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—Au—b<8—;+£+a—;)=f(x) (b>0). (1)
BEN T HBIFHIEER. SO —R—BIE M7 KPR Y SO #1758, @k Xt REH
17*% EYRE, ZBRARESIE, BROTTUAES DM RERERA

AU = F, (2)

HPREOEE A HRIEEMRTS, B M = (AT + A) IEE. TRSMUMIERTE G-
GCR, MR, Orthomin(k), Bi-CGSTABP!, GMRESI®, HSSI" J BTSS! 7] LI KM (2)
K. BIRELVRYERIE R L BUE Rk o 55 vl #E— 22 28 S0k [9-10].

H 22 3k [1, 11], FATHE TU J795 T LA R R BOE R A B2 % Bl A .= STAS
HIZRMAEGE /N T A B, Ha S BN U B U B HAEM:, Bl: U= SU. BrUMBRER
B2 TU ik, ATRAR RN T (2) Xy rfEd
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Hep P =STF. i T Af A RRERGEEXFFERS, Bril ER-ERaEAINRRRER, MK
BIBAIFRENH:  GCR-IU, MR-IU, Orthomin(k)-IU, Bi-CGSTAB-IU, GMRES-IU, HSS-IU
LB BTSS-IU. SCHEHL 1 245t T (3) Xf 1U BRI AR R Ry B 4 2R, T2
AR AR BER, FEMERPREAER | o, REBERARRY, Uk
32 F AT LAA AGR X L Rk RO R B ROR.

2 =#HHEERNTHE (IU)

AT RE, BRIOXIANF—EBHBERATCHE, Z2REEAMRUEE, #ILE%
CHk (1, 12]. ATEXSEL @ = (0,1)° ¢ R® L#f758, FEEN T W LAHE MRS K
N ho = 1/N, MAMELRKIE A b = ho/2. & uap, HERE v FEE (ahy, Shi,vhe) &b
BT RME, HA o8,y = 0,1,---,2N. BFEFIAMGERAITE, TEHME A (2001, 2501, 2khy)(
i,k =0,1,---,N) b, B yoi2jon = u2i2j2n, MIEFLEHH S, BRI E L, BEEICH
Za, By BRI =ZFIB RS H

(1) BB FE (Z1)

224,2j,2k+1 = U2i 25 2k+1 — §(u2i,2j,2k + w2i 2j,2k+2),

1
224,2j+1,2k = U2,25+1,2k — §(U2i,2j,2k + Ui 2j42,2k),

22i+1,25,2k = U2i+1,24,2k — §(u2i,2j,2k + u2i2,25,2k),

(2) HHHD (Z2)

1
224,25+1,2k+1 = U24,25+1,2k+1 — Z(UQi,Qj,Qk + u2i,25,2k+2 + U24,25+2,2k U2i,2j+2,2k+2)7

22i41,25,2k+1 = U2441,25,2k+1 — Z(u2i,2j,2k + w2i,25,2k+2 + U2i42,25,2k + u2i+2,2j,2k+2),

22i41,25+1,2k = U2i+4+1,254+1,2k — Z(UQi,Qj,Qk + u2i,2j+2,2k + U2i+2,25,2k T U2i+2,2j+2,2k)7

A
(3) Ryt (Z3)
1
22i41,25+1,2k+1 = U2i+1,254+1,2k+1 — g(UQi,Zj,Qk + U2i,25,2k+2 + U24,25+2,2k T U2i,2j42,2k+2

+uU2i+2,25,2k + U2i+2,25,2k+2U2i+2,2j+2,2k T U2i+2,2j+2,2k+2)-

BAEBINE T RNV gy = Ayt

ot Ue J2 HRLAS A0 B BR BB 7 LT PO 0 B, U R vl FLE A0RS s A B R B (E 12
M LR =AM, B ROHETINFE, FRUEX. EaRTF, YV =U, [
Z R RARRANTC 20,6, T Uy —FERIRFHSITR. W U 2] U (HAE LA S. X
FEBRATAATLRAEZ R (2) XEHARL (3). 22 TU F7IE A LEREIE L.
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3 —X—WEMH=EXRT A IE
R TR =AY O R

3

Lu:z—zaixj( )—i—Zb 8331 Ju=f(z), in Q,

i,j=1 (4)
u =0, on 012,
HA Q= (0,13 REFEEFE 0 < a <a, FHRIBEE ai,a; = aji,b; € CHQ) (1,5 =
1,2,3),c € CV(Q), £ Q HJLF b4k 2

3 3

a) &< Z @@@Zfz, V&= (61,6,6) € R, (5)
1=1 =1

Ly~ 9 —b; 0 > >0 6

220, () +c(z) 20, c(x) =2 v >0, (6)

PR (4) ZHSAERESZEEE, BHBIRS (2). WHEAHE (B GCR, MR,
Orthomin(k), GMRES) iz F1 % (2) 2 LAWsiR, |ATE THERALER (WICHk [5-6)).

