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� ∆H,p . Heisenberg r� p - + Laplace ��� ξ ∈ H
n, λ ∈ R, 1 < p < Q = 2n+ 2(.f+0�), n ≥ 1, 1 < q < p, p∗ = Qp

Q−p
. Sobolev E���� g(ξ) ∈ Lr(Hn), r = p∗

p∗−q
, f(ξ) ∈

C(Hn)∩L∞(Hn) �L��6'��v�6��:�3Q8h��C�r6V�v�` c ∈ R'= Palais-Smale '�!:���� Clark E�BD6"K2% (1) L�=/vJ�
Heisenbergrv��<Q�Cs[8��
6K�_-[W"?[��k�ÆX=�h�

Heisenberg r�= Sobolev �?�� Hardy �?�� Picone x?�?ÆXJ
^#;9S&���1? [7–8]. Heisenberg r�+ Laplace W"=S&^k2��m���1? [9–10]�
�.1?�km p -+ LaplaceW"=S&"E\Yk!z�v1? [11]��
%Ak�B'=��C�r6�"KA+k Sobolev E���= p - + Laplace W"=�D�2%�v℄�2��+k Sobolev E���= Laplace s p -Laplace W"=4�m2% (1) =S&^k2�=1?���1? [3–5, 12–14] �
�.1?��1=��x:�AP���<��[E Heisenberg r=~�J
s:1�L=Ak�K�A}����S Sobolev E�kI:=4lt'=��C�r6�A�����:�` c '= Palais-Smale '��A6���8h Clark E�BD6�S2% (1) /v m− j IZ`S|��
� m > j, i m, j .}��
2 613b�kO|[��3Q�� Heisenberg r=[E~��
s�L�K�H ξ = (z, t) = (x, y, t) = (x1, x2 · · · , xn, y1, · · · , yn, t), z = (x, y), x ∈ R

n, y ∈ R
n, t ∈

R, n ≥ 1, ξ′ = (x′, y′, t′) ∈ R
2n+1, Heisenberg r H

n �℄ox:rRy= R
2n+1 �v

ξ ◦ ξ′ =
(

x+ x′, y + y′, t+ t′ + 2

n
∑

i=1

(xiy
′
i − x′iyi)

)

.

H
n �f+V.

‖ξ‖H = [(|x|2 + |y|2)2 + t2]
1
4 = (|z|4 + t2)

1
4 , |z| = (x2 + y2)

1
2 .Ag=,5o�D
.

d(ξ, ξ′) = ‖ξ′−1 ◦ ξ‖H = {[(x− x′)2 + (y − y′)2]2 + [t− t′ − 2(x · y′ − x′ · y)]2}
1
4 ,
� ξ′−1 = −ξ′. �1�h	q d = d(ξ) = ‖ξ‖H .D
 Heisenberg r�=C��

Xi =
∂

∂xi

+ 2yi

∂

∂t
, Yi =

∂

∂yi

− 2xi

∂

∂t
(i = 1, 2, · · ·, n).Agm Heisenberg r�=l
#G� ∇H = (X1, · · · , Xn, Y1, · · · , Yn), l
~G. divHu =

n
∑

i=1

(Xiui + Yiun+i), u = (u1, · · · ,un,un+1, · · · ,u2n). e*� p - + Laplace �� ∆H,p D
.
∆H,pu = divH(|∇Hu|

p−2∇Hu) = ∇H(|∇Hu|
p−2∇Hu).j��a;

∇Hd =
1

d3





|z|2x+ yt

|z|2y − xt



 , |∇Hd|
p =

|z|p

dp
= ψp.



No.4 �$�?� Heisenberg r�4lt'=��C�r6s+k Sobolev E��� 1035_B ξ .�H�
%. R =-n	. BH(ξ, R) = {ξ ∈ H
n|d(ξ, ξ′) < R}. { ξ .rB�y	 BH(R) = BH(0, R) = {ξ ∈ H

n|d(ξ) < R}.� Ω ⊆ H
n,  D

1,p
0 (Ω) � C∞

0 (Ω) vU� ‖ u ‖D1,p=
( ∫

Ω |∇Hu|
pdξ

)
1
p :=,
{�{ Ω = H

n �� D
1,p
0 (Hn) = D1,p(Hn) .�T=	 Banach 2��	 ‖u‖Ls =

( ∫

Hn |u|sdξ
)

