A
1

2

22D
∗A

1

2

11 A22


 .\E 2.2 A P, Q ∈ B(H) �, P = P 2 T Q = Q2 = Q∗. 7Q P − Q K�%1�$�

N(IR(P ) − Q |R(P )) = {0}, N(Q |R(P )⊥) = {0}.` 7Q P −Q �%�$� N(P −Q) = {0}, N(P ∗ −Q∗) = {0}. �4� x ∈ N(IR(P ) −

Q |R(P )), b�
 Px = x, Qx = x. 
K x ∈ N(P − Q) = {0}. 7Q x ∈ N(Q |R(P )⊥), $�
P ∗x = 0, Q∗x = Qx = 0. &B x ∈ N(P ∗ − Q∗) = {0}.\E 2.3[3] 7Q Ã =


A B

C D


 ∈ B(H ⊕ K), D ∈ B(K) �%�$� Ã �%1!zZiK A − BD−1C �%�\E 2.4 A A ∈ B(H) K�U'��
g�o����

(1) R(A) ⊆ R(A
1

2 ), R(A) = R(A
1

2 ), +# K �J K 1��	
(2) R(A) K�1!zZiK R(A) = R(A

1

2 );

(3) R(A) = H 1!zZiK A �%�\E 2.5 7Q A ∈ ω(P ) �, A2 = αA + βP - β 6= 0, $� R(A) = R(P ), �-��dGq H = R(P ) ⊕ R(P )⊥ 1Zig�'��%U' A1 ∈ B(R(P )) G/
A =



A1 A1P1

0 0



 , P =



 I P1

0 0



 , A−1
1 =

1

β
(A1 − αI). (1)` 7Q β 6= 0, � A2 = αA + βP �/ βP = A(A−αI), &B R(P ) ⊂ R(A). �
 P K�, A = PA 1�4U'�X~ R(P ) K�1��- R(A) ⊂ R(P ). �R" R(A) = R(P ) K�1����dGq H = R(P ) ⊕ R(P )⊥ 1Zig� A T P }
g�U'z��J

A =


A1 A2

0 0


 , P =


 I P1

0 0


 .��$.pg�� AP = PA = A �℄,# A2 = A1P1. �
 A2 = αA + βP , X~ A2

1 =

αA1 + βIR(P ). 
K A1 K�%1��- A−1
1 = 1

β
(A1 − αI).\E 2.6 A P = P 2, Q = Q2 = Q∗, R(P ) = R(Q). � P + P ∗ − I +K�%1�-�,

Q = P (P + P ∗ − I)−1 = (P + P ∗ − I)−1P ∗.\E 2.7 �
�4U' P , +'��%U' S ∈ B(H) G/ S−1PS K�k\��` A P }
4I (1) #1pI��



 I P1

0 I







 I P1

0 0







 I −P1

0 I



 =



 I 0

0 0



 .



No.6 6$��N��4U'�1�%r 3/ S =



 I −P1

0 I



, � S−1 =



 I P1

0 I



, �- S−1PS =



 I 0

0 0



 K R(P ) ;1�k\��
3 dZ:F7aL9E 1 5`K Nib��" N(A) = N(P ).��
 2.5�����dGq H = R(P )⊕

R(P )⊥ 1Zig� A T P �~��J_
A =


A1 A1P1

0 0


 , P =


 I P1

0 0


 ,+# A1 ∈ B(R(P ))K�%1�P1 K& R(P )⊥- R(P )1
rU'�7Q'�o� x = x1+x2,

x1 ∈ R(P ), x2 ∈ R(P )⊥�, x ∈ N(A),$� A1x1+A1P1x2 = 0.�
 A1 �%�x1+P1x2 = 0,

i.e., x ∈ N(P ). �}E!�� A = AP �� N(P ) ⊂ N(A). &B N(P ) = N(A).���
 2.5 ��� R(A) T R(B) K�1�-�, R(A) = R(P ), R(B) = R(Q). 
K
R(A∗) K�1�-�, R(A∗) = N(A)⊥ = N(P )⊥ = R(P ∗). A PK _�'�d K ;1�k\��$�

R(AB) K�1 ⇐⇒ R(APR(B)) K�1
⇐⇒ R(PR(B)A

∗) K�1
⇐⇒ R(PR(B)PR(A∗)) K�1
⇐⇒ R(PR(Q)PR(P∗)) K�1 (��
 2.6)

⇐⇒ R((Q + Q∗ − I)−1Q∗P ∗(P + P ∗ − I)−1) K�1
⇐⇒ R(Q∗P ∗) K�1
⇐⇒ R(PQ) K�1.9E 2 5`K �"GS��7}��A P T Q K�J�4U'�, A2 = αA + βP , B2 = mB + nQ. ��
 2.7��'��%U' S G/ S−1QS K}�k\���
 P − Q T A − B K�%1!zZiK S−1PS −S−1QS T S−1AS − S−1BS K�%1�_��"9
 2, �E}�r�b��~bA P T Q 
}J_�k\���FA Q K�k\��)1 Q |_�U'���dGq

