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−∆u − b

(

∂u

∂x1
+

∂u

∂x2
+

∂u

∂x3

)

= f(x) (b > 0). (1)�=P� zC!v��>WuDu�b	C�I�WU>|a(*d8W�.wWI�*du℄<C������Q ea℄�A`;y�=um4_H�I1
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No.3 p	JF�	
Y��N<&�a℄CuDz:WU>|a(Cm0 565j- F̄ = ST F . �
 Ā{ A 0q4�"QW%�e�$y~�i/N6a℄wt��T�CA`%&`9� GCR-IU, MR-IU, Orthomin(k)-IU, Bi-CGSTAB-IU, GMRES-IU, HSS-IUy� BTSS-IU. >-QG 1 p*PW (3) 	- IU _I�2�+��r�CGZ!v�Zr��dupQ-UC�(#�irCN6���5Z 1 p*����(Æn�� IU a℄C��;y�[(j�i/N6a℄C[Y�
2 y��q� �[Y (IU)9P�9�A`�[)'�u�C�N<&�a℄�Y�mb;D�8W�V��8>P [1, 12]. A`�q� Ω = (0, 1)3 ⊂ R

3 ~*d8W�=�omaY~C17l�$59 h0 = 1/N , ZK7l�$59 h1 = h0/2. � uα,β,γ 9y� u �J (αh1, βh1, γh1) ,C,�(�j- α, β, γ = 0, 1, · · · , 2N . O�~y�N<&���1lJ (2ih1, 2jh1, 2kh1)(

i, j, k = 0, 1, · · · , N) ~�Q} y2i,2j,2k = u2i,2j,2k, Z�j&ClJ�KlJ~��N(�9
zα,β,γ, 4*exLz/b	p*

(1) �C-J (Z1)

z2i,2j,2k+1 = u2i,2j,2k+1 −
1

2
(u2i,2j,2k + u2i,2j,2k+2),

z2i,2j+1,2k = u2i,2j+1,2k −
1

2
(u2i,2j,2k + u2i,2j+2,2k),

z2i+1,2j,2k = u2i+1,2j,2k −
1

2
(u2i,2j,2k + u2i+2,2j,2k),

(2) aC-^ (Z2)

z2i,2j+1,2k+1 = u2i,2j+1,2k+1 −
1

4
(u2i,2j,2k + u2i,2j,2k+2 + u2i,2j+2,2k + u2i,2j+2,2k+2),

z2i+1,2j,2k+1 = u2i+1,2j,2k+1 −
1

4
(u2i,2j,2k + u2i,2j,2k+2 + u2i+2,2j,2k + u2i+2,2j,2k+2),

z2i+1,2j+1,2k = u2i+1,2j+1,2k −
1

4
(u2i,2j,2k + u2i,2j+2,2k + u2i+2,2j,2k + u2i+2,2j+2,2k),

(3) *C-^ (Z3)

z2i+1,2j+1,2k+1 = u2i+1,2j+1,2k+1 −
1

8
(u2i,2j,2k + u2i,2j,2k+2 + u2i,2j+2,2k + u2i,2j+2,2k+2

+u2i+2,2j,2k + u2i+2,2j,2k+2u2i+2,2j+2,2k + u2i+2,2j+2,2k+2).O�~y�
 R
(2N−1)3 CzmYN

U =





Uc

Uf



 , F =





Fc

Ff



 , Ū =





Y

Z



 ,j- Uc ��1lJ,Cy�(
<L�jC'CYN� Uf ��j&KlJ,Cy�(
�~�zDfRZ'�_uDtT
<L�j� F D�Q}��YN Ū -� Y = Uc, YN
Z ���N<&� zα,β,γ 
�� Uf uqC�jfRZ'�/ Ū = U C6�2��9 S. �qA`1;y�w{C� (2) 	1OI1 (3). Y� IU a℄;yD�Q}�
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3 �n�FwÆRy�Vsk{[N8WL�z:WU>|a(














Lu := −

3
∑

i,j=1

∂

∂xj

(

aij(x)
∂u

∂xi

)