1
s .v1? [7] �� Folland s Stein �SA Heisenberg r�= Sobolev �?��Ivbo�

u ∈ D1,p(Hn), /v�� S > 0, k
S

(

∫

Hn

|u|p
∗

dξ
)

p

p∗

≤

∫

Hn

|∇Hu|
pdξ.v1? [11] ��SA��

S = inf
{‖u‖p

D1,p

‖u‖p

Lp∗

; u ∈ D1,p(Hn)\{0}
}0_19�

3 5oF>dD3Q<M�1? [11] �k�B'=AP��C�r6�_B 3.1 � {um} � D1,p(Hn) �=k�NC� um m D1,p(Hn) �|�>9 u, i/v
H

n �=Z^�G ν, µ �; |um|p
∗

⇀ ν, |∇Hum|p ⇀ µ, y/v[a�L0���� J �[aAg=B� {ωj ∈ H
n | j ∈ J} s?aZ^�� {aj}, {bj} �;

(i) |∇Hum|p ⇀ dµ ≥ |∇Hu|
p +

∑

j∈J

bjδj ;

(ii) |um|p
∗

⇀ dν = |u|p
∗

+
∑

j∈J

ajδj ;

(iii) bj ≥ Sa
p

p∗

j .
� δj �
�Bv ωj '= Dirac �G�:R�
%E�kI:4lt'=��C�r6�_B 3.2 H Ω � H
n �=[a4�q� {um} � D1,p(Hn) �=k�NC�I R > 0,	
ν∞ := lim

R→∞
lim sup
m→∞

∫

Ω∩{d>R}

|um|p
∗

dξ,

µ∞ := lim
R→∞

lim sup
m→∞

∫

Ω∩{d>R}

|∇Hum|pdξ.ZO
(i) lim sup

m→∞

∫

Ω |um|p
∗

dξ =
∫

Ω dν + ν∞;

(ii) lim sup
m→∞

∫

Ω |∇Hum|pdξ =
∫

Ω dµ+ µ∞;

(iii) S(ν∞)
p

p∗ ≤ µ∞.j (a) .A�S (i), 	 Bc
H(R) = {ξ ∈ H

n|d(ξ) ≥ R}. |W�
lim sup
m→∞

∫

Ω

|um|p
∗

dξ = lim sup
m→∞

∫

Ω∩BH (R)

|um|p
∗

dξ + lim sup
m→∞

∫

Ω∩Bc
H

(R)

|um|p
∗

dξ

=

∫

Ω∩BH (R)

dν + lim sup
m→∞

∫

Ω∩Bc
H

(R)

|um|p
∗

dξ.
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(b) 4�m (i) 0� (ii).

(c) � φ ∈ C∞
0 (Hn) �; 0 ≤ φ(ξ) ≤ 1 s

φ(ξ) =







0, ξ ∈ BH(1),

1, ξ 6∈ BH(2),i |φ′(ξ)| ≤ 2. 3Q^�~��?�
|a+ b|p ≤ |a|p + cp(|a|

p−1|b| + |b|p), a, b ∈ R
2n, p > 1. (2)Pp φR(ξ) = φ(d(ξ)

R
). j Sobolev �?�� Hölder �?�s (2) �k

S
(

∫

Ω

|φRum|p
∗

dξ
)

p

p∗

≤

∫

Ω

|∇H(φRum)|pdξ =

∫

Ω

|φR∇Hum + um∇HφR|
pdξ

≤

∫

Ω

|φR∇Hum|pdξ + cp

(

∫

Ω

|φR∇Hum|p−1|um∇HφR|dξ +

∫

Ω

|um∇HφR|
pdξ

)

≤

∫

Ω

|φR∇Hum|pdξ

+cp

[(

∫

Ω

|φR∇Hum|pdξ
)

p−1

p
(

∫

Ω

|um∇HφR|
pdξ

)
1
p

+

∫

Ω

|um∇HφR|
pdξ

]

≤

∫

Ω

|φR∇Hum|pdξ

+cp

(

∫

Ω

|um∇HφR|
pdξ

)
1
p
[(

∫

Ω

|φR∇Hum|pdξ
)

p−1

p

+
(

∫

Ω

|um∇HφR|
pdξ

)
p−1

p
]