H = N(Q |R(P ))⊕(R(P )⊖N(Q |R(P )))⊕(R(P )⊥⊖N(IR(P )⊥−Q |R(P )⊥))⊕N(IR(P )⊥−Q |R(P )⊥)1Zig���
 2.1 T�
 2.2 ��7Q P − Q K�%1� P T Q 
7g1U'z��J�
P =




I P13 P14

I P23 P24

0

0




, Q =




0

Q11 Q
1

2

11DQ
1

2

22

Q
1

2

22D
∗Q

1

2

11 Q22

I




, (2)+#�(I (2) #D�1�T_ 0. ` H1 = N(Q |R(P )), H2 = R(P ) ⊖ N(Q |R(P )), H3 =

R(P )⊥ ⊖ N(IR(P )⊥ − Q |R(P )⊥), H4 = N(IR(P )⊥ − Q |R(P )⊥), � Pij _& Hj - Hi 1U'�
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1 ≤ i ≤ 2, 3 ≤ j ≤ 4, ��
 2.2 �� H2 ;1U' Q11 T I − Q11, H3 ;1U' Q22 T
I − Q22 <K)?�vWU'���
 2.1 ��& H3 - H2 1U' D KvW1��
 Q _�k\�� 

 Q11 Q
1

2

11DQ
1

2

22

Q
1

2

22D
∗Q

1

2

11 Q22




2

=


 Q11 Q

1

2

11DQ
1

2

22

Q
1

2

22D
∗Q

1

2

11 Q22


 ,\


 Q2

11 + Q
1

2

11DQ22D
∗Q

1

2

11 Q
3

2

11DQ
1

2

22 + Q
1

2

11DQ
3

2

22

Q
1

2

22D
∗Q

3

2

11 + Q
3

2

22D
∗Q

1

2

11 Q2
22 + Q

1

2

22D
∗Q11DQ

1

2

22


 =


 Q11 Q

1

2

11DQ
1

2

22

Q
1

2

22D
∗Q

1

2

11 Q22


 .�m;OE 1�?�b�/-g�U'E -�






Q2
11 + Q

1

2

11DQ22D
∗Q

1

2

11 = Q11,

Q
3

2

11DQ
1

2

22 + Q
1

2

11DQ
3

2

22 = Q
1

2

11DQ
1

2

22,

Q
1

2

22D
∗Q

3

2

11 + Q
3

2

22D
∗Q

1

2

11 = Q
1

2

22D
∗Q

1

2

11,

Q2
22 + Q

1

2

22D
∗Q11DQ

1

2

22 = Q22.

(3)&�- Q11 T Q22 K)?�U'�qE - (3) �/




Q22 = D∗(I − Q11)D,

DD∗ = I,

D∗D = I.

(4)&B 0, 1 /∈ σp(Q11) ∪ σp(Q22), D _& H3 - H2 1	U'��F
Q =




0

Q11 Q
1

2

11(I − Q11)
1

2 D

D∗Q
1

2

11(I − Q11)
1

2 D∗(I − Q11)D

I




, (5)

P − Q �~�J_
P − Q =




I P13 P14

I − Q11 P23 − Q
1

2

11(I − Q11)
1

2 D P24

−D∗Q
1

2

11(I − Q11)
1

2 −D∗(I − Q11)D

−I




. (6)7Q P − Q �%�$� R(D∗Q
1

2

11(I − Q11)
1

2 , D∗(I − Q11)D) = H3. ��
 2.4 �
R(D∗Q

1

2

11(I−Q11)
1

2 , D∗(I−Q11)D) = R([D∗(I−Q11)
1

2 D][D∗Q
1

2

11, D
∗(I−Q11)

1

2 D]) ⊆ R(D∗(I−

Q11)
1

2 D),

R(D∗(I − Q11)
1

2 D) = H3.
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 2.4 �/
R(D∗(I − Q11)D) = H3.�
 D K& H3 - H2 1	U'�X~ D∗(I −Q11)D �%���
 2.3 �/ P − Q �%1!zZiK

I − Q11 − (P23 − Q
1

2

11(I − Q11)
1

2 D)D∗(I − Q11)
−1DD∗Q

1

2

11(I − Q11)
1

2

= I − P23D
∗(I − Q11)

