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Abstract

Elliptic functions are a special kind of double period complex functions and are used in
engineering widely, especially in nonlinear problems. Many elliptic functions in engineering
problems are second order elliptic functions, and many complicated elliptic functions are
found to be obtained from second order elliptic functions. The most familiar second order
elliptic functions include Jacobi elliptic functions and Weierstrass elliptic functions. They
can be expressed as power series expansion, directly calculating is inconvenient. One of the
most important properties of elliptic functions is the additional theorem, so that the method

of precise integration can be invoked. Although the precise integration method of elliptic
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functions has achieved many successes in precision and efficiency, but the singularity problem
is still a big enemy of precision. The precise integration method of Jacobi elliptic function is
reviewed first. The approximate formulae of removable singularity are educed after analyzing
of the singularity. Then the improved precise integration method is presented based on those
formulae and analyses.

Keywords: Precise integration method, Jacobi elliptic function, double periods, singu-

larity, Removable Singularity
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5528 Legendre A A4 AT L s XA

d¢

Z
= | T .

Jacobi iR G %L sn(u, m,) = z BN AHE 2 Legendre HiEFS KR EE. HIMPNEA
Jacobi 4 [ b6 20 53 1] & LA

enu = /1 —sn2u = /1 — 22, dnu = /1 — m2sn2u = \/1 — m222, (2.2)

SE mo FRNBEL X =A> Jacobi 4[5 b6 #5424l (holonormic) e %Y, HELEEIF X551
s 1.2)

sn(u,mo) =u — (1+m2)u? /3! + (1 + 14m2 + m2)u® /5! — - -
en(u,me) =1 —u?/2+ (1+4m2)u* /4! — (1 + 44m2 + 16m2)u’ /6! — - -- (2.3)
dn(u, me) =1 — m2u?/2 4+ (4m2 + mi)u* /4! — (16m?2 + 44m? + mS)us /6! — - - -
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Jacobi Bl b HA ik e 2 1

sn(u, m,) - en(v,my) - dn(v, my) + sn(v, m,) - cn(u, m,) - dn(u, m,)
1

sn(u 4 v, mo) = )

— m2sn?(u, me)sn?(v, m,)

en(u +wv,m,) = en(t, mo) - en(v, mo) — SDQ(“’;’%) -dn(uQ, my) - sn(v, m,) - dn(v, mo)7 (2.4)
1 —m2sn?(u, me)sn?(v, m,)
dn(u +v,m,) = Aot o) d0v, o) — mgin(g’m") 'Cnguymo) - sn(v, m,) - en(v, mo)
1- mosn (u7 mo)SI’l (’U, mo)
YMu=v It
sn(2u7 mo) = 2SD(U, mo) : Cn(u’ mo) ) dn(u, mo) )
1 —mZsn?(u, mo)
en?(u, mo) — sn?(u, m,) - dn®(u, m,)
2 o) = ? ) N , 0
cn(2u, m,) 1 — m2sni(u, my) (2.5)
dn(2u, m,) = CIIIQ(U,7 my) — szHQ(U, my) - Cn2(“7 M)

1 — m2sn*(u, m,)

AT #ATEER S, SIS, 1A 0. TR E—RFEDR 23 [H
A
w =0, wu=n, up==kn, -, us =2Fnp=nu. (2.6)

RBEX =A™ Jacobi MR EEALT n RHMEE LKA, WAL FIH M S (2.4) HalJi
TSR I R T v sUBME. N, JRBIAR A SR A Jacobi A [ B EAE 1 RIIME. 2

T=n/m, m =2V, (2.7)

BT n ARRAKRKZERKE, W 7 = n/m FRAHE/DNG—DERXBCT. KT 2300 X
B A

SHWT—l(1+m3)73+%(1+14m3+mﬁ)75=51,

3!
1 1 1

ent & 1= o7 4 5 (14 dmg) 78 — a0+ 44m2 +16m}) 0 =1+ Cy, (2.8)
1 1 1

dnt ~ 1 — —m27% + — (4m(2, + mﬁ) - = (16m(2, + 44m? + mg) % =1+ Dy.

21 ° 4l 6

W fRN, RERE 4 WURIFN L. 75 B Si, O F Dy AxEFRAL 1 ZAEH /MR

e T E R b B R E B — R BE T R RER (2.8) N HT S1, O Fl Dy, AR

1+ Ch, 14 D1 WA Ci, Dy AR/N, HEATS 8L 1 ARINN, B0 BEL ALK& A

R, R RIRR. S1, C1 fil Dy iR BT o DL E4R B ORIk 1 58
£ (2.8) AN (2.5) 5, IF4 snv = 5; ATLIGE:

_25;(1+C;) (1 + Dy)

sn (2v) = Fg(S;) T=mzst = Sai,
k284 4+ 2C; + C2 — S2 (1 + Dy)*
en(20) = 14 Fo(Cy) =14 50 F C;L_C%stl( D) ey, (2.9)

m2S4 +2D; + D2 —m252 (1 + C;)°
1 —m2S}

dn(2v) =14+ Fp(D;) =1+ =1+ Day;.