. (3)j φR(ξ) =Pp0;
lim

R→∞
lim sup
m→∞

∫

Ω

|umφR|
p∗

dξ = ν∞, lim
R→∞

lim sup
m→∞

∫

Ω

|φR∇Hum|pdξ = µ∞.j um =D
�v D
1,p
0 (Ω ∩BH(R)) � um∇HφR ⇀ u∇HφR, ie. D

1,p
0 (Ω ∩BH(R)) �hz9 Lp(Ω ∩BH(R))(�1? [15]), _� ∇HφR = 1

R
φ′( d

R
)∇Hd, !_

lim
R→∞

lim sup
m→∞

∫

Ω

|um∇HφR|
pdξ = lim

R→∞
lim sup
m→∞

1

R

∫

Ω

|φ′R||um∇Hd|
pdξ = 0.�v (3) �0;

S(ν∞)
p

p∗ ≤ µ∞,y (iii) !:��K;��q 3.3 vf6 3.2 =�S��3Q!8h=�?� (2) p1? [3–6] �=�*�|W
Vo� φ =PpY)�*�
4 7M3 Palais-Smale S9|[��3Q�:v�` c ∈ R '= Palais-Smale '� (Æ	. (PS)c). .AW��	
X = D1,p(Hn), X∗ �
 X =I^2��	 f+(ξ) = max{0, f(ξ)} 6≡ 0s f(∞) = lim sup

d(ξ)→∞

f(ξ),

‖f‖∞ = sup
ξ∈Hn

f(ξ).



No.4 �$�?� Heisenberg r�4lt'=��C�r6s+k Sobolev E��� 1037*^ 4.1  u ∈ X �2% (1) = (|) ��{Ivb= v ∈ X L�
∫

Hn

|∇Hu|
p−2〈∇Hu,∇Hv〉dξ = λ

∫

Hn

g(ξ)|u|q−2uvdξ +

∫

Hn

f(ξ)|u|p
∗−2uvdξ. (4)D
Vo J, G, F : X → X∗ x:�Ivb u, v ∈ X, k

〈J(u), v〉 =

∫

Hn

|∇Hu|
p−2〈∇Hu,∇Hv〉dξ,

〈G(u), v〉 =

∫

Hn

g(ξ)|u|q−2uvdξ,

〈F (u), v〉 =

∫

Hn

f(ξ)|u|p
∗−2uvdξ,

Iλ(u) =
1

p
J(u) −

λ

q
G(u) −

1

p∗
F (u).	

〈J ′(u), v〉 = p

∫

Hn

|∇Hu|
p−2〈∇Hu,∇Hv〉dξ,

〈G′(u), v〉 = q

∫

Hn

g(ξ)|u|q−2uvdξ,

〈F ′(u), v〉 = p∗
∫

Hn

f(ξ)|u|p
∗−2uvdξ,

〈I ′λ(u), v〉 =
1

p
〈J ′(u), v〉 −

λ

q
〈G′(u), v〉 −

1

p∗
〈F ′(u), v〉._B 4.2 (1) Vo G(u) v X ��kb
=�|=O=��i G(u) �=O0-=�
8� 〈G′(u), v〉 �|=ONC9|=ONC�

(2) Vo F (u) v X ��kb
=��i F (u) �=O0-=�
8� 〈F ′(u), v〉 �|=ONC9|=ONC�j Vo G s F �kb
=�j g ∈ Lr(Hn), r = p∗

p∗−q
, Hölder �?�s Sobolev �?�0;

|〈G(u), v〉| =

∫

Hn

|g|
q−1

q |u|q−2u|g|
1
q vdξ

≤
(

∫

Hn

|g||u|qdξ
)

q−1

q
(

∫

Hn

|g||v|qdξ
)

1
q

≤
[(

∫

Hn

|g|
p∗

p∗−q dξ
)

p∗
−q

p∗
(

∫

Hn

|u|p
∗

dξ
)

q

p∗
]

q−1

q
[(

∫

Hn

|g|
p∗

p∗−q dξ
)

p∗
−q

p∗
(

∫

Hn

|v|p
∗

dξ
)

q

p∗
]

1
q

= ‖g‖Lr

(

∫

Hn

|u|p
∗

dξ
)

q−1

p∗
(

∫

Hn

|v|p
∗

dξ
)

1

p∗

<∞. (5)j G �kb
=�j f(ξ) ∈ L∞(Hn), Hölder �?�s Sobolev �?�0;
|〈F (u), v〉| =

∣

∣

∫

Hn

f(ξ)|u|p
∗−2uvdξ

∣

∣ ≤ ‖f‖∞

∫

Hn

|u|p
∗−1|v|dξ

≤ ‖f‖∞

(

∫

Hn

|u|p
∗
)

p∗
−1

p∗
(

∫

Hn

|v|p
∗

dξ
)