+

3
∑

i=1

bi(x)
∂u

∂xi
+ c(x)u = f(x), in Ω,

u = 0, on ∂Ω,

(4)j- Ω = (0, 1)3. �2�#� 0 < α ≤ α, ��I�y� aii, aij = aji, bi ∈ C1(Ω) (i, j =

1, 2, 3),c ∈ C0(Ω), � Ω -Æ�,,℄=
α

3
∑

i=1

ξ2
i ≤

3
∑

i,j=1

aij(x)ξiξj ≤ α

3
∑

i=1

ξ2
i , ∀ ξ = (ξ1, ξ2, ξ3) ∈ R

3, (5)

−
1

2

3
∑

i=1

∂

∂xi
bi(x) + c(x) ≥ 0, c(x) ≥ γ > 0, (6)W
a( (4) ��=��Q eY�F|�w{�=I1 (2). �/N6a℄ ( GCR, MR,

Orthomin(k), GMRES) ��= (2) 	~C�MY�A`�LaC!v (�>P [5–6]).�o 1 xv {r(i)} ���/!℄ GCR, MR, Orthomin(k) � GMRES �'C�NjR��
‖r(i)‖2 ≤

{

1 −
1

ν(A)2

}i/2

‖r(0)‖2, (7)j- ν(A) = λmax(A
T A)

1

2 /λmin(M), M = 1
2 (AT + A) � A CW%�e�$ 1 xv�QG-C A �9 Ā, A`1�=P��/a℄��= (3) 	~C!v��/T�C IU _a℄D�= (2) 	~C!v�$ 2 HSS{ BTSSa℄B+��M=-s# [7−8], Bi-CGSTABC�Mf��>P [13].

4 IU 
�h��e�℄b8WWU>|a( (4). � N, d 9g!�� N ≥ 2, h0 = 1/N, hd = h0/2d. 7l�$9 hd CCJ eF|l	9
(LdUd)α,β,γ =







−

3
∑

i,j=1

∇̄j,hd
(aij∇i,hd

u) +
1

2

3
∑

i=1

bi(∇̄i,hd
+ ∇i,hd

)u + cu







α,β,γ

= fα,β,γ, α, β, γ = 1, 2, · · · , 2dN − 1, (8)

uα,β,γ = 0, if α, β or γ = 0 or 2dN. (9)�[ uα,β,γ 9#y� u �J (αhd, βhd, γhd) ,C�,(�
∇̄i,hd

ϕ(x) =
1

hd
{ϕ(x) − ϕ(x − hdei)} , i = 1, 2, 3,

∇i,hd
ϕ(x) =

1

hd
{ϕ(x + hdei) − ϕ(x)} , i = 1, 2, 3,



No.3 p	JF�	
Y��N<&�a℄CuDz:WU>|a(Cm0 567j- e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1). D�
>P [14], � ũ ��� Ud TtC�$y��T�
 (8) 	C\._9
〈LdUd, Ud〉 =

1

h3
d







3
∑

i,j=1

∫

Ω

ãij(x)∇i,hd
ũ∇j,hd

ũdx

+

∫

Ω

(

c̃(x) −
1

2

3
∑

i=1

(∇̄i,hd
+ ∇i,hd

)b̃i(x)

)

ũ2dx

}

. (10)��� (6), < h #ZC����
c̃(x) −

1

2

3
∑

i=1

(∇̄i,hd
+ ∇i,hd

)b̃i(x) ≥ 0.��� (5), W
u| Ud 6= 0, �
〈LdUd, Ud〉 ≥ α

1

h3
d

3
∑

i=1

∫

Ω

| ∇i,hd
ũ(x) |2 dx > 0, (11)/Z Ld "Q�	

〈
1

2
(L̄d + L̄T

d )Ūd, Ūd〉 = 〈L̄dŪd, Ūd〉 = 〈LdUd, Ud〉, (12)j- L̄d = ST
d LdSd, Ūd = S−1

d Ud, L̄d 4�"QW%�e�$y�W
 IU _a(> L̄dŪd = f̄d,j- f̄d = ST
d fd, A`;y��~�i/N6a℄*do#�9Pr� ν(L̄d), A`�N~yL�~G [1,4].�o 2 2�)wB
 Ω Cb7C#� c1, ��

‖Sd‖2 ≤ c18
d/2. (13)�~G 1 { 2 C3L�W
!℄ GCR-IU, MR-IU, Orthomin(k)-IU � GMRES-IU, A`�LaC!v�To 1 2�wB
 Ω Cb7�:� hd BtC#� c2, c3 � c4, ��

λmin(M) ≥
c2α

2

d3h2
d

, (14)

λmax(L̄
T
d L̄d)

1

2 ≤ c3h
−4
d

{

α2dhd + 8dhd + 2−
d
2 (αd)

1

2

}

, (15)/Z�
ν(L̄d) ≤ c4d

3(αhd)
−2
{

α2hdd + 8dhd + 2−
d
2 (αd)

1

2

}

, (16)j- M = 1
2 (L̄d + L̄T

d ), ν(L̄d) = λmax(L̄
T
d L̄d)

1

2 /λmin(M).� �!: Ad 9
(AdUd)α,β,γ =







−

3
∑

i,j=1

∇̄j,hd
(aij∇i,hd

u)







α,β,γ

,
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〈AdUd, Ud〉 =

3
∑

i,j=1

∫

Ω

ãij(x)∇i,hd
ũ∇j,hd

ũdx,5|= (5) 	�>P [1, QG 1], 2�)wB
 Ω Cb7C#� c′1 { c′2, ��W
u|C
Ūd 6= 0, �

〈AdUd, Ud〉 ≥ α

∫

Ω

| ∇hd
ũ(x) |2 dx ≥

c′1αhd

d3
〈Ūd, Ūd〉,

〈AdUd, Ud〉 ≤ α

∫

Ω

| ∇hd
ũ(x) |2 dx ≤ c′2αd〈Ūd, Ūd〉,

c′1αhd

d3
≤

〈AdUd, Ud〉

〈Ūd, Ūd〉
≤ c′2αd. (17)5|= (10), (12) � (17) 	��

λmin(M) = inf
Ūd 6=0

〈1
2 (L̄d + L̄T

d )Ūd, Ūd〉

〈Ūd, Ūd〉
= inf

Ūd 6=0

〈L̄dŪd, Ūd〉

〈Ūd, Ūd〉

≥ α · inf
Ūd 6=0

1

h3
d

〈AdUd, Ud〉

〈Ūd, Ūd〉
≥

c′1α
2

d3h2
d

.� c2 = c′1, �F	 (14) �$�T6uaa�A`��
‖c(x)‖∞ ≤ c′3, ‖bi(x)‖∞ ≤ c′4, i = 1, 2, 3. (18)�!: Md � Nd 9

(MdUd)α,β,γ =







−

3
∑

i,j=1

∇̄j,hd
(aij∇i,hd

u) + cu







α,β,γ

,

(NdUd)α,β,γ =

{

1

2

3
∑

i=1

bi(∇̄i,hd
+ ∇i,hd

)u

}

α,β,γ

,�
LdUd = MdUd + NdUd,

λmax(L̄
T
d L̄d)

1

2 = ‖L̄d‖2 ≤ ‖M̄d‖2 + ‖N̄d‖2. (19)�
 Md { M̄d W%"Q�y� (18), (5) { (13) 	��
‖M̄d‖2 = sup

Ūd 6=0

〈M̄dŪd, Ūd〉

〈Ūd, Ūd〉
≤

1

h3
d

sup
Ūd 6=0

α〈AdUd, Ud〉 + c′3〈Ud, Ud〉

〈Ūd, Ūd〉

≤
1

h3
d

(α2d + 8d)max(c′2, c
′
3c

2
1). (20)Q}

(B1,dUd)α,β,γ = uα+1,β,γ − uα,β,γ, (C1,dUd)α,β,γ = uα,β,γ − uα−1,β,γ,

(B2,dUd)α,β,γ = uα,β+1,γ − uα,β,γ, (C2,dUd)α,β,γ = uα,β,γ − uα,β−1,γ,

(B3,dUd)α,β,γ = uα,β,γ+1 − uα,β,γ, (C3,dUd)α,β,γ = uα,β,γ − uα,β,γ−1,
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〈NdUd, Ud〉 =

