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Abstract

Elliptic functions are a special kind of double period complex functions and are used in

engineering widely, especially in nonlinear problems. Many elliptic functions in engineering

problems are second order elliptic functions, and many complicated elliptic functions are

found to be obtained from second order elliptic functions. The most familiar second order

elliptic functions include Jacobi elliptic functions and Weierstrass elliptic functions. They

can be expressed as power series expansion, directly calculating is inconvenient. One of the

most important properties of elliptic functions is the additional theorem, so that the method

of precise integration can be invoked. Although the precise integration method of elliptic
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functions has achieved many successes in precision and efficiency, but the singularity problem

is still a big enemy of precision. The precise integration method of Jacobi elliptic function is

reviewed first. The approximate formulae of removable singularity are educed after analyzing

of the singularity. Then the improved precise integration method is presented based on those

formulae and analyses.

Keywords: Precise integration method, Jacobi elliptic function, double periods, singu-

larity, Removable Singularity
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1. ����p,>�a�7b`neEII��	d�a [1−4], ��a-BfA3$H6O!{;	&, C� Matlab�Maple H IMSL f!{�W�	neEIdf5. UY,>�d��'�ad�l'O�U;K}T�dSy\�yd:�, S~SI*:pWd,>�a, }T�dSy\�s':�K!. neEIp��'�a�x�C��GL4�neEId!��sT�=0��:d.�
`�� (PIM) C�	&K2) �id2x`��a, &�bKR`mT]�yd!�y�?. �
`��W 2 %:m: 1) jO 2N =T� [5−7]: 2) ��DD�puI', �)=�I. 	&2) �i�O, '��Q���:�dJOY�	~Z�a, neEId�
`�T��=~��> [8]. fAAOneEIdu�s>, �
`��<.dJOYH=��neEIdI��	. \~Z!{\T���, p�y\Sy'YbK�Sdjz [8,9]. �~Æ>,��K9�'T��yd�m�a, &(CKI>neEI�md-%T�.

2. Jacobi v	Po=`}UIrDj�= Legendre ne`�-BsEx [1]

u =

∫ Z

0

dξ
√

(1 − ξ2)(1 − m2
oξ

2)
, (2.1)

Jacobi neEI sn(u, mo) = z sExj�= Legendre ne`�d	EI. RpH%[�
Jacobi neEI�%sEx

cnu =
√

1 − sn2u =
√

1 − z2, dnu =
√

1 − m2
osn

2u =
√

1 − m2
oz

2, (2.2)1I mo :xfI. |"% Jacobi neEI=�K (holonormic) EI, ~aiIv'8�%x [1,2]

sn(u, mo) = u − (1 + m2
o)u

3
/

3! + (1 + 14m2
o + m4

o)u
5
/

5! − · · ·
cn(u, mo) = 1 − u2

/

2 + (1 + 4m2
o)u

4
/

4! − (1 + 44m2
o + 16m4

o)u
6
/

6! − · · ·
dn(u, mo) = 1 − m2

ou
2
/

2 + (4m2
o + m4

o)u
4
/

4! − (16m2
o + 44m4

o + m6
o)u

6
/

6! − · · ·
(2.3)
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Jacobi neEIWu�s> [1]

sn(u + v, mo) =
sn(u, mo) · cn(v, mo) · dn(v, mo) + sn(v, mo) · cn(u, mo) · dn(u, mo)

1 − m2
osn

2(u, mo)sn2(v, mo)
,

cn(u + v, mo) =
cn(u, mo) · cn(v, mo) − sn(u, mo) · dn(u, mo) · sn(v, mo) · dn(v, mo)

1 − m2
osn

2(u, mo)sn2(v, mo)
,

dn(u + v, mo) =
dn(u, mo) · dn(v, mo) − m2

osn(u, mo) · cn(u, mo) · sn(v, mo) · cn(v, mo)

1 − m2
osn

2(u, mo)sn2(v, mo)
.