1

p∗

<∞. (6)
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=�n:�Sp1? [12, 14] �=�S4��v*Jq�q 4.3 -f6 4.2 0�Vo Iλ v X ��kb
=�=O0-=�|W� Iλ =vbZFE�B)�2% (1) =|��*^ 4.4  Banach 2� X �= C1 Vo Iλ L� (PS)c(c ∈ R) ���{ {um} ⊂ X ,i6 m→ ∞ �� Iλ(um) → c, I ′λ(um) → 0, y {um} v X �k�>�C�_B 4.5 � 1 < q < p s c < 0. {/v[a λ∗ > 0 �; λ ∈ (0, λ∗), ZO Iλ L�
(PS)c.j �NC {um} ⊂ X �;6 m→ ∞ ��k

Iλ(um) → c, I ′λ(um) → 0. (7)ZO�I m $[2� 1 < q < p k
c+ 1 + ‖um‖X ≥ Iλ(um) −

1

p∗
〈I ′λ(um), um〉

=
(1

p
−

1

p∗

)

∫

Hn

|∇Hum|pdξ − λ
(1

q
−

1

p∗

)

∫

Hn

g(ξ)|um|qdξ

=
1

Q
‖um‖p

X − λ
(1

q
−

1

p∗

)

S− q
p ‖g‖Lr‖um‖q

X .���S {um} k��>v��Dv X � um ⇀ u, /v�G µ s ν �;f6 3.1 �= (i), (ii), (iii) !:��
ξj ��G µ s ν =edB�D

Vo� ϕ ∈ C∞

0 (Hn) �; 0 ≤ ϕ(ξ) ≤ 1 s
ϕ(ξ) =







1, ξ ∈ BH(ξj , δ),

0, ξ ∈ H
n \BH(ξj , 2δ),i |∇Hϕ(ξ)| ≤ 2

δ
. |W�v X � {ϕum} k��Æ	��j Hölder �?�0;

∫

Hn

|um∇Hϕ|
pdξ ≤

(

∫

BH (ξj ,2δ)

|um|p
∗

dξ
)

p

p∗
(

∫

Hn

|∇Hϕ|
Qdξ

)
p
Q

≤ c1

(

∫

BH(ξj ,2δ)

|um|p
∗

dξ
)

p

p∗

, (8)
� c1 �p Q, δ, j 4k=����v Cp �?�s (8) �k
∫

Hn

|∇H(umϕ)|pdξ =

∫

Hn

|um∇Hϕ+ ϕ∇Hum|pdξ

≤ 2p−1
(

∫

Hn

|um∇Hϕ|
pdξ +

∫

Hn

|ϕ∇Hum|pdξ
)

≤ 2p−1
[

c1

(

∫

BH (ξj ,2δ)

|um|p
∗

dξ
)

p

p∗

+

∫

Hn

|∇Hum|pdξ
]

. (9)|)�Sv X � {ϕum} k��- (7) �� 〈I ′λ(um), ϕum〉 → 0, �
0 = lim

m→∞

(

∫

Hn

|∇Hum|p−2〈∇Hum, um∇Hϕ〉dξ +

∫

Hn

|∇Hum|pϕdξ
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−λ

∫

Hn

g(ξ)|um|qϕdξ −

∫

Hn

f(ξ)|um|p
∗

ϕdξ
)

= lim
m→∞

∫

Hn

|∇Hum|p−2〈∇Hum, um∇Hϕ〉dξ +

∫

Hn

ϕdµ

−λ

∫

Hn

g(ξ)|u|qϕdξ −

∫

Hn

f(ξ)ϕdν. (10)j Hölder �?�s (8) �k
lim sup
m→∞

∣

∣

∫

Hn

|∇Hum|p−2〈∇Hum, um∇Hϕ〉dξ
∣

∣

≤ lim sup
m→∞

(

∫

Hn

|∇Hum|p
)

p−1

p
(

∫

Hn

|um∇Hϕ|
p
)

1
p

≤ c2

(

∫

Hn

|u∇Hϕ|
p
)

1
p

≤ c3

(

∫

BH (ξj ,2δ)

|u|p
∗

dξ
)