1

2h3
d

∫

Ω

3
∑

i=1

b̃i(∇̄i,hd
+ ∇i,hd

)ũdx =
1

h3
d

〈

3
∑

i=1

1

2hi,d
Di(Bi,d + Ci,d)Ud, Ud

〉

,j- Di = diag(bi(x)). � (18) 	� ‖Di‖2 ≤ c′4,i = 1, 2, 3, T�H
‖N̄d‖2 = ‖ST

d NdSd‖2 ≤
1

h3
d

‖ST
d ‖2

∥

∥

∥

∥

∥

3
∑

i=1

1

2hd
Di(Bi,d + Ci,d)Sd

∥

∥

∥

∥

∥

2

≤
1

h3
d

‖ST
d ‖2

c′4
2 · 2dh0

∥

∥

∥

∥

∥

3
∑

i=1

(Bi,d + Ci,d)Sd

∥

∥

∥

∥

∥

2

. (21)� Ω∗
1,hd

= (0, 1) × (0, 1 + hd) × (0, 1 + hd), � B1,d CQ}��
‖B1,dSd‖

2
2 = sup

Ūd 6=0

〈B1,dSdŪd, B1,dSdŪd〉

〈Ūd, Ūd〉
= sup

Ūd 6=0

〈B1,dUd, B1,dUd〉

〈Ūd, Ūd〉

≤ sup
Ūd 6=0

∫

Ω∗

1,hd

(∇1,hd
ũ)2dx

〈Ūd, Ūd〉
≤

〈AdUd, Ud〉

〈Ūd, Ūd〉
,� (17) 	

‖B1,dSd‖2 ≤ (c′2αd)
1

2 ,D�H
‖Bi,dSd‖2 ≤ (c′2αd)

1

2 , i = 2, 3. ‖Ci,dSd‖2 ≤ (c′2αd)
1

2 , i = 1, 2, 3.$y� (13) { (21) 	��
‖N̄d‖2 ≤ 3c1c

′
4(c

′
2)

1

2

2
d
2 (αd)

1

2

h0h3
d

. (22)	�
 (19)–(20) � (22) 	��
λmax(L̄

T
d L̄d)

1

2 ≤ max(c′2, c
′
3c

2
1)

α2d + 8d

h3
d

+ 3c1c
′
4(c

′
2)

1

2

2
d
2 (αd)

1

2

h0h3
d

≤ max
(

c′2, c′3c
2
1, 3c1c

′
4(c

′
2)

1

2

) α2dh0 + 8dh0 + 2
d
2 (αd)

1

2

h3
dh0

.� c3 = max
(

c′2, c′3c
2
1, 3c1c

′
4(c

′
2)

1

2

)

, 5|= h0 = 2dhd, �F	 (15) 'L�/Z
ν(L̄d) = λmax(L̄

T
d L̄d)

1

2 /λmin(M) ≤ c4d
3(αhd)

−2
{

α2hdd + 8dhd + 2−
d
2 (αd)

1

2

}

,j- c4 = c3/c2.�q�W
~��/!℄ (GCR-IU, MR-IU, Orthomin(k)-IU � GMRES-IU), �LaC!v��t 1 9P���N�4
 ε C,�#�A`�Yir k �N6�j-
k ≥ 2c5(αhd)

−4d6| log(ε)|
{

hdα
2d + 8dhd + 2−

d
2 (dα)

1

2

}2

. (23)
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 ε C,�#�� (7) 	��Yir k �N6�j- k ℄=
{

1 −
1

ν(L̄d)2

}k/2

≤ ε.� (16) 	��
{

1 −
h4

dα
4

c2
4d

6(hdα
2d + 8dhd + 2−

d
2 (dα)

1

2 )2

}k/2

≤ ε�F�C
k ≥ 2 |log(ε)| ·

∣

∣

∣

∣

∣

log

(

1 −
h4

dα
4

c2
4d

6(hdα
2d + 8dhd + 2−

d
2 (dα)

1

2 )2

)∣

∣

∣

∣

∣

−1

.5|= | log(1 − x) |≥ x, � c5 = c2
4, A`,iro

k ≥ 2c5(αhd)
−4d6| log(ε)|

{

hdα
2d + 8dhd + 2−

d
2 (dα)

1

2

}2

.