− 1

2 Q
1

2

11�%�7C��7Q P }
pI (2), ��
 2.5 ����dGq H =
4∑

i=1

Hi 1Zig� A �~��J_
A =




A11 A12 A11P13 + A12P23 A11P14 + A12P24

A21 A22 A21P13 + A22P23 A21P14 + A22P24

0

0




, (7)��
A1 =


A11 A12

A21 A22


K�%U'.7:����dGq H =

4∑
i=1

Hi 1Zig�A B = (Bij)1≤i,j≤4, Q }
pI (5). `
M0 = Q

1

2

11(I−Q11)
1

2 D, N = D∗(I−Q11)D,�
M∗
0 = D∗Q

1

2

11(I−Q11)
1

2 . �
 B = BQ = QB,�/
(Bij)1≤i,j≤4 =




0 0 0 0

0 B22Q11 + B23M
∗
0 B22M0 + B23N B24

0 B32Q11 + B33M
∗
0 B32M0 + B33N B34

0 B42Q11 + B43M
∗
0 B42M0 + B43N B44




=




0 0 0 0

0 Q11B22 + M0B32 Q11B23 + M0B33 Q11B24 + M0B34

0 M∗
0 B22 + NB32 M∗

0 B23 + NB33 M∗
0 B24 + NB34

0 B42 B43 B44




.�m;I�?�/ 



B22 = B22Q11 + B23M
∗
0 ,

B23 = Q11B23 + M0B33,

B24 = Q11B24 + M0B34,

B32 = B32Q11 + B33M
∗
0 ,

B42 = B42Q11 + B43M
∗
0 .
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 Vol.29A�7}�1�"� I − Q11 �%�/ M = Q
1

2

11(I − Q11)
− 1

2 D, �/





B23 = Q
1

2

11(I − Q11)
− 1

2 DB33 = MB33,

B22 = B23D
∗Q

1

2

11(I − Q11)
− 1

2 = MB33M
∗,

B24 = Q
1

2

11(I − Q11)
− 1

2 DB34 = MB34,

B32 = B33D
∗Q

1

2

11(I − Q11)
− 1

2 = B33M
∗,

B42 = B43D
∗Q

1

2

11(I − Q11)
− 1

2 = B43M
∗.&B

B =




0 0 0 0

0 MB33M
∗ MB33 MB34

0 B33M
∗ B33 B34

0 B43M
∗ B43 B44




. (8)� T = I ⊕ M ⊕ I ⊕ I. �
 Q11 _)?� D K	U'��- M = Q
1

2

11(I − Q11)
− 1

2 D, ℄�
T K)?��F

Q = T


0 ⊕


D∗(I − Q11)D D∗(I − Q11)D

D∗(I − Q11)D D∗(I − Q11)D


 ⊕ I


T ∗,

B = T


0 ⊕




B33 B33 B34

B33 B33 B34

B43 B43 B44





 T ∗.� B2 = mB + nQ �/

T




0

B33 B33 B34

B33 B33 B34

B43 B43 B44




T ∗T




0

B33 B33 B34

B33 B33 B34

B43 B43 B44




T ∗

= mT




0

B33 B33 B34

B33 B33 B34

B43 B43 B44




T ∗ + nT




0

D∗(I − Q11)D D∗(I − Q11)D

D∗(I − Q11)D D∗(I − Q11)D

I




T ∗.Yg/



0

B33 B33 B34

B33 B33 B34

B43 B43 B44




T ∗T




0

B33 B33 B34

B33 B33 B34

B43 B43 B44



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= m




0

B33 B33 B34

B33 B33 B34

B43 B43 B44




+ n




0

D∗(I − Q11)D D∗(I − Q11)D

D∗(I − Q11)D D∗(I − Q11)D

I




.

;OE .� I ⊕


−I I

I 0


 ⊕ I, �� I ⊕


 I 0

−I I


 ⊕ I �/




0

0

B33 B33 B34

B43 B43 B44




T ∗T




0

0 B33 B34

B33 B34

B43 B44




= m




0

0

B33 B34

B43 B44




+ n




0

0

D∗(I − Q11)D

I




.�
 T ∗T = I ⊕ D∗Q11(I − Q11)
−1D ⊕ I ⊕ I,




0

0

B33 B33 B34

B43 B43 B44




T ∗T




0

0 B33 B34

B33 B34

B43 B44




=




0

0

B33D
∗(I − Q11)

−1DB33 + B34B43 B33D
∗(I − Q11)

−1DB34 + B34B44

B43D
∗(I − Q11)

−1DB33 + B44B43 B43D
∗(I − Q11)