1

p∗

→ 0, δ → 0. (11)�v (10), (11) �s ϕ =D
k
0 = lim

δ→0

(

λ

∫

BH (ξj ,2δ)

g(ξ)|u|qϕdξ +

∫

BH(ξj ,2δ)

f(ξ)ϕdν −

∫

BH (ξj ,2δ)

ϕdµ
)

= f(ξj)aj − µ(ξj).e*
f(ξj)aj = µ(ξj) ≥ bj.���S ν = “��” �|v f(ξj) ≤ 0 =B'Q���{ f(ξj) ≤ 0 y aj = bj = 0. {

f(ξj) > 0, d*f6 3.1 �= (iii) k
(i) aj = 0 }{
(ii) aj ≥ S

Q
p f(ξj)

− Q
p ≥ S

Q
p ‖f+‖

−Q
p

∞ .���3Q"Kv4lt'0[/v= “��”.H φR(ξ) = φ(d(ξ)
R

) .f6 3.2 �=
Vo��4�m (9) �k
∫

Hn

|∇H(umφR)|pdξ ≤ 2p−1
[

c4

(

∫

Hn

|um|p
∗

dξ
)

p

p∗

+

∫

Hn

|∇Hum|pdξ
]

,
� c4 �p R, Q 4k=[a����e*�v X � {φRum} k��- (7) �0�
0 = lim

m→∞
〈I ′λ(um), φRum〉

= lim
m→∞

(

∫

Hn

|∇Hum|p−2〈∇Hum, um∇HφR〉dξ +

∫

Hn

|∇Hum|pφRdξ

−λ

∫

Hn

g(ξ)|um|qφRdξ −

∫

Hn

f(ξ)|um|p
∗

φRdξ
)

. (12)4�m (11) �k
lim sup
m→∞

∣

∣

∣

∫

Hn

|∇Hum|p−2〈∇Hum, um∇HφR〉dξ
∣

∣

∣ ≤ c5

(

∫

R<d<2R

|um|p
∗

dξ
)

1
p∗

. (13)6 R → ∞ �� (13) �=lHom 0. �b9
lim

R→∞
lim sup
m→∞

∫

Hn

f(ξ)|um|p
∗

φRdξ ≤ ‖f+‖∞ν∞.
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lim sup
m→∞

∣

∣

∣

∫

Hn

g(ξ)|um|qφRdξ
∣

∣

∣ ≤

∫

d>R

g(ξ)|u|qdξ → 0, R → ∞.e*�- (12) �0;
0 ≤ ‖f+‖∞ν∞ − lim

R→∞
lim sup
m→∞

∫

Hn

|∇Hum|pφRdξ = ‖f+‖∞ν∞ − µ∞. (14)d*f6 3.2 �= (iii) k
(iii) ν∞ = 0 }{
(iv) ν∞ ≥ S

Q
p ‖f+‖

−Q
p

∞ .:R�V� (ii) s (iv) �|Q��j J =|:
=O� G =|=O� Sobolev �?�s (7) �0;
0 > c = lim

m→∞

(

Iλ(um) −
1

p∗
〈I ′λ(um), um〉

)

= lim
m→∞

[ 1

Q

∫

Hn

|∇Hum|pdξ − λ
(1

q
−

1

p∗

)

∫

Hn

g|um|qdξ
]

≥
1

Q

∫

Hn

|∇Hu|
pdξ − λ

(1

q
−

1

p∗

)

‖g‖Lr‖u‖q

Lp∗

≥
S

Q
‖u‖p

Lp∗ − λC‖u‖q

Lp∗ , (15)
� C = C(p, q, ‖g‖Lr) =
(

1
q
− 1

p∗

)

‖g‖Lr > 0. m�
S

Q
‖u‖p

Lp∗ ≤ λC‖u‖q

Lp∗ ,�
‖u‖q

Lp∗ ≤ c6λ
q

p−q . (16){ (iv) Q���vf6 3.2 = (iii), (15) s (16) �k
0 > c = lim

m→∞

(

Iλ(um) −
1

p∗
〈I ′λ(um), um〉

)