5138 1 R {r()} ZHWUMED GCR, MR, Orthomin(k) K GMRES 4= i3k &7
5, N

i/2
()2 < {1 _ ﬁ} 17(0). ™)

HA v(A) = Anax(ATA)Z [ Amin (M), M = (AT + A) & A XTFRERSY

E EHERETN Ay A BITRES TXFor sz fE (3) R LR, i
PUFRAE R TU BOTIEER B (2) X ER 45 2R,

7 2 HSS Ml BTSS ik kBB 78, Bi-CGSTAB Byl 52 I 3Ciik [13).

41U BRKAEFFR AT
FIRXWA BT (4). B N, d HIERER, N >2, ho=1/N, ha = ho/2%. WIELK
A he TS ENEHAEAN

3
1 _
(LaUd) o 5., = { Z Vina(@ijVip,u )+§Zbi(vi,hd+vi,hd)u+cu}
a,B,y

1,j=1 i=1
= fops a,B,y=1,2,-,2'N -1, (8)
Ua, 8,y = 0, if a,Bor~y=0or2IN. (9)
EIL va,p,y HEFERE u TERL (aha, Bha, vhae) LERTEITE,

_ 1 )
Vi7th0($) = h_d {SO(:E) - SD(:E - hdei)} y = 17 27 37

1 .
Vi,hd<%’(33) = h_d {@(I + h’de’i) - @(I)} y = 15 27 35
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ﬁl:'j €1 = (1,0,0), €2 = (07 1a0)7 €3 = (0,0, 1) %‘@M?jﬁﬁk [14]7 i& U %%Zl—:\.% Uqg *H;é%ﬂ}ﬁ
BRE, FRT (8) R kAL A

<LdUd, Ud { Z / aw Z hduvj hdudx
Q

7,j=1

ALE liv- Vi )bi(e) | #*d 10
0 Cc\T _5 ( 1,hd+ 1,hd) z(z) u-dax e . ( )

i=1

R (6), 24 h AER/DHIEHE, H

MR (5), X AR U #0, H
(LqUq,Ug) > a—Z/ | Vin,a(z) |2 de >0, (11)

M Ly EE. X .
<§(Ed + LY)Uq4,Ud) = (LaUq, Ug) = (LqaUa, Uy), (12)

Hrf Ly = STLaSa, Us = S; Uy, Ly BB IEERFRIS. BrLk, 3T 10U BIFRA LaUy = fa,
He fo= ST fo, BATTLUZE A LR-ERGERITIEEITRE. AT v(La), AOTEEBIA
Tikg|H L4

513 2 FIEURE T Q BTBRA L ¢, H15

Sall2 < 282, (13)

TESIFE 1A 2 (3BT, M T3 GCR-1U, MR-1U, Orthomin(k)-1U J GMRES-IU, $
{176 T T 45 2.
EIE 1 FEEKBT QIR HY ha TBRAFE 2,03 K ca, H717

Amin(M) = d3h25 (14)
Mmax(LE L)t < o {@Pdha + 8%ha + 274 @)t |, (15)

PNIIE:]
v(Lq) < cad®(aha) 2 { 2hd + 8%hy + 2% (ad)%} (16)

Hot M = L(La+ LY), v(La) = Mnax(LE La) % /Amin(M).
W OBETF AH

(AdUdagv nghd a”Lj i,hg U ) )
1,j=1 By
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I

3
<AdUd, Ud> = iJZZI /Q dij(iE)ViyhdﬂVjﬁhdﬁdI,
EEEF (5) Bk [1, B 1), FEURBIT Q KRR o Ml o, X TEER
Us#0, 8

