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Abstract

This paper extends B-convergence and D-convergence to a class of variable retarded dif-

ferential algebraic equations and puts forward DA-convergence. Furthermore, DA-convergence

of the problem is discussed and its error estimation is given. Finally, it is proved that a One-

Leg method with linear interpolation procedure is DA-convergent of order p if it is G-stable

and consistent of order p for ordinary differential equations and βk
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> 0,here p=1 or 2.
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|� 2008 n8XN�9�X=j. w&)�ÆPE� (� [1-7]) G�-AX0%R!9%$}"H5(`Qi,, J�_ET4m)�GRM9FCa(`Q1Z (� [2,3]) y'U���-9H5.�E4m1ZQnA 1 '
9��-AX0%R!, 4'Q K
(A)
α,β,γ H5A, � B-  M{ D-  M9_o=q6Q��-AX0%R!H5A K

(A)
α,β,γ, f'Q DA-  M9Cu, 1ZQ]H5A9 DA-  Ma, �f'QX{9L�m�. �Ed, J_�%$�ll�Q�E94m!Z.

2. OXVTK K
(A)
α,β,γ� 〈., .〉 �9� CM /9k�, ‖.‖��]k�5'9P%,5YQS��-AX0%R!











x′(t) = f(x(t), x(t − τ(t)), y(t)), t > 0,

0 = g(x(t), x(t − τ(t)), y(t)), t > 0,

x(t) = ϕ(t), y(t) = ψ(t), −τ1 ≤ t ≤ 0.

(2.1)�G 0 < τ0 ≤ τ(t) ≤ τ1; ϕ : [−τ1, 0] → CM , ψ : [−τ1, 0] → CN �q#9$Xp�9y%y\=X�9� 0 = g(ϕ(0), ϕ(−τ(0)), ψ(0)); f : CM × CM × CN → CM { g : CM × CM ×

CN → CN �$Xp�9~�; h8	-� ∂g

∂y
�"9T�k,��$m-�, y g X�G

x(t), x(t − τ(t)), y(t) 9s5%9P%�"9T�k�$yD�F-]. �
L1 = sup ‖(

∂g(x, u, y)

∂y
)−1‖, L2 = sup ‖

∂g(x, u, y)

∂x
‖, L3 = sup ‖

∂g(x, u, y)

∂u
‖.�G9
�$�G.� x, u ∈ CM , y ∈ CN ?�9, y�� L1, L2, L3 �/��F-]9�%.*?, (n��� f \=QS9�

Re〈x1 − x2, f(x1, u1, y) − f(x2, u2, y)〉 ≤ α‖x1 − x2‖
2 + β‖u1 − u2‖

2,

x1, x2, u1, u2 ∈ CM , y ∈ CN ;
(2.2)

‖f(x, u, y1) − f(x, u, y2)‖ ≤ γ‖y1 − y2‖, x, u ∈ CM , y1, y2 ∈ CN . (2.3)�G α, β, γ D��%. �\=
$9�9nx%$H5 (2.1) .l 9H5A�D K
(A)
α,β,γ .�h8	-� ∂g

∂y
�"9T�k,��$m-�Æyy%CD8# (2.1) /=K��Cn"

y(t) = G(x(t), x(t − τ(t))), t ≥ 0. (2.4)��, 886QS709�R!










x′(t) = f(x(t), x(t − τ(t)), G(x(t), x(t − τ(t)))), t > 0,

x(t) = ϕ(t), −τ1 ≤ t ≤ 0,

G(x(t), x(t − τ(t)))) = ψ(t), −τ1 ≤ t ≤ 0.

(2.5)S�, (2.1) � 1 '
9�-AX0%R!. �yy%CD, J_�
‖Gx(x, u)‖ = ‖ − (

∂g(x, u, y)

∂y
)−1 · (

∂g(x, u, y)

∂x
)‖ ≤ L1L2; (2.6)

‖Gu(x, u)‖ = ‖ − (
∂g(x, u, y)

∂y
)−1 · (

∂g(x, u, y)

∂u
)‖ ≤ L1L3. (2.7)
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3. AbEDB DA- QMYG��-AX0%R! (2.1) {� k �2!RM (ρ, σ), J_�QSc�:

{

ρ(E)xn = hf(σ(E)xn, x̄n, σ(E)yn), n ≥ 0,

0 = g(σ(E)xn, x̄n, σ(E)yn), n ≥ 0.
(3.1)�G h ���, x̄n � x(σ(E)tn − τ(σ(E)tn)) 9�)$, /8I� {xj}j≤n+k 9$�? t =

σ(E)tn − τ(σ(E)tn) )(`e29�$�8,ρ(x) =

k
∑

j=0

αjx
j�σ(x) =

k
∑

j=0

βjx
j �� IZ��/_��O%y�
9, \= ρ(1) = 0, ρ′(1) = σ(1) = 1.� Dahlquist 9U*aCD, J_8G x̄n (`Va�$. W τ0 = (m̄ − δ̄)h, τ1 = (m −

δ)h, τ(σ(E)tn) = (mn − δn)h,m̄,m,mn ���%,δ̄, δ, δn ∈ [0, 1), S�, J_� m̄ ≤ mn ≤ m.J_Cu
{

x̄n = δnσ(E)xn−mn+1 + (1 − δn)σ(E)xn−mn
, σ(E)tn − τ(σ(E)tn) ≥ 0,

x̄n = ϕ(σ(E)tn − τ(σ(E)tn)), σ(E)tn − τ(σ(E)tn) ≤ 0.
(3.2)�G4 l ≤ 0 �, xl = ϕ(lh).� (2.4) Æ (3.1) 9=K�, J_�

G(σ(E)xn, x̄n) = σ(E)yn, n ≥ 0. (3.3)0	 (3.1) 9=n�88
ρ(E)xn = hf(σ(E)xn, x̄n, G(σ(E)xn , x̄n)), n ≥ 0, (3.4)

x̄n =

{

δnσ(E)xn−mn+1 + (1 − δn)σ(E)xn−mn
, σ(E)tn − τ(σ(E)tn) ≥ 0,

ϕ(σ(E)tn − τ(σ(E)tn)), σ(E)tn − τ(σ(E)tn) ≤ 0.
(3.5)�G4 l ≤ 0 �, xl = ϕ(lh).Q`~� x(t), y(t) D (2.1) 9�"y/��E.cm�69e�Le5%, \=

‖
dix(t)

dti
‖ ≤Mi, ‖

diy(t)

dti
‖ ≤ M̄i.U�ET [8,9] J_��QCu.C] 3.1. /�$v! (3.2) 92!RM (3.1) �D� p � DA-  M9, �t�]RM+%�$ x0, x1, ..., xk−1, y0, y1, ..., yk−1 'L, �C�� h }"%$H5 (2.1), .869�)dS {xn}, {yn} 9�7L��QSm�:

‖x(tn) − xn‖ ≤ C1(tn)(hp + max
0≤i≤k−1

‖x(ti) − xi‖

+ max
0≤i≤k−1

‖y(ti) − yi‖), n ≥ k, h ∈ (0, h0],
(3.6)

‖σ(E)(y(tn) − yn)‖ ≤ C2(tn)(hp + max
0≤i≤k−1

‖x(ti) − xi‖

+ max
0≤i≤k−1

‖y(ti) − yi‖), n ≥ k, h ∈ (0, h0],
(3.7)
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|� 2008 n�G C1(tn), C2(tn), h0 'p@�RM, e_5%$ Mi, M̄i, α, β, γ, τ1, τ0 Æ Li(i = 1, 2, 3).Q`J_1ZRM9 DA-  Ma. �QE9�a/, �% const Q'�$�P, y'p@�RM, e_5%$ Mi, M̄i, α, β, γ, τ1, τ0 Æ Li(i = 1, 2, 3).G�f9 k × k �G��C-� G = [Gij ], Cu�9� Ck×M /9P% ‖ · ‖G �Q:

‖U‖G = (
k

∑

i,j=1

gij〈ui, uj〉)
1

2 , ∀U = (uT
1 , u

T
2 , ..., u

T
k )T ∈ Ck×M .J_�C

x̂n = x(tn) + c1h
2x′′(tn), (3.8)

X̄n = x(σ(E)tn − τ(σ(E)tn)). (3.9)�,� en ∈ CM , �8
ρ(E)x̂n + αken = hf(σ(E)x̂n + βken, X̄n, G(σ(E)x̂n + βken, X̄n)), n = 0, 1, 2, .... (3.10)^L 3.1. �t2!RM (ρ, σ) �*@suQ� p ≤ 2 �X�9y βk