≥
1

Q
lim

R→∞
lim sup
m→∞

∫

Hn

|∇Hum|pφRdξ − λC‖u‖q

Lp∗

≥
1

Q
µ∞ − c7λ

p
p−q ≥

S

Q
(ν∞)

p

p∗ − c7λ
p

p−q

≥
1

Q
S

Q
p ‖f+‖

1−Q
p

∞ − c7λ
p

p−q .tN�Pp λ∗ $[D�; 0 < λ < λ∗, ��=�y[a�?�=lH2m 0, |p c < 0ANK�h ϕ &4 φR, 4�m�R="K0; (ii) Y�|Q��e*�I j ∈ J k aj = ν∞ = 0.|�S
lim

m→∞

∫

Hn

|um|p
∗

dξ = lim
R→∞

lim sup
m→∞

[

∫

Hn

|um|p
∗

(1 − φR)dξ +

∫

Hn

|um|p
∗

φRdξ
]

=

∫

Hn

|u|p
∗

dξ.
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(Hn) =[	+J�0�v Lp∗

(Hn) � um → u. G[WR�8h^��?���
a, b ∈ R

2n, k
|a− b|p ≤ c · [(|a|p−2a− |b|p−2b)(a− b)]

k
2 (|a|p + |b|p)1−

k
2 , (17)
� 1 < p < 2 �� k = p; p ≥ 2 �� k = 2. m�

|∇Hum −∇Hu|
p ≤ c · [(|∇Hum|p−2∇Hum − |∇Hu|

p−2∇Hu)∇H(um − u)]
k
2

·(|∇Hum|p + |∇Hu|
p)1−

k
2 .I��v H

n ��[�8h Hölder �?�0;
∫

Hn

|∇Hum −∇Hu|
pdξ

≤ c ·
[

∫

Hn

(|∇Hum|p−2∇Hum − |∇Hu|
p−2∇Hu)∇H(um − u)dξ

]
k
2

×
(

∫

Hn

|∇Hum|p + |∇Hu|
pdξ

)1− k
2

≤ c ·
[

〈I ′λ(um) − I ′λ(u), um − u〉 + λ

∫

Hn

g(ξ)(|um|q−2um − |u|q−2u)(um − u)dξ

+

∫

Hn

f(ξ)(|um|p
∗−2um − |u|p

∗−2u)(um − u)dξ
]

k
2
(

∫

Hn

|∇Hum|p + |∇Hu|
pdξ

)1− k
2

. (18)�b9�8h Hölder �?�k
∣

∣

∣

∫

Hn

g(ξ)(|um|q−2um − |u|q−2u)(um − u)dξ
∣

∣

∣ ≤ ‖g‖Lr(‖um‖q−1

Lp∗ + ‖u‖q−1

Lp∗ )‖um − u‖Lp∗ ,

∣

∣

∣

∫

Hn

f(ξ)(|um|p
∗−2um − |u|p

∗−2u)(um − u)dξ
∣

∣

∣ ≤ ‖f‖∞(‖um‖p∗−1

Lp∗ + ‖u‖p∗−1

Lp∗ )‖um − u‖Lp∗ .�vv X � um ⇀ u, v Lp∗

(Hn) � um → u, 0;v X � um → u. f6;��
5 ,;)'g[|[��3Q8h Clark E�BD6 (�1? [16]) �S2% (1) =L�=/vJ�<�� “3`”, eL=[EJ
�1? [17]. 	 ∑ � X − {0} vrB'=[a�=�I =���{ A ∈

∑

, D
 “3`”γ(A) = min{k ∈ N | ∃φ ∈ C(A,Rk − {0}), φ(−x) = − φ(x)} s
Γk = {A ∈ Σ; γ(A) ≥ k}.IQ 5.1 { Iλ(u) ∈ C1(X,R) �^=� Iλ(0) = 0, iL� Palais-Smale '��_�

(1) /v[a m 0�2� Xm s[a�� r > 0, Sr(0) = {u ∈ X | ‖u‖X = r} �;
sup

u∈Sr(0)∩Xm

Iλ(u) < 0;

(2) /v[a n 0�2� Xn (n < m) �; inf
u∈X⊥

n

Iλ(u) > −∞.ZO� Iλ(u) ��k m− n I+k^E�� ck =E�B�
�
ck = inf

A∈Γk

sup
u∈A

Iλ(u).*B 5.2 �D 1 < q < p sv H
n =Wa-��� g(ξ) > 0. {/v[a λ∗ > 0 �;

λ ∈ (0, λ∗). ZO2% (1) /v m− j IZ`S|��i Iλ(u) < 0.
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n �-��i ξ ∈ Ω+ k g(ξ) > 0. � ξ0 ∈