(2.4)] u = v 2
sn(2u, mo) =

2sn(u, mo) · cn(u, mo) · dn(u, mo)

1 − m2
osn

4(u, mo)
,

cn(2u, mo) =
cn2(u, mo) − sn2(u, mo) · dn2(u, mo)

1 − m2
osn

4(u, mo)
,

dn(2u, mo) =
dn2(u, mo) − m2

osn
2(u, mo) · cn2(u, mo)

1 − m2
osn

4(u, mo)
.

(2.5)xKÆ%I�`�,I >%�d0x,8,px�η. Y=6->�Mf,8d0xx$x
u0 = 0 , u1 = η , uk = kη, · · · , u2L = 2Lη = u. (2.6)w+|"% Jacobi neEI|Y η md�wA��b, l\fAAOu�s> (2.4) �-��d�CEI|Y u md�. GL, d�a x�	 Jacobi neEIp η md�. S

τ = η/m, m = 2N , (2.7)UY η �;=)Sd0xÆ|, t τ = η/m |=�7�d>%0xÆ|K. GL}Y0xÆ| τ , W:

sn τ ≈ τ − 1

3!

(

1 + m2
o

)

τ3 +
1

5!

(

1 + 14m2
o + m4

o

)

τ5 = S1,

cnτ ≈ 1 − 1

2!
τ2 +

1

4!

(

1 + 4m2
o

)

τ4 − 1

6!

(

1 + 44m2
o + 16m4

o

)

τ6 = 1 + C1,

dnτ ≈ 1 − 1

2!
m2

oτ
2 +

1

4!

(

4m2
o + m4

o

)

τ4 − 1

6!

(

16m2
o + 44m4

o + m6
o

)

τ6 = 1 + D1.

(2.8)G τ K�, aiI 4 �v'JB+4. p'8� S1, C1 H D1 �}YY| 1 =�7�dI.GLpmTA>��8�:d>m=I�dPH�p= (2.8) 8�d S1, C1 H D1, �)=
1 + C1, 1 + D1. Gx C1, D1 K�, ][_\Y| 1 �u2, �X<xzI, pmT]d) 2.�, ~�y|#/V�. S1, C1 H D1 �=uI [5,7]. |�=B'``d�
`��dj�%:m.� (2.8) 8W (2.5) 8, &S sn v = Si -Bb`:

sn (2v) = FS(Si) =
2Si (1 + Ci) (1 + Di)

1 − m2
oS

4
i

= S2i,

cn (2v) = 1 + FC(Ci) = 1 +
k2S4

i + 2Ci + C2
i − S2

i (1 + Di)
2

1 − m2
oS

4
i

= 1 + C2i,

dn (2v) = 1 + FD(Di) = 1 +
m2

oS
4
i + 2Di + D2

i − m2
oS

2
i (1 + Ci)

2

1 − m2
oS

4
i

= 1 + D2i.

(2.9)



254 J�nU]nU^KP 2008 qGL, fA (2.9) 8�-b` Sm, Cm H Dm, O��b sn(η), cn(η) H dn(η) . |8dmT>2*:�% N N, ���W Si, Ci H Di (i = 20, 21, . . . , 2N ) �mT&P oP. (2.9) 8d NNmT�]Y>�_$:

for(iter = 0; iter <N ; iter + +)

{i = 2iter ; S2i= FS(Si); C2i= FC(Ci); D2i= FD(Di); }
(2.10)]B'_$d1S�HO, o�%

sn(mτ) = sn(η) = Sm

cn(mτ) = cn(η) = 1 + Cm

dn(mτ) = dn(η) = 1 + Dm

(2.11)�-. UY N NqWO Sm, Cm H Dm A)o=K�dIK, |%u�A]W3�d) �4K [5,7]. B'�= Jacobi neEId�
`�T�. Weierstrass neEI<W=Qd�
`�T�, UYw�8�|@�)o(C.