clahg

43 <Ud7 Ud>7

(AqUq,Uq) > Q/ | Vi, i(z) [* do >
Q

<AdUd, Ud> < 5/ | Vhdﬁ(it) |2 dx < cgad@d, Ud>,
Q

p
dahg _ (AqUq,Uq)
e < T Ua) < cyad. (17)
EEE (10), (12) & (17) KX, H

ity g G IO (a0
mm Ua7#0 <Ud,Ud> Ua#0 <Ud7Ud>
/2
> - Inf i<AdUd’Ud> > ad

=S 0k (Ua Uy — Bh2

i e =, RER (14) BHE.
FHyb—Jrm, EAMERE

e@)lloo <55 Nbi@)]loe < ¢y i=1,2,3. (18)
WHF My M Ng Ky

3
(MdUd)a,ﬁ,'y =4 — Z ?j,hd(aijvi,hdu) + cu ,

i,j=1
J By

3
1 _
(NaUd) o, 5. = {5 > bi(Vin + Vz',hd)U} :
1=1

a,B,y
nj
LqUg = MaUq + NgUy,
Amax(LE La)? = || Lall2 < | Mall2 + || Nal2. (19)
BT Mg f1 Mg MFRIERE, PR (18), (5) f1 (13) X, &
— MU, U, 1 a(AqUy, U, Uy, U,
A T LOha Ll
Ugq#0 <Ud7 Ud> hd Uyq#0 <Ud7 Ud>
1 _
< h_g(QQd + 8%) max(ch, chc?). (20)
TE X
(Bl,dUd)a,ﬁ,'y = Ua+1,8,y — Ua,B,7 (Ol,dUd)a,ﬁ,'y = Uaq,B,y — Ua—1,8,7;
(B2,dUd)a,B,'y = Uq,B+1,y — Ua,B,7y> (02,dUd)a,B,'y = Uq, B,y — Ua,B—1,7>

(B3,aUd)a,p,y = Ua,B,4+1 = Ua, 8,75 (C3,4Ud)a,6,y = Ua,p,y — Ua,By—1s
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H
1 L 1 /341
(NaUqg, Ug) = 5 /Q ;bl(vl ha+ Vin)ide = o <Z QthDi<Bi,d+ci,d)Ud,Ud>,
Hp Dy = diag(bi(z)). H (18) 2, ||Dill2 < cjyi = 1,2,3, FHRH
Nl — 1STN 181y < 21571 IS~ L puBe s + G
Hdm—nddﬂb—FHN2Z§Ei(M+i@d2
¢ 3
< thSd ||22 X ; (Bia + Cia)S, 2 (21)
IE‘I Ql sha — (07 1) X (07 1+ hd) X (07 1+ hd), EE Bl,d E"J%Xa ﬁ
B 7, B i B B
”Bl,dsd”g = sup < 1,de[Zd; 71,deUd> — sup < qud, 71,dUd>
Ta0 (Ua,Ua) Ta0 (Ua,Uq)
~\2
< sup fﬂ;’hd (_VU_MU) a <A‘1Ud’_Ud>
T 040 (Uq, Uq) ~ (Uq,Uq)
H (17) =
[ B1,aSall2 < (chad)?,
el
| Bi,aSall2 < (chad)z, i=2,3. [CiaSalle < (chad)z, i=1,2,3
FrAeh (13) F1 (21) X, B
— 1 %ad
Nl < 3ercy (gt 2EDE (22)
hoh?
MHF (19)-(20) & (22) X, H
—— a2d + 8¢ , 2% (@d)®
Ml L L)t < max(cy, ) T + el %)
1\ @2dho + 8%hg + 2% (ad) 2
< max (0'2, el 3clcﬁ1(c'2)2) W, ,
0 s = max (ch, ¢hed, Berch(ch)?) | FERE ho = 2, AHR (15) 3L AT
V(La) = Amax(LELa)® /Amin (M) < cad®(aha) 2 {a%dd 1+ 8lhy+278 (ad)%} ,
HA ey = c3/co. |

XBE, JF ERMAES: (GCR-1U, MR-1U, Orthomin(k)-IU } GMRES-IU), % F i #

G,
It 1 N TREREAKRNT e BuE i, BINRSTFE b LENQ, Hp

112
k > 25 (aha)~4d®| log(e)] {hda2d 4 8ehy+ 278 (da)a} .
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E N THREREART e fEeifg, m (1) X, RSTE LB, HF r e

H (16) X, &

h4a4 k/2
1-— d= . - <ce¢
c2dS(hqga*d + 8%hy + 27 % (da) 2 )2
BEN

-1

k= 2 flog(e)] -

h4a4
log | 1— d= = -
c2dS(hqga*d + 8%hy + 272 (da) 2 )2
EREE | log(l —2) >, 38 s = o, BRATHFFER

112
k:Zih%(ghd)*4dﬂlog@j|{thQd—%Sdhd4—2*%(d6)§} . |

5 HESER
FERX—#5y, HATATRIE A, BAERUE-LF TU BLERRIA R A .

_(U’LI)LE + Uyy + uzz) + (1 + y)um + LUy +u; + eXp(LE +y+ Z)U = f(i[], Y, Z), in Q, (24)
u(zayvz):g(xvyaz)a on 8(2,

HAFQ=(0,1)3,ge C*Q). EEIMALMRIFFRM, BN v(z,y,2) = u(z,y, 2)—
g(x,y, 2), WAE 02 b, wv(z,y,z) =0. FE (24) /L

—(Vzw +Vyy +22) + (1 + Yy vz + 20y + v, +exp(z +y + 2)v =Q(z,y,2), in Q,  (25)

HA Q= f+ guw+ gyy + 922 — (L +9)gz — 29y — 9= — exp(z +y + 2)g, FHMEN v(2,y,2) =
100zyz(1 —z)(1 —y)(1 — 2). BGRIEHFE (25) WREGHEE (5) fl (6) 2.