αk

> 0�g],��% const1 { h1 ≤ 1, /_'p@�RM, e_5%$Mi, M̄i, α, β, γ, τ1, τ0 Æ Li(i = 1, 2, 3),�8
‖en‖ ≤ const1h

p+1, h ∈ (0, h1], n = 0, 1, 2, .... (3.11)aN. �T�
x(σ(E)tn) =

k−1
∑

j=0

(βj −
βk

αk

αj)x̂n+j+
βk

αk

hx′(σ(E)tn) +R
(n)
1 (3.12)

ρ(E)x̂n = hx′(σ(E)tn) +R
(n)
2 .G (3.12)Taylor �4�G	O%, W

c1 = −
1

2

k−1
∑

j=0

(βj −
βk

αk

αj)j
2 −

βk

αk

k
∑

j=0

jβj +
1

2
(

k
∑

j=0

jβj)
2, (3.13)��

‖R
(n)
1 ‖ ≤ const · h3.!}2!RM p �X�9�, ;D8='

‖R
(n)
2 ‖ ≤ const · hp+1.�� (3.10) { (3.12), J_�

‖x(σ(E)tn) − σ(E)x̂n − βken‖
2

= Re〈x(σ(E)tn) − σ(E)x̂n − βken,
βk

αk

h[f(σ(E)xn, x(σ(E)tn − τ(σ(E)tn)), G(σ(E)xn,

x(σ(E)tn − τ(σ(E)tn)))) − f(σ(E)x̂n + βken, X̄n, G(σ(E)x̂n + βken, X̄n))] +R
(n)
1 〉

≤
βk

αk

h(α+ γL1L2)‖x(σ(E)tn) − σ(E)x̂n − βken‖
2

+‖R
(n)
1 ‖ · ‖x(σ(E)tn) − σ(E)x̂n − βken‖.
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�
h1 =







1, α+ γL1L2 ≤ 0,

min{1,
αk

2βk(α+ γL1L2)
}, α+ γL1L2 > 0,��

‖x(σ(E)tn) − σ(E)x̂n − βken‖ ≤ 2‖R
(n)
1 ‖, h ∈ (0, h1]. (3.14)���

‖h[x′(σ(E)tn) − f(σ(E)x̂n + βken, X̄n, G(σ(E)x̂n + βken, X̄n))]‖

≤
3αk

βk

‖R
(n)
1 ‖, h ∈ (0, h1].VnR`,

αken = hf(σ(E)x̂n + βken, X̄n, G(σ(E)x̂n + βken, X̄n)) − hx′(σ(E)tn) −R
(n)
2 .w*,

‖en‖ ≤
3

|βk|
‖R

(n)
1 ‖ +

1

|αk|
‖R

(n)
2 ‖ ≤ const1h

p+1, h ∈ (0, h1].xD 3.1 �a@
.�
εn = ((xn − x̂n)T , (xn+1 − x̂n+1)

T , ..., (xn+k−1 − x̂n+k−1)
T )T ∈ Ck×M .A)�E [9] /CD 3.1 9�a, J_�QSxD:^L 3.2. �t2!RM (ρ, σ) o��G�-� G � G- FC9 (cf. [10]), g]

‖εn+1‖
2
G ≤ ‖ε0‖

2
G + h

n
∑

i=0

[‖εi‖
2
G + 2c2(1 + h)‖σ(E)(xi − x̂i)‖

2

+(2β + γL1L3)(1 + h)‖x̄i − X̄i‖
2 + (1 + h)(2c2β

2
k + h−2λ1)‖ei‖

2]

n = 0, 1, 2, ....