−1DB34 + B2
44




=




0

0

B33 B34

B43 B44







0

0

D∗(I − Q11)
−1D

I







0

0

B33 B34

B43 B44




.\



0

0

B33 B34

B43 B44







0

0

D∗(I − Q11)
−1D

I







0

0

B33 B34

B43 B44




= m




0

0

B33 B34

B43 B44




+ n




0

0

D∗(I − Q11)D

I




.
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 Vol.29A� B1 =



B33 B34

B43 B44



, Q1 =



D∗(I − Q11)D 0

0 I



. �

B1Q

−1
1 B1 = mB1 + nQ1.� Q1 �%��, n 6= 0, �� B1 K�%1-

B−1
1 =

1

n
(Q−1

1 B1Q
−1
1 − mQ−1

1 ).7S���4I (7) T4I (8) ��
A − B =




A11 A12 A11P13 + A12P23 A11P14 + A12P24

A21 A22 − MB33M
∗ A21P13 + A22P23 − MB33 A21P14 + A22P24 − MB34

0 −B33M
∗ −B33 −B34

0 −B43M
∗ −B43 −B44




.

(9)�7}�1�"�� I − P23M
∗ �%��'��%U' G T S:

G =




I

I −M

I

I




, S =




I P13M
∗(I − P23M

∗)−1

(I − P23M
∗)−1

−M∗(I − P23M
∗)−1 −I

−I




.�x A − B �%y4

 G(A − B)S �%��n_U�/
G(A − B)S =




A11 A12 − (A11P13 + A12P23) −(A11P14 + A12P24)

A21 A22 −(A21P13 + A22P23) −(A21P14 + A22P24)

0 B33 B34

0 B43 B44




.�7C��"�
A1 =


A11 A12

A21 A22


�%��7:�1�"��7Q P − Q �%�$�

B1 =


B33 B34

B43 B44


�%��xy�"�7Q P − Q �%�$� A − B |�%����A A ∈ ω(P ) �, A2 = αA + βP, β 6= 0, B ∈ ω(Q) �, B2 = mB + nQ, n 6= 0. �+&�-�P −Q�%u_ A−B �%1}J!GZi�B�K�zZi�g!1Æ'�~R"�}8�



No.6 6$��N��4U'�1�%r 9G 1 G�/�4U' P, Q TN��4U' A, B _
P =




0 1 0

0 1 0

0 0 1


 , Q =




0 0 0

1 1 0

0 0 1


 , A =




0 1 0

0 1 0

0 2 2


 , B =




0 0 0

2 2 2

0 0 3


 .�
 A ∈ ω(P ), B ∈ ω(Q), A2 = 3A − 2P , B2 = 5B − 6Q, j1

A − B =




0 1 0

−2 −1 −2

0 2 −1


�%�*K

P − Q =




0 1 0

−1 0 0

0 0 0


��%�7Q P T Q _�J�k\���ak [3] #�=W��"��7Q R(P )∩R(Q) = {0},$� P + Q �%1!zZiK P − Q �%�|%b��~/-9
 2 1}J℄��RH 1 A P, Q ∈ B(H) _�J�k\�-�, R(P ) ∩ R(Q) = {0}, A ∈ ω(P ) �,

A2 = αA+βP, β 6= 0, B ∈ ω(Q)�, B2 = mB+nQ, n 6= 0.7Q P ±Q, I−PQT P +Q−PQ#
}JK�%1�$� A − B |K�%1�` �4I (2) ���7Q P, Q ∈ B(H) _�J�k\�-�, R(P )∩R(Q) = {0}, $� P + Q 
7gU'z��J
P + Q =




I 0 0 0

0 I 0 0

0 0 0 0

0 0 0 0




+




0 0 0 0

0 Q11 Q
1

2

11D1Q
1

2

22 0

0 Q
1

2

22D
∗
1Q

1

2

11 Q22 0

0 0 0 I




=




I 0 0 0

0 I + Q11 Q
1

2

11(I − Q11)
1

2 D1 0

0 D∗
1Q

1

2

11(I − Q11)
1

2 D∗
1(I − Q11)

1

2 D1 0

0 0 0 I




.� P +Q1�%r�� I −Q11 �%��n_U�/ I −PQ T P +Q−PQ<�%�
K��9
 2 �/ A − B �%� 2 B S U
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Invertibility of Differences of Two Generalized Idempotent Operators

Deng Chunyuan
(School of Mathematics Science, South China Normal University, Guangzhou 510631)

Abstract: Let P and Q be two idempotents on a Hilbert space H . The set ω(P ) of generalized

idempotent operators with respect to P was defined by ω(P ) = {A ∈ B(H) : A2 = αA +

βP, AP = PA = A, P 2 = P, for some α, β ∈ C}. In this note, we prove that the invertibility of

A−B is completely determined by the invertibility of P −Q, and R(AB) is closed if and only if

R(PQ) is closed for arbitrary A ∈ ω(P ) and B ∈ ω(Q) such that A2 = αA+βP, B2 = mB+nQ,

where βn 6= 0, α and m are arbitrary.

Key words: Idempotent; Invertibility; Operator matrix.
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