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Abstract

Differential-algebraic equations (DAE’s) arise naturally in many applied fields.
but numerical and analytical difficulties that have not appeared in ordinary differ-
ential equations (ODE’s) occur in DAE’s because it includes algebraic constrained
equations. Some efficient numerical methods for ODE’s can not work well for
DAE’s. So many eminent numerical analysis scholars are interested in this field
recently. But few numerical methods are able to solve all DAE’s because of its
essential difficulties.

This paper discusses the simulation algorithm character of DAE’s. And we
construct an efficient constrained-algebraic algorithm based on the Runge-Kutta
methods of order two for the semi-explicit differential-algebraic equations with
index two and give the computational experiment results for specific examples.
The experiment results indicate that the constrained-algebraic algorithm is high
efficient for semi-explicit differential-algebraic equations with index two.

Key words: Runge-Kutta Methods, Simulation Algorithms, Differential-Alge-

braic Equations

* 1999 4 6 J 30 A,
1) BREARFESHE (RES 19731010) FEIGHH: MBHE & % BT H.



98 ’ﬁ{ﬁﬁﬁ Jﬁ“ﬁ *JU\HH 2001 4

§1. 531 &

o F OB RR 30 RE B ST, HhXE 0 RO ARG A5 RE
ELER M T A BT [1]-4]. XA B A S b T B TR e
Akt Runge-Kutta J7ik, FUR#GMAS (BDF) 4, BIHSS SR R3nl i i
Sk WA T AR RO TR A A R A Runge-Kutta 4%, B4 &
R, AR TSR O EURIIE B A, (RO 2 SR B MR EUT R KR A
FBPAE, BT S OB BTG, P, AT SRR, BB
S (7 BUEFEON T WS IR RO45 A, RS RRRER K. ICREFTRAIN I, A
R R LSS G0 SO— R, 0 ELAT B BRI I B, AR (R
s B B HE R A = 00K B (RO RR AR T TR B Runge-Kutta ik
SR BUBEE, TSR B RBUR G IR RO FEAL BT BB
SR TR SRR R, 6 MR B 24 S R AT T SCBRO5 25T, IR
7L BB R A R SRR (indlex) 28 2 B4 R B RER S0 St 41
HE AR R

VI T 8 BB B B R OB R T LA o RO B R AR
{5 B0 S B 5 7

y' = f(ty,u). (La)
y(to) = yo (1)

iy, CETHUE R LU R T AR R T R
9(y) =0, (2)

Hpy 5 f O3l L, v 5 g BEEECH b, b < L, y IRAEREESBE, u KAP
R AU R MO R AT DR CAT RN, . RS BORIARR el LAY
oL YA O, BRIgA A o % BUBEH R B SR HAR R o, PUE y(t) WA B
2 (2). BRI BIT R (1)—(2). WmBE % [t oy, uw) F1 gly) WAL al S st imd FLREY:
gy ) Fult oy ) BIERTHH, yo W (2), BBAMAHIRE (1)-(2) WM RIRA 2 1L
{EME B 7 S T S

§ 2. KRHERIFREENME

s it S, RARER y M RN SRS SR AR BRIk A A
R BERF TSR ta = to + nh, 0= 0,1,2, . BIEEIXIE [tn, tner] FEFEHITA
u(t) = un 76 tn AKSREEER yn, WIFE Loy AEEIRAFE Yoty AHIEIRRE

d
dz = f(t,y,un), (3a)
yltn) = Yn (3h)

H}‘JW y( éi tn+1 &\H/]{E Ell Yn+1 = y( n+1) j(ﬂ“ B’J}iﬁ‘lﬁ xﬁf“#ﬁﬂﬁ&i Atfaftﬂfyﬂ n+l
gz, FERRFERN [taa1, tor] FIFEHIE upn BRBIFHRHEE ZHEEAEN
o R AR S B R B th LUREREESSIMME. 473 [5]-[6] sharsf 1 Fi#E] BDE
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J R ERRU AR BT B 20 M, A T P E RIS ER . BA I [5]-[6)
W iR T THE.

BARAHEET M 2 A Runge-Kutta 22X BAHRETHE g(y) = 0 BF 3 B sius
FEM S5 B8 R £ SSHIME v HRS KBRS, BEE v, SEmIMENEY, &
FrE o B Ungr BEUEE e WZIE AR, F15 yno REHEEAEYR
JiFR (2).