WIRE AR, BATAARIEE RN T IS, T4k (|r™) 2/ (1r @]
< 1074 mHE LR, Hod o) 8 kB R, XL R EE—2 U SR, FrUE =17
IR hy = 1/2N. 552 (25) Ui Q(x,y, z) MBI R Qq W LA T 7 =it
"

Qa = AqVa,

FeAp Vi AR R A X L G T R

HIR 1A 2 BATHGE, NRERPHERE CPU BHE, XM T AR N, HSS-IU f
BTSS-IU J7ik#fr M 2t HSS fl BTSS 4F. HOMEEMJE, FEE N 893K, HSSIU Al
BTSS-1U AH%+ - HSS M1 BTSS, 7 CPU s} [H] 77 T f 3 FEEHE 1 (speed-up) A K.

®1 EREH
N HSS HSS-IU BTSS BTSS-IU
316 14 21 21
4 21 14 30 17
5 27 14 38 26
6 32 15 47 29
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%2 CPU Hia ()

N HSS HSS-IU  Speed-up BTSS  BTSS-IU  Speed-up
3 0.1410 0.1090 1.29 0.0930 0.0940 0.99
4 1.9220 1.2190 1.58 0.8440 0.5930 1.42
5 17.8440 9.2190 1.94 9.3120 6.0620 1.54
6 120.5310 51.8910 2.32 56.0470  33.8430 1.66

ME 1M 2, ATTLLER], U FikiE A e T B R MR R RE. 7
FRER IR BE FAER CPU BRI T, 458 7 IU (WRNARTA RIS B ELIE & TIRE U
FISARERE . BIanAER 1, 24 CPU BEISY 0.6 2B+, Orthomin(1)(4) K EEK 10752,
ifii Orthomin(1)-IU(4) E&IAEIT 10755 7R 2 H1, Zad 20 23548, Bi-CGSTAB(Z) #§

BEHK 10758, Bi-CGSTAB-IU(45) HIE 5] 10795,

[7()l/r(0)(1og 10)

[7()l/r(0)(log 10)

convection-diffusion problem

GCR

“\Bi-CGSTAB

\ N

5 Orthomin(1)

GMRES \_

02 04 06 0.8 1 1.2 1.4 1.6 1.8
CPU time(second)

[7()l/(0)(1og 10)

convection-diffusion problem

GMRES-IU"

GCR-IU

) " MR-IU
Bi-CGSTAB-IU ™.

\‘\\Orthomin( 1)-1U

0 02 04 06 08 1

CPU time(second)

K1 N=6H, H#HE GCR, MR, Orthomin(1), GMRES X Bi-CGSTAB
BRI BERRIRZER 12 5 CPU mHIE (&), IU &% GCR-1U,
MR-IU, Orthomin(1)-IU, GMRES-IU % Bi-CGSTAB-IU #J& (%)

convection-diffusion problem

GCR

Bi-CGSTABY
. GMRES

20 30 40 50 60

number of iterations

10 70

[7()I/r(0)(1og 10)

o
=}

convection-diffusion problem

1.2 1.4 16 1.8

'
—_

' '
[N

'
O 0

GCR-IU

y

| \GMRES-IU

Bi-CGSTAB-IU'

10

20 30 40 50
number of iterations

B 2 N =6, H&% GCR, MR, Orthomin(1), GMRES % Bi-CGSTAB
Frigm B EmAIRER 12 WERRERE (&), IU BH% GCR-1U,
MR-IU, Orthomin(1)-IU, GMRES-TU } Bi-CGSTAB-IU #& (%)

60

70
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A Class of Generalized Three Dimensional Convection-Diffusion
Equations with Multi-Level Incremental Unknowns Method

Yang Aili Wu Yujiang Song Lunji
(School of Mathematics and Statistics, Lanzhou Univeristy, Lanzhou 730000)

Abstract: With the finite difference discretization techniques, the authors get a nonsymmetric

and positive-definite linear system when considering a class of generalized three-dimensional

convection-diffusion equations even if they have variable coefficients. Considering that the

condition number of incremental unknowns(IU)-type coefficient matrix is much better than

the

matrix without IU(see [1]), the authors use the IU method in conjunction with several

classical iterative methods to approximate the solution of the system. After estimating the

condition number of IU-type coefficient matrix, the authors numerically confirm that these

TU-type iterative methods are much more efficient.

Key words: Incremental unknowns; Convection-diffusion equations with variable coefficients;

Iterative methods.
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