(3.15)�G, c2 = max{0, (2α+ 2γL1L2 + γL1L3)}, λ1 Æ�-� G 9>-3�$.^L 3.3. ,�'p@�RM, �X5%$Æ τ0, τ1 9�% const2 { h2, 4 h ∈ (0, h2] �,�QS�;� J:

n
∑

i=0

‖x̄i − X̄i‖
2 ≤ const2(k + 1)

n+k−1
∑

i=0

‖xi − x̂i‖
2 + const2(n+ 1)(mc21M

2
2 + 1)h4. (3.16)aN. � (3.2) { (3.9), J_�

‖x̄i − X̄i‖ = ‖x̄i − x(σ(E)ti − τ(σ(E)ti))‖

≤ δi

k
∑

j=0

|βj | · ‖xi−mi+1+j − x̂i−mi+1+j‖ + (1 − δi)
k

∑

j=0

|βj | · ‖xi−mi+j − x̂i−mi+j‖

+‖δi

k
∑

j=0

βj x̂i−mi+1+j + (1 − δi)
k

∑

j=0

βj x̂i−mi+j − x(σ(E)ti − τ(σ(E)ti))‖.
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|� 2008 n:v Taylor �4, J_�
k

∑

j=0

βj x̂i−mi+1+j ≤

k
∑

j=0

βjx(ti−mi+1+j) + const · h2

≤

k
∑

j=0

βj [x(ti) + (j −mi + 1)h · x′(ti)] + const · h2

≤ x(ti) + [(1 −mi) +

k
∑

j=0

jβj ]x
′(ti)h+ const · h2;

k
∑

j=0

βj x̂i−mi+j ≤

k
∑

j=0

βjx(ti−mi+j) + const · h2

≤ x(ti) + [−mi +

k
∑

j=0

jβj]x
′(ti)h+ const · h2;

x(σ(E)ti − τ(σ(E)ti)) = x(ti + h

k
∑

j=0

jβj − τ(σ(E)ti))

= x(ti) + x′(ti)[h
k

∑

j=0

jβj − τ(σ(E)ti))] +O(h2)

= x(ti) + x′(ti)h[
k

∑

j=0

jβj − (mi − δi)] +O(h2).� h2 = min{h1,
τ0

2 }, �4 h ∈ (0, h2] �, � 2 ≤ m̄ ≤ mi ≤ m. w*, <
XN88
‖x̄i − X̄i‖

2 ≤ const2[

k−mi+1
∑

j=−mi

‖xi+j − x̂i+j‖
2 + h4]

≤ const2[

k−1
∑

j=0

‖xi+j − x̂i+j‖
2 + (mc21M

2
2 + 1)h4]

≤ const2[

i+k−1
∑

j=0

‖xj − x̂j‖
2 + (mc21M

2
2 + 1)h4],

(3.17)

+J�
n

∑

i=0

‖x̄i − X̄i‖
2 ≤ const2(k + 1)

n+k−1
∑

i=0

‖xi − x̂i‖
2 + const2(n+ 1)(mc21M

2
2 + 1)h4.�G const2 'p@�RM, e_5%$ Mi, τ1, τ0. xD 3.3 �a@
.CL 3.1. �t G- FC92!RM (ρ, σ) G��AXR!%$H5�*@suQ�

p �X�9, y� βk

αk

> 0, g]/��$v! (3.2) 92!RM� p � DA-  M9, �G
k ≥ 1, p = 1 � 2.aN. � Cauchy �;�, J_�

n
∑

i=0

‖σ(E)(xi − x̂i)‖
2

≤ (k + 1)
k

∑

j=0

β2
j

n+k−1
∑

i=0

‖xi − x̂i‖
2 + (k + 1)β2

k‖xn+k − x̂n+k‖
2.

(3.18)
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‖εn+1‖

2
G ≥ λ2‖xn+k − x̂n+k‖

2, (3.19)

‖εi‖
2
G ≤ λ1

k−1
∑

j=0

‖xi+j − x̂i+j‖
2, (3.20)

n
∑

i=0

‖εi‖
2
G ≤ λ1k

n+k−1
∑

i=0

‖xi − x̂i‖
2, (3.21)h.xD 3.1 {xD 3.2, J_�

‖εn+1‖
2
G ≤ ‖ε0‖

2
G + h

n
∑

i=0

[‖εi‖
2
G + 4c2‖σ(E)(xi − x̂i)‖

2

+2(2β + γL1L3)‖x̄i − X̄i‖
2 + 2(2c2β

2
k + h−2λ1) · const

2
1 · h

2(p+1)], h ∈ (0, h1].