Bk L LA Ly A HRAEE yn, IHHE un, M TSBIEHE unyr:

(1) H1 Yne Une 35 ynao BT o5,

Ky = f(tn + 2¢c1h, yn, un), (4)

Ko = f(ty + 2coh, yn + 2001 K1 h, uy), (5)

Yo = yn + 2(01 K + b2 K>)h, (6)

Hiph AR, B8 . bi(e = 1,2), an IR T XA

by + by =1, (Ta)

bici + bacy = %, (Th)

1
az1by = 3 (7c)

(2) XFRETE Au BT TR
g(y5+‘2) + hgy(y£+2)fu(tn,ynyun)Au =0, (8)

L{i,ﬁ\:%)@ Aun+2~ HX
Uppl = Up + Aun+2‘ (9)

HUX DR, REAEMNZA to FPRZ G5 FiRHE, ALK, EAERH
@J f71+1 ,E\\Zﬁfjﬂg{glﬁx

§ 3. SKEHARREZEMIREMT
HIF Ynr1 RESEPRRAFM, LW 0T BRI 8

dy
E{ hanl f(ta Z/,Un), (10&)
y(tn> = Un, (1Ob)

Hpou, RPN EEE. 12 (10) BN Yyt tn, Yn, Un), HHEA Yo (t). EUTH
R R uE M R R e S f, 9 HIEAETFHNEN RS, B g, (v) fu(t,y, u) RS
A A R P,
I 3.1, W yo. wo WE
lg(wo)ll = O(h?), (11a)
lg(y)ll = O(R?), (11b)
HeR% fog WEM FRE, wn B (4)-(9) AR EEEITE, B4
lg(un)ll = O(h%), n=2,3,---. (12)
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LB FELUF MHEME AR E T B R AR & v, w RHEATHY, Bl L=l =1. 4
TRARKTTE, WAV TIKERRS:

= f(y,u), (13)
g(y) =0 (14)
HUER, HEXEBIE REMAOL. BATRRIAGE KL, 5CE ||Aus)| = O(h).

FHE (7)) KAt ynro B o5, BIHEEFH B B Runge-Kutta 243, (Kt
(7)) XEH T T

yﬁ+2 = yn + 2hf(yn7un) + 2h2fy(ynvun)f(ynvun) + O(h’d) (15>
32 gy (¥ 12) Fulyns tn) = Anya, M (8) 78
Aug = — A3 ' g(yh)/h. (16)

i (15) AH

9(v8) = glyo + 2hf(yo, uo) + 2h% fy(yo, wo) f (o, uo) + O(h%))
= g(y0) + 2hgy(yo) f(¥o, uo) + 2h%gy (vo) f (Yo, wo) f (Yo, uo)

+ 2h%gyy (Yo, o) £* (yo, o) + O(h®). (17)

y1(t) ALLT
y' = f(y,uo), (18a)
y(to) = yo(to) = yo (18b)

IR FTLL
y1(t1) — yo(to) = y1(to + h) — yo(to)
= yilto) + yh(to)h + S (t0)? — yolto) + O(RY)

2
= F{{to)sulh + -y us o), wo)uh ko) + O

2
= f(yo,uo0)h + %fy(yOaUO)f(yO»UO) + O(h®). (19)

LLERIAT yi(to) = f(y1(te),wo) = f(wolto), uo) = f(yo, uo). Wit
2

a(y1) = g(y1(t1)) = g(yo(to)) + hgy(yo) f (yo, uo) + h—gy(yo)fy(yo,uo)f(ymw)

2
2
+ Gy 0, 0) (0, u0) + OKY) (20)
Hi (20) X hgy(yo) f(yo, uo) AN (17) A7R
9(¥8) = 29(y1) — 9(yo) + O(h?). (21)

Et, 1 (16)-(21) REAEXTFHE (lg(yo)ll = O(h?), |lg(y1)l| = O(R?) BB
| Aug|| = O(h). (22)
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HRAEBA TR ||g(y2(t2)) ]| = O(R?), y2(t) AT HE IR B 7
Y = fy,w), (23a)
y(t) = v1(ta), (23b)

|

ya2(t2) = y2(t1 + h)
2
= alt) + hup(t) + oy (1) + O(R?)
2
= y1(t1) + hf(y2(t1),u1) + %fy(w(tl)»ul)f(y?(tl)’Ul) +O(R®).

(24)
tH (19) &, #B4 (24) KaTfth
y2(t2) = yo(to) + f(yo, wo)h + h;fy(yo, uo) f(yo, uo) + O(h®)
+ hf(yo, 1) + B* fy (o, wr) f (o, uo) + O(h?)
o) (o, ) + O(RY). 25)
T
Fy (o ur) f(yo, ur) = fy(yo.uo + Auz) f(yo, uo + Aug)
= fy(yo,u0) f(yo, uo) + O(||Auzl))
= fy(Yo, u0) f(yo, uo) + O(h), (26)
Nt (25) K ATEE A
y2(t2) = yo(to) + 2f (yo, wo)h + fulyo, uo) Auzh
+ 2k fy (3o, o) f (yo, wo) + O(h?). (27)
SRR (15) :AAreiE (25) Kk — P fh
ya(ta) = ¥ + hfu(yo, uo)Aug + O(R?), (28)
Fir LA
9(y2(t2)) = (%) + hay (¥5) fulyo, uo) Auz + O(R%). (29)
1 (8) 1%
lg(ya(ta))ll = O(R?). (30)

=340 0, HEEH n =2 8FUENI R A, @B EIE.