3. Jacobi v	Po=k?9dGD
Jacobi neEIPp�m, p>!^Em<W(s�. p�m��EI�X
Y�
S,GL76-�S�4. :Æ>,�ÆneEId�
`�T�, �*:�$�mId�4. �?fI m2

o < 1, tW
K =

∫ 1

0

[(1 − t2)(1 − m2
ot

2)]
−1/2

dt, (3.1)fI mo W(@fI m′

o, [_W8� m2
o + m′

o
2

= 1. h2
K ′ =

∫ 1

0

[(1 − t2)(1 − m′

o
2
t2)]−1/2dt, (3.2)

JacobineEId 2%�|�=U K, K ′ ;$:d. fAAOneEIdL�|'�, -|�D��neEI R`�Ddmd��@c. (3.1), (3.2) H8-BAOiIv'ZI�`�b`, [�y)!. 4q'p-BOAGK6d	ZEI (Theta) ;mT mo dEI K, K ′[1].UY	ZEIAGK6, YB-B6Sb`�yK!d�?. p( I u d�yc', JacobineEI sn(u, mo), cn(u, mo), dn(u, mo) �%W�|dy%P�$��. C� sn(u, mo) dy%P�$dP%~mx
[0, 4K, 4K + i2K ′, i2K ′], (3.3)~�m u = iK ′ \ u = 2K + iK ′ x sn(u, mo) dYiZ< (Laurent) �m. p�m��K�O`o, ��I�mTd�y)G. J|Z<iId�F.�2E�<x-��m, �-O�uBmT.p>!^Em, sn(u, mo), cn(u, mo), dn(u, mo) d�=A�d

sn(iK ′/2, mo) = i/
√

mo, cn(iK ′/2, mo) =
√

1 + m−1
o , dn(iK ′/2, mo) =

√
1 + mo, (3.4)



4 } 9~ g: ofFJe�Æa� �U� 255|)=|!EId�m. [T*:p u = iK ′/2 ��. Taylor iIv'. * Taylor iIv'd08, *:|!EId'�u&. |-Ou&08
d[sn(u)]/du = cn(u) · dn(u),

d[cn(u)]/du = −sn(u) · dn(u),

d[dn(u)]/du = −m2
osn(u) · cn(u)

(3.5)_C'�u&, O�b`p u = iK ′/2 ��d Taylor v'8.jOu�08 sn(2u, mo) = [2sn(u, mo) · cn(u, mo) · dn(u, mo)]
/

[1 − m2
osn

4(u, mo)], h�
u = iK ′ =�m. p u = iK ′ ��-| sn(u, mo), cn(u, mo), dn(u, mo) d Taylor iIv'8W , &|�F.�z�, .�d�=-��md� EI.p u = v = i(τ + K ′/2) ��W:

sn(iτ + iK ′/2, mo) = i
/√

mo + iτ · cn(iK ′/2, mo) · dn(iK ′/2, mo) + O(iτ2)

= i
/√

mo[1 + τ · (1 + mo)] + O(iτ2),

cn(iτ + iK ′/2, mo) =
√

1 + m−1
o − iτ · sn(iK ′/2, mo) · dn(iK ′/2, mo) + O(iτ2)

=
√

1 + m−1
o [1 + τ ] + O(iτ2),

dn(iτ + iK ′/2, mo) =
√

1 + mo − m2
o · iτ · sn(iK ′/2, mo) · cn(iK ′/2, mo) + O(iτ2)

=
√

1 + mo[1 + τ · mo] + O(iτ2),

(3.6)

� (3.6) U (2.4), AOu�08&�>-Bb`
sn(2(iτ + iK ′/2), mo)

=
2sn(iτ + iK ′/2, mo) · cn(iτ + iK ′/2, mo) · dn(iτ + iK ′/2, mo)

1 − m2
osn

4(iτ + iK ′/2, mo)

≈ −2(1 + mo)i

τmo
· 1

4(1 + mo)
· 1 + a1τ + b1τ

2 + c1τ
3

1 + a0τ + b0τ2 + c0τ3

= − i

2τmo
− i

(a1 − a0) + (b1 − b0)τ + (c1 − c0)τ
2

2mo(1 + a0τ + b0τ2 + c0τ3)
.