Ω0 ⊂ Ω+ s r0 > 0�; BH(ξ0, r0) ⊂ Ω+ i |BH(ξ0, r0)∩Ω0| <
|Ω0|
2 .�<�� v1 ∈ C∞

0 (Hn)i
supp(v1) = BH(ξ0, r0). 	 Ω1 = Ω0\[BH(ξ0, r0)∩Ω0] ⊂ Ω̃0 = Ω+\BH(ξ0, r0),|W�|Ω1| >

|Ω0|
2 .H ξ1 ∈ Ω1 s r1 > 0 �; BH(ξ1, r1) ⊂ Ω̃0 i |BH(ξ1, r1)∩Ω1| <

|Ω1|
2 . >v�� v2 ∈ C∞

0 (Hn)i supp(v2) = BH(ξ1, r1). |Wk��y0; v1, v2, v3, · · · , vm �;I i, j = 1, 2, · · · ,m k
supp(vi) ∩ supp(vj) = Ø, i 6= j i |supp(vi) ∩ Ω0| > 0. p Xm = span{v1, v2, v3, · · · , vm}, y
dimXm = m i/v[a�� ℓm �;Ivb v ∈ Xm, ‖v‖X = 1 k

∫

Ω+

g(ξ)|v|qdξ ≥ ℓm.{ u ∈ Xm, i u 6= 0. 	 u = rmv i ‖v‖X = 1 s rm = ‖u‖X . |W�/v[a r0 > 0 �; 0 < rm < r0, k
Iλ(u) =

1

p

∫

Ω+

|∇Hu|
pdξ −

λ

q

∫

Ω+

g(ξ)|u|qdξ −
1

p∗

∫

Ω+

f(ξ)|u|p
∗

dξ

≤
1

p
‖u‖p

X −
λ

q

∫

Ω+

g(ξ)|u|qdξ + c8‖u‖
p∗

X

≤
1

p
rp
m −

λℓm

q
rm + c8r

p∗

m = εm.e*�Pp$[D= rm ∈ (0, r0) �; Iλ(u) ≤ εm < 0. 3Q;9AU% 5.1 = (1).� Xj = span{v1, v2, v3, · · · , vj}(j < m). ZOI u ∈ X⊥
j , �Y� ∫

Hn g(ξ)|u|
qdξ ≤ 0. |W�6 1 < q < p, λ > 0 ��k

Iλ(u) =
1

p

∫

Hn

|∇Hum|pdξ −
λ

q

∫

Hn

g(ξ)|um|qdξ −
1

p∗

∫

Hn

f(ξ)|um|p
∗

dξ

≥
1

p
‖u‖p

X − c8‖u‖
p∗

X .|�S Iλ L�U% 5.1 = (2). j� 4.3 � Iλ(u) ∈ C1(X,R). =t Iλ(0) = 0 i Iλ(u) �^=�d*f6 3.2 0�/v[a λ∗ > 0 �; λ ∈ (0, λ∗), Iλ(u) L� (PS)c. e*�vU% 5.10;2% (1) /v m− j IZ`S|��i Iλ(u) < 0, 
� m > j, i m, j .}��3Q�% m− j 
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A Concentration-Compactness Principle at Infinity on the

Heisenberg Group and Multiplicity of Solutions for

p-sub-Laplacian Problem Involving Critical Sobolev Exponents

1Dou Jingbo 2Guo Qianqiao
(1School of Statistics, Xi’an Institute of Finance and Economics, Xi’an 710061;

2Department of Applied Mathematics, Northwestern Polytechnical University, Xi’an 710072)

Abstract: The main results of this paper establish the concentration-compactness principle at

infinity on the Heisenberg group. The authors consider the p-sub-Laplacian problem involving

critical Sobolev exponents







−∆H,pu = λg(ξ)|u|q−2u+ f(ξ)|u|p
∗−2u, in H

n,

u ∈ D
1,p(Hn),

where ξ ∈ H
n, λ ∈ R, 1 < p < Q = 2n+ 2, n ≥ 1, 1 < q < p, p∗ = Qp

Q−p
, g(ξ) and f(ξ) change

sign and satisfy some suitable conditions. Under certain assumptions, they show the existence

of m− j pairs of nontrivial solutions via variational method, where m > j, both m and j are

integers. The concentration-compactness principle allows to prove the Palais-Smale condition

is satisfied below a certain level.

Key words: Heisenberg group; p-sub-Laplacian; Concentration-compactness principle; Palais-

Smale condition; Multiplicity.
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