254 E-oql=Ry w=R=hn =X VA 2008 4

P, i (2.9) SXAEATRE] S, Co 1 Dy, MTTSRAF sn(n), en(n) Fl dn(n) . XEEHTHE—
HHEPAT N K THRA Si, G Rl Dy (=202, 2N) Bt HOFEA WA (2.9) iy N
U EAH AT — T A

for(iter = 0;iter <N;iter + +)

L (2.10)
{i =2"; Sy=Fg(S;); Coi=Fc(Ci); Day=Fpn(D;);}
AL BRI AT WG, AT
sn(m7) =sn(n) = Sy,
cn(mr) =cn(n) =1+ Cp, (2.11)
dn(m7) =dn(n) =1+ D,,

(. BT N RBRE Sy O Bl Dy EARFHRANGR T, SIS L84 = E A2 AR
2T 57 DUEARR Jacobi M BSOS AIBIA S0k, Weierstrass 4§11 B8 30 145 2T 0
BUMEME, TR X AR .

3. Jacobi #HERIEHHF S AIEFE

Jacobi i [l e BAFAE AT i, E—SUAFER A4 EH. AR SRR EE ST K,
IR AR R R 2. SRt — 20 SO 15 eR B RS A AR 0 0, R B AT AR R 22, A
RAE mE <1, WA

1
K :/ [(1—2)(1 —m22)) " ae, (3.1)
0
BB mo FANFEHEL ml, BATERR m2 +m,® = 1. Fn
1
K :/ [(1— )1 — m. 22"V 2at, (3.2)
0

Jacobi ¥ [B BR R 2 A A BAEE K, K SRR 1. 383k 1 AR (5 bk 250000 00U B 5, WK
BB R bR RO AL B TR AR B B (3.1), (3.2) BAEXAT AR BRI B AR 53
3, EKEBEART. SEhr AR AT AR B SR B A P At e B (Theta) K34 mo HIBREL K, K1
EH T P bR BB SR R, BT ART DLER S RRS BER R 45 . fE AR R w AP L, Jacobi
IR bR sn(u, mo), en(u, m,), dn(u, me) Z3518 & BRI FAT OB k. #lan sn(u, m,) HIF
ATPAIE IO AR A

0,4K,4K +i2K’ i2K'], (3.3)
Homu=1iK'5u=2K+iK' A sn(u,m,) FJHRLEFH (Laurent) & 5. 24T S FHETR/NED
WA, BEBUE TR KRS BERGE. PRRE S BB A 535 3 SRR B °T 2547 1, 7 eI A
L&

A —BEERERR R, sn(u, mo), en(u, m,), dn(u, m,) BI{ERC AN

sn(iK’/2,m,) = 1i/\/mo, en(iK'/2,m,) = V1+myt, dn(iK'/2,m,) =1+ m,, (3.4)
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XX LR B AT R AEE T BE v = 1K /2 BHEAE Taylor ZLEURETT. s Taylor KHUE
TR, T X ek B A . X AT AR 2 50

d[sn(u)]/du = en(u) - dn(u),
dlen(u)]/du = —sn(u) - dn(u), (3.5)
d[dn(u)]/du = —m2sn(u) - cn(u)

FHABEE, WTSBEE v =1K'/2 HHER) Taylor JEFF

BRAMEAR sn(2u, m,) = [2sn(u, m,) - en(u, m,) - dn(u,mo)]/[l —m2sn*(u, m,)], BI4N
u=iK' & 5. £ u=1iK' fHER¥F sn(u, m,), cn(u, m,), dn(u, m,) B Taylor ZREE T =A%
A, R BT TR 2, BT R R W] AT R AR R L

Fu=v=i(t+ K'/2) f}iEH:

sn(ir +1K'/2,m,) =i/\/mo + it - en(iK'/2,m,) - dn(iK'/2,m,) + O(ir?)
= i/,/m(,[l + 7 (14+m,)] + O(it?),
en(it +iK'/2,m,) = V1 +myt —ir-sn(iK’/2,m,) - dn(iK'/2,m,) + O(ir?)