(3.22)!}xD 3.3 Æ
$XN, r8
‖xn+k − x̂n+k‖

2 ≤ const3 · h
2p + const4 ·

k−1
∑

i=0

‖xi − x̂i‖
2

+const5 · h

n+k−1
∑

i=0

‖xi − x̂i‖
2, h ∈ (0, h0],

(3.23)v/,

h0 =

{

h2, c2 = 0,

min{h2,
λ2

8c2(k+1)β2

k

}, c2 6= 0.�G const3, const4, const5, h0�'p@�RM,e_5%$Mi, M̄i, α, β, γ, τ1, τ0, Li(i = 1, 2, 3)Æ λ1, λ2 9�$�P.h.C�9 Bellman �;�, J_�
‖xn+k−x̂n+k‖

2≤(const3 · h
2p+k · const4 max

0≤i≤k−1
‖xi − x̂i‖

2) exp[const5 · (n+k)h], h∈(0, h0].

(3.24)!} (3.8) ��
‖xn+k − x(tn+k)‖ ≤ ‖xn+k − x̂n+k‖ + ‖x̂n+k − x(tn+k)‖

≤ C1(tn+k)(hp + max
0≤i≤k−1

‖xi − x(ti)‖), h ∈ (0, h0].
(3.25)Q`1Z y XP9L�m�. W

τ(tn + jh) = τ(tn) + ljh.� (2.4) #
σ(E)y(tn) = σ(E)G(x(tn), x(tn − τ(tn)))

=
k

∑

j=0

βjG(x(tn + jh), x(tn − τ(tn) + (j − lj)h))

=
k

∑

j=0

βjG(x(tn) + jhx′(tn) +O(h2), x(tn − τ(tn)) + (j − lj)hx
′(tn) +O(h2)).
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G(σ(E)x(tn), σ(E)x(tn − τ(tn)))

= G(x(tn) +
k

∑

j=0

βj(x
′(tn) · jh+O(h2)), x(tn − τ(tn))

+
k

∑

j=0

βj(x
′(tn − τ(tn)) · (j − lj)h+O(h2))).�
O�X�� (x(tn), x(tn − τ(tn))) )GK�y% G(x, u)Taylor �4�, J_�

σ(E)y(tn) = G(σ(E)x(tn), σ(E)x(tn − τ(tn))) +O(hp). (3.26)�/$CDÆyy%a,, J_�
‖G(u1, v1) −G(u2, v2)‖ ≤ L1L2‖u1 − u2‖ + L1L3‖v1 − v2‖, u1, u2, v1, v2 ∈ CM . (3.27)�

σ(E)yn = G(σ(E)xn, x̄n), n ≥ 0.��, J_�r86
‖σ(E)(y(tn) − yn)‖ ≤ C2(tn)(hp + max

0≤i≤k−1
‖x(ti) − xi‖), n ≥ k, h ∈ (0, h0].w*, ]RM� p(p = 1, 2) � DA-  M9. CD 3.1 �a@
.

4. RcP[X��/Va�$9K�\�AXk� (��D BDF), /?k� (��D MPF) {y�q>M (��D IEM) �C�� h > 0 }"QS�lH5:










x′ = −4x(t) + x(t− arctan(t)) · y(t), 1 ≤ t ≤ 6;

0 = e3arctan(t) · x(t) · y(t) − e−3t, 1 ≤ t ≤ 6;

x(t) = e−3t, y(t) = e−3arctan(t), t ≤ 1.vCn�"D x(t) = e−3t, y(t) = e−3arctan(t),�l!t/ errx, erryX�Æ�"dS {xn}, {yn}9�72GL�. �lH59%$�*!t�Q:
Y�� 1(�� � 8 3 H M �
h T=6 MPF BDF2 IEM

0.1 errx 3.673e-0010 1.0671e-009 1.0187e-008

erry 3.6449e-004 1.100e-003 5.900e-003

0.01 errx 3.4450e-0012 1.7724e-0011 6.2218e-0010

erry 3.3358e-006 1.7138e-005 5.7863e-004

0.001 errx 3.4722e-0014 2.7984e-0012 5.9833e-0011

erry 3.3515e-008 2.7007e-006 5.7528e-005%$�l!tÆa�E!Z���9.e. �E9!ZÆ�a8t`=q6x�Ud��-9AX0%R!9|<, U�r[�E��V?f'.
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