(3.7)

'8�
a1 = 2 + 2mo; db1 = m2

o + 3mo + 1; c1 = mo(1 + mo);

a0 = 3(1 + mo)/2; b0 = (1 + mo)
2; c0 = (1 + mo)

3/4.h>-B�b
cn(2(iτ + iK ′/2), mo)

=
cn2(iτ + iK ′/2, mo) − sn2(iτ + iK ′/2, mo)dn2(iτ + iK ′/2, mo)

1 − m2
osn

4(iτ + iK ′/2, mo)

≈ − 1

2τmo
− (a2 − a0) + (b2 − b0)τ + (c2 − c0)τ

2

2mo(1 + a0τ + b0τ2 + c0τ3)
.

(3.8)~�
a2 = 2 + 2mo; b2 = 1 + 3mo + 3m2

o; c2 = mo(1 + mo)(1 + 2mo);

a0 = 3(1 + mo)/2; b0 = (1 + mo)
2; c0 = (1 + mo)

3/4.
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dn(2(iτ + iK ′/2), mo)

=
dn2(iτ + iK ′/2, mo) − m2

osn
2(iτ + iK ′/2, mo)cn

2(iτ + iK ′/2, mo)

1 − m2
osn

4(iτ + iK ′/2, mo)

≈ − 1

2τ
− (a3 − a0) + (b3 − b0)τ + (c3 − c0)τ

2

2(1 + a0τ + b0τ2 + c0τ3)
.

(3.9)~�
a3 = 2 + 2mo; b3 = 3 + 3mo + m2

o; c3 = mo(1 + mo)(2 + mo);

a0 = 3(1 + mo)/2; b0 = (1 + mo)
2; c0 = (1 + mo)

3/4
.8 (3.7)-(3.9) hx Jacobi neEId-��m08, ] τ → 0 d2N-BOB'08mTcmd�.

Jacobi neEIPpB�dMf8:

sn2u + cn2u = 1, dn2u + m2
osn

2u = 1. (3.10)| (3.7)-(3.9) 8U (3.10) 8hb`�mIdMf8d�:

sn2u + cn2u |Singularity = 0 ; dn2u + m2
osn

2u |Singularity = 0, (3.11)�_��p�mIMf8b�U 1  x 0, [��=W��.Gxph!4qJO�, -p�-EIpjT2�m.��Ph�d�8, O��.�A��mdEI. G�m_H�	neEI-��md=>�KWDEd,.. fAI -��m08, dWneEId�
`�T�-Bb`�Æ, p�m��-.sAO-��m08GCA��mdEI�.[p4qmT��JtsJ��8�*:6O-��m08 (3.7)-(3.9) }EI�Æ%)�n�]EI+��m2I��XgSvx, I�mTY6-d�4<X2SuS, O���[+Mf8 (3.10), (3.11) d:�. �~0Odts@ �=|I��?U Mf8YbCd�}�4. Jacob i neEId�mH�|�$ 1 Y: [1]:3 1 Jacobi u�On<V>�f>Q
jH5FJ �n (dn) Qn �}
sn u iK′ , 2K + iK′ 0, 2K 4K, 2iK′

cn u iK′ , 2K + iK′ K, 3K 4K, 2K + 2iK′

dnu iK′ , 3iK′ K + iK, K + 3iK 2K, 4iK′O$ 1)m)C|"% JacobineEId�md�+NW�hd<W',w|Y 2nK +

(2m+1)iK ′, m, n ∈ Z. )/>Æ', �_*V|Yj>����DdmdY|��, L2Pp|Y iK ′ d�m. AO{.-��mI>d�
`�T�mT�m��dEI�, &U Mf8 (3.10) �C,S�}�4. �m���4uuK6, A��[+L�yd�4:�, �~d1Æ�y0Od= 1× 10−8 H 1× 10−10. 4qmTbC, �?*:�}�4[+ 1× 10−10Ii, l\:pB�mx�#, B 5
1000K ′ x��deo0O-��m08; �?�*:[+