3.6
=V1+myt[l+ 1]+ 0(ir?), (3.6)
do(it +1K'/2,m,) = /T + m, —m?2 -it - sn(iK'/2,m,) - en(iK'/2,m,) + O(it?)
=T+ m,[l+7-m, + O(ir?),
8 (3.6) A (2.4), R A LTI AT D2
sn(2(it +1K'/2),m,)
_ 2sn(it +iK'/2,m,) - en(it +iK'/2,m,) - dn(it +1K'/2,m,)
N 1 —m2sn(it +iK'/2,m,)
201+ mo)i 1 1+ a7 + by72 4 ¢y 73 (3.7)
- TMe 4(1+my) 14 aoT 4+ bo7? + ¢o73
_ i _.(al—a0)+(b1—b0)T+(Cl—Co)T2
ormg 2mo(1 + apT + boT2 + ¢o73)
EKe
ar =2+ 2my; dby =m2+3mo+1; 1 =mo(1+my);
ao=3(1+m,)/2; by=(1+m,)? co = (1+m,)%/4.
[ AT LA SR A
en(2(it +1iK'/2),m,)
_en?(it +iK'/2,m,) — sn®(iT +iK'/2,m,)dn’(iT +iK'/2,m,)
B 1 —m2sn(iT +1K'/2,m,) (3.8)
o 1 _ (ag—ao)-l—(bz—bo)T-i-(Cg—C())T2
~ 2Tm, 2mo(1 + apr + bo72 + co73) .
Hr
as = 2+ 2my; by =14 3m, +3m2%; 2 = mo(14+mo)(1 4+ 2m,);

a0 =3(14+my)/2; by = (1+m,)?; co = (1 +my,)?/4.
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dn(2(iT +iK'/2),m,)
_dn®(it +1K'/2,m,) — m2sn(it + iK' /2, mo)en®(iT +iK'/2,m,)

1 —m2sn(iT +1K'/2,m,) (3.9)
~ _i _ (Clg — a()) + (bg — b())T + (03 — C())T2
2T 2(1+ aoT + b2 + co73) ’
Hr
az = 2+ 2my; by =3+ 3mo +m2; 3 =mo(1+my)(2+m,);
ao = 3(14+my)/2; by = (1+m,)% co = (1+m,)3/4 '
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WSRAE VT SR R BT SR A R B T340 0, A A AT AR B304 AT R 37 5
HHEECEA AR EE. XTI RS, B TRAREEEDIT N ERZE, 735
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B
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B35 AL PR
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TEXGAF Bk, X T Jacobi Af[F B EIBIEL m, LA Weierstrass [ b6 H i) A48 &
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STH, ZE FRALEH T IJUAVE FH B4 Matlab, Mathematica, IMSL {22 ZF1 Maple %F — ik
I3 bR 250 1) 11 S0 R 5 RS B PR 0T L.

X T Z B 1R bR i A, X LR o B Maple A LARURS AR 43 H—FE T Weder-
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R 4 FREKHER Jacobi HiEFEHHRETEER

B mo HIFEHE m2 <0 0<m2<1 1<m2< oo mo BUE R
b ARIRS CIR7p=s A Al A
Matlab — G- — —
IMSL NYEH A A —
Mathematica Cibzp A Al A A
Maple e [t 4E a4 [t a

1) Maple 7£ mg < 0 35145545 Mathematica FURFAIBLIM L5 AR L, S5 HE AR,

MEA LB ANETR HY, AV [528GR A0 AR ik B B A R OK i 2 TS L

3¢ EELYoF AV I o 2 1 S P 26— AR 1 BB, OB FT 226 30K (1, 9.

BB 1. B R BRI 2 Fon, EEDA m, KON L BRI I 2 R T
JES3s, WA BEA vo. SKREERITIZBIHLL.

K 2

BEE RN g, JRA BT, WS T LA RI2 5 TN

12(2—2)2 = v — 2gl(1 — cos ), (5.1)
Jit EA ,
t:l/o \/2g(a+lcos0) \/g a—|—l / +lSl g' (5:2)
Hipa=1%/29g -1, & 2 =sin(/2), m2=2l/(a+1), c=m2\/(a+1)/2g9 135
=c . 9.3
/\/(1—22)(1—771(2)22) 5:3)

3K (5.3) i) SR BUBASE] Jacobi i B MR EL, # AR )2 B2 A E R kR R 1. — iR
HOL T AR 90 BE, R4 . »
2 g

= :—>2’ 5.4
Mo a+l v} (5:4)

LI Matlab 8 CLLRTEREREAT I T . AL S B ) AR 1A A AR o D D Bl R B 1 DL
A B, U RS 48R 20 SRt T APR S 2 ok B ) IE AR 45 R
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