5 �!f_��u�e�A`yL��)9K��(n$i/ IU _N6!℄C�[f�






−(uxx + uyy + uzz) + (1 + y)ux + xuy + uz + exp(x + y + z)u = f(x, y, z), in Ω,

u(x, y, z) = g(x, y, z), on ∂Ω,
(24)j- Ω = (0, 1)3 , g ∈ C2(Ω̄). 5|=�&+��l.C�$yA`� v(x, y, z) = u(x, y, z)−

g(x, y, z), �� ∂Ω ~� v(x, y, z) = 0. a( (24) �'
−(vxx + vyy + vzz) + (1 + y)vx + xvy + vz + exp(x + y + z)v = Q(x, y, z), in Ω, (25)j- Q = f + gxx + gyy + gzz − (1 + y)gx − xgy − gz − exp(x + y + z)g, -s#9 v(x, y, z) =

100xyz(1− x)(1 − y)(1 − z). w{n$a( (25) CI�℄= (5) { (6) 	�xv^�'�C��A`$�CN6T�/SYN6��Z<�N℄= ‖r(k)‖2/‖r
(0)‖2

< 10−4 �-+�j- r(k) 9I k �C�N��[A`,8Wu� IU mb�$y�zmaYC�$59 h1 = 1/2N . a( (25) �VW Q(x, y, z) W�CF|YN Qd ;y
Laa	�!
Qd = AdVd,j- Vd 9-s#W�CF|YN��� 1 { 2 A`&?��Z�N6���� CPU ���W
�0C N , HSS-IU {

BTSS-IU a℄Te�r� HSS { BTSS z�q91rC��#8 N C�4� HSS-IU {
BTSS-IU TW
 HSS { BTSS, � CPU ��aaC�U�$ (speed-up) t��4�I 1 SPJ~

N HSS HSS-IU BTSS BTSS-IU

3 16 14 21 21

4 21 14 30 17

5 27 14 38 26

6 32 15 47 29



No.3 p	JF�	
Y��N<&�a℄CuDz:WU>|a(Cm0 571I 2 CPU | (v)

N HSS HSS-IU Speed-up BTSS BTSS-IU Speed-up

3 0.1410 0.1090 1.29 0.0930 0.0940 0.99

4 1.9220 1.2190 1.58 0.8440 0.5930 1.42

5 17.8440 9.2190 1.94 9.3120 6.0620 1.54

6 120.5310 51.8910 2.32 56.0470 33.8430 1.66�3 1 { 2, A`;y7=� IU a℄C���[(jP3-C/N6a℄C[Y��0qCN6���0qC CPU ��L�!}P IU C!℄$3=C-Ur�j
^�� IUC!℄C-U�Kx�3 1 -�< CPU ��9 0.6 b�� Orthomin(1)(A) -U9 10−5.2,Z Orthomin(1)-IU(�) x.3=P 10−8.5. �3 2 -�.w 20 �N6� Bi-CGSTAB(A) -U9 10−5.8, Bi-CGSTAB-IU(�) rx3= 10−9.5.

4 1 N = 6 ���"^ GCR, MR, Orthomin(1), GMRES � Bi-CGSTAB%AD�)$DG!D l2 ` CPU ��4 (B), IU `"^ GCR-IU,

MR-IU, Orthomin(1)-IU, GMRES-IU � Bi-CGSTAB-IU D4 (�)

4 2 N = 6 ���"^ GCR, MR, Orthomin(1), GMRES � Bi-CGSTAB%AD�)$DG!D l
2 `O7��4 (B), IU `"^ GCR-IU,

MR-IU, Orthomin(1)-IU, GMRES-IU � Bi-CGSTAB-IU D4 (�)
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A Class of Generalized Three Dimensional Convection-Diffusion

Equations with Multi-Level Incremental Unknowns Method

Yang Aili Wu Yujiang Song Lunji
(School of Mathematics and Statistics, Lanzhou Univeristy, Lanzhou 730000)

Abstract: With the finite difference discretization techniques, the authors get a nonsymmetric

and positive-definite linear system when considering a class of generalized three-dimensional

convection-diffusion equations even if they have variable coefficients. Considering that the

condition number of incremental unknowns(IU)-type coefficient matrix is much better than

the matrix without IU(see [1]), the authors use the IU method in conjunction with several

classical iterative methods to approximate the solution of the system. After estimating the

condition number of IU-type coefficient matrix, the authors numerically confirm that these

IU-type iterative methods are much more efficient.

Key words: Incremental unknowns; Convection-diffusion equations with variable coefficients;

Iterative methods.
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