1×10−8 dIi, l\�*:p�mx�#,B 5
10000K ′ x��deo0O-��m08h-.k 1 (CK m2

o = 0.5 2, +�'�m iK ′ = 1.85407i ��{.�mI>d�
`�T�b



4 } 9~ g: ofFJe�Æa� �U� 257Cd�}�4k, .x}�(CK IMSL 3EIbCd�}�4k. Ok�-B)C�mI>�*p+��md�
voÆ%h-, ��{.I>d�
`�T�p�m��d�y�
IMSL {"!CSh>%Ii (�D: k�d*/#=}I/#).

l 1 ��nJ�~�5�. �J#}$"d Weierstrass neEId�mw�+pY�P�$��d 4 %rm', ^%Y��D>%�m, /#dm= Weierstrass neEId>%�m. GLAO�|
(2ω, 2ω′) $:d Weierstrass neEI-��AO�|'R`�DdmdY�o, � Weier-

strass neEI�
`�T�duI.��G�=�JdA��m.� [8]. �AO) I
(g2, g3) $:d Weierstrass neEIUY�| (2ω, 2ω′) mB���C, )��I>, - R` Jacobi neEImT. �py`O) I (g2, g3) �	�|�d!�yI�T�, t-AO�|'��]O�Jd�
`�T�[BmT, |=Æ>,4�*:*Vd�a.

4. `}UIXrN8�bi�;=k?R9dGD�?pmT2��YX�bEI�|Y�m, l\�-BAO'~(Cd-��m08mT~A��mdEI�. }Y��mdmT,UY�
`�T�:�% N NpWjT, �%mTneEIp τ, 2τ, 22τ, · · · , 2Nτ md�, �?�� 2jτ (0 < j < N) |Y�mZKN��ml\X_
neEIp 2jτ md�C�
��
ZI�ASd�8, O�_
 2j+1τ md������b.�� JacobineEId�mH�|$ 1 )m��, 3 %[� Jacobi neEIph>��od�m�h, <�=OpmTA>�Xh2C�. UYneEId�
`�T�}|"[�neEI=h2mTd, YBpjT2<=h2rb�m. GL-pT��}�m�ai>



258 J�nU]nU^KP 2008 q)�.>ÆO; τ, 2τ w=�7�d�, )X+��m. w+Ab`K 2j−2τ, 2j−1τ d�, �pÆ% 2jτ dmT2��08 (2.4) d�i.�dfA�, Od 2jτ |Ycm��, t-U�M,�I>:

1) AO 2j−2τ, 2j−1τ �b' Jacobi neEIp (2j−2+2j−1)τ = 3 · 2j−2τ md�;

2) AOu�08�C 6 · 2j−2τ = 3 · 2j−2τ + 3 · 2j−2τ md�;

3) oAOu�08�C 8 · 2j−2τ = 6 · 2j−2τ + 2j−1τ = 2j+1τ .O�eA�m��djT.�c(CTCOdT��ÆOd�s'. JacobineEIp^%Y�oPp 2%�m,p+��mdÆ`=�Y= IMSL f5T=�
`��wX6-�4. �?p�0xQ�>%�$Æ` (−10−10i, 10−10i, 10+10i, −10+10i),]fI m2
o = 0.52,p�Æ`o"� JacobineEIwPp 10 �%q�dY�. p�Æ`o64�fx#�%. n d+�dy%�, h>6+�<.d4�dy%�. 0x�u�C (n + 1)× (n + 1) %m, |!mwJ[+Mf8

(3.10), -B�%mTC^%md�W (3.10) 8Ybd�}�4d,S�. X$ n duu,��mÆ`odm<Xuu, �}�4Sdm<Xu�. 	{B'T��ÆdW Jacobi neEIdT�, &HdWT�Be IMSL I/3EI�}�d�?�$ 2 Y:. (�: LTC�&{0O-��m08, 
p�
`�T��0OK��deA�mI>)3 2 J^S_|THqC<{@�A1 (m2
o

= 0.5)ne&J �~�5 > 10−12 ne&J -T�~�5
n × n  �U� -BU� IMSL  �U� -BU� IMSL

40401 2 19 8065 1.455902×10−12 1.025090×10−11 1.290573×10−9

160801 31 99 32319 1.455192×10−11 3.637979×10−11 7.805284×10−9

1002001 158 611 201695 7.275958×10−11 5.238690×10−10 2.393499×10−7

5. v	Po`}UIrD=m�FyR�M2[O�~dm_��_)m)C, YWdm_w=[YneEIdI/sE�{I w+.p�
`�T��, }Y Jacobi neEIdfI mo Be Weierstrass neEId) I
g2, g3 &]W..�
vd�Æ, YB�
`�T�-BmT�Dd��neEI. .x}�, p�$�(CKk%7O!{: Matlab�Mathematica�IMSLI/3H Maple }��neEIdmT
v\�yd}�.}Y��neEIdmT,|k7!{��WMaple-BH�
`�T�>8mTWeier-

strass neEIdI�	, ~Zw�pmT Jacobi neEI, �$ 3 Y::3 3 K7�lZAB\u�On<WqExU�e; �Æa� Matlab IMSL 4 Mathematica Maple

Jacobi ofFJ .nU .nU .nU .nU .nU
Weierstrass ofFJ .nU *.nU *.nU *.nU .nU$ 3 �dT�\!{=w-B} Jacobi neEIÆ%mT, [}YfI mo d.�
vH�?�WKS4%, �$ 4 Y:.



4 } 9~ g: ofFJe�Æa� �U� 2593 4 4tlZA Jacobi u�On<hnWqExgJ mo e�w m2
o

< 0 0 < m2
o

< 1 1 < m2
o

< ∞ mo ��Ja�Æa�� .nU .nU .nU .nU
Matlab � .nU � �
IMSL 4 *#� .nU .nU �
Mathematica .nU .nU .nU .nU
Maple *#� 1) .nU .nU .nU
1) Maple q m2

o
< 0 enU�@] Mathematica I�Æa�e�@��, 5/],/l^.OB'd$#)m)C, neEId�
`���~[7O!{WKSd?O
v.|@}YneEIdJO�>%yYdC&Od, ~ZJO-1*~� [1, 9].pe 1. VyYdY��a. �k 2 Y:, ��x m, �8x l. w+A72/Y�|Y,i{, A7Syx v0. �Y�dju=b.

l 2 Z
+�DuSyx g, dmx<pPm, fAm_-Bb`ju�>x
l2(

dθ

dt
)2 = v2

0 − 2gl(1 − cos θ), (5.1)YB
t = l

∫ θ

0

dθ
√

2g(a + l cos θ)
=

l
√

2
√

g(a + l)

∫ θ

0

d θ
2

√

1 − 2l
a+l sin2 θ

2

. (5.2)~� a = v2
0/2g − l, S z = sin(θ/2), m2

o = 2l/(a + l), c = m2
o

√

(a + l)/2g b`
t = c

∫

dz
√

(1 − z2)(1 − m2
oz

2)
. (5.3)� (5.3) 8d	EI�b` Jacobi neEI, 5Y�dju=b=OneEI;$:d. >Æ�8��~)` 90 y, l\

m2
o =

2l

a + l
=

4gl

v2
0

> 2, (5.4)L2 Matlab �A���Æ%mTK.�p4qd,>�a�fI mo x�IZ�Id�87WC�, L2AO�
`��	�-B6Sb`!�yd���?.
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6. ]g��w�~C�V6K Jacobi neEId�
`�T�, 
CK�
`�T�p�mI>.�'*:�Æ. Æ�AOneEId'�p�m��}neEIÆ%v', m_bCK JacobineEId-��m08. O��$K Jacobi neEId�
`�T�. pL[F'Æ>,��K�
`��pjTA>�D�mM��-p6-d�4, &(CK	&�
. fASIdTC
C, �ÆOdneEI�
`�T�W+Gd�s'H�y. �~T��Kj�7O`d'�,>!{}neEImTd?O
v, O�OdK�
`�T�)
!��s��TNWKGd?O
v, pmTneEIdAWT��!WKSR<.[TW.�O-,.*:r-, :

1. }AW!{dÆ>,��H}T�dÆ>,�Æ;

2. |�
`��JOY~[^EEId�	.6 a z ~
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