§ 4. IMAEEENRENESR
AT, BAVEXS LR A A AR E T . I TR
y' = Ay + Bu, (31a)
y+C =0, (31b)
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Hrh A B,C AE¥L BT AT RS L SR SR M B A R, yn RERUR TR
y/ = f(tvyaun) = Ay + Bug, (32'&)
Y(tn) = Yn (32b)

7 DR RAR 1 (8) TE ¢ = by KO, FTRL Yni1 5w, yn HOEHERLIUA (32) X
SR, XA EEEN RO R . B (32) X g (8) 1

Yns1(t) = A_l[(Ayn + Bun)e"At"eAt — Buy], ({33)
A A
Ynt1 = Ynt1(tns1) = €y + AT B(eM — Du,. (34)
HEE (4)—(9) BE uni1 5 un, Yo KBERFRA
Bhupi1 = —(1 +2hA + 2h2 A%y, — (2h*AB + hB)u, — C. (35)

po= Y] eu=naws
u

e AT1B(er — 1) o
Tnt1 = [_1+2g;2u2 Cou—1 T~ o (36
B (36) R RE RO FE 40 06 BE A e H R BN BRI e (E 7
A+ 2u+1—eMA+ (142 +2p?) (e — 1)/ —e(2u+1) =0 (37)
MR/ 12w — O B (2.37) BEA
A2 =0. (38)

R AEALN O, BAR (37) MRS RBIGESL AL, 1 h BV, IR (27)-(2.9) 74
BT RN, E 1AW TREAREROREXEE, HHBAh Re(d). 41
AkRcy Ton(N). MBI AT LA Hy, A SOH R B SE it 07 SO0 A O I B e IX 3.

"1



B PR B R RS RH R EE 103

§ 5. EtEBELRIZH B RITE

RCFR P U TP R RO PR, RIS (AR FFIRAC &, that &
ILRAT R B R T RS ). XA SR T A ENEOUT, R RS P
SERRRE TN B B G (v, 0, 7, y) B, ZERSILHERE R AE S SOEHE KHLIS 0L T
A a0 R L AL U B, BB - ERES A o LR — iUy
FTFE g(v, 0.2,y ) = 0 (EfF WL ROBEERM R, XA PHAEESIRIGTHEL X
SR T Sl R RBOR S . XUREFESC (8] s ¢ SRR S, B4
EIZ BRI CATI BT B I FE S HEBE A, 8 sh B CAT)G B i SRR AR 2 P 10 S
FEA o v o 5008 g 2 AR s ) LA T TSI T L

RUAEH (4)-(9) &5 RS0 ELEE ARSI A 2 19 8 SR IR B R e LS & 4
3 s, nd HLax o S MERUR AR XU — B R, 7ESE (4)-(9) sUH ]
PAn T 75 AR BRSO, B SR BB I RE 0 B RR. -

by =0, (39a)

by = 1, (39b)

¢y =0, (39c)
1

Cy = 5, (39d)
1

a9 = 5 (396‘)

IS RO B, gy () fult, y, ) PESARTRERNSS, B T fRUEEEOR
IR ETE, BAEREEAEOTRAL (8) A, KA QR SMEEKRA. £ 1 2HRNK
& R, XPBOHE O ST AT AT LU RIS 3 B8t . Rt ¢ = 151 DAt SRt AR FREC
K17, ATEURIRE 1 Wit e A Ll A B S BE T HR 2N, XA KRB E R 7y
Pt S AR, w HAERMTRAL (3) 8, gy(y) 53 fult,y, u) NERMERESE
i REL T RR A FUAR I i S R RE RS SR B B e AT AT R ERY, AT o 5.1
Tk PRI 0 B S R 2 BT DU - AL

1 #ieXWELARIEH EFRR TR HOMEER

G(Y) G(Y) G(Y) G(Y)

t(s)  h=0.1 | h=001 h = 0.001 h = 0.0001

152 | 1.70230 | 0.00162933 | 6.06757E-07 | —7.91624E-09
153 | 2.04166 | 0.00192814 | 4.10713E-07 | —1.58325E-08
154 | 2.48826 | 0.00232502 | 1.92784E-07 | —2.28174E-08
155 | 3.08548 | 0.00286395 | —1.30385E-08 | —2.84053E-08
156 1 3.90015 | 0.00361273 | —1.57394E-07 | —3.58559E-08
157 | 5.03661 | 0.00467919 | —1.44355E-07 | —4.79631E-08
158 | 6.66496 | 0.00624207 | 2.10013E-07 | —5.9139E-08
159 | 9.07930 | 0.00861505 | 1.24425E-06 | —7.21775E-08
160 | 12.82800 | 0.01239110 | 3.61353E-06 | —8.42847E-08

5.1.

R {1 3 Y B8 42 5 F
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MR — MU R G R R, A — A AT (bR v RE R F X AN 2 bR A 2
fry ) (LO) jebioh 2 p ST R

Hep oy = y(t), v =wult), go =1 HMERESMHES,

Y1 = Y3, (40a)
Y2 = Ya, (40b)
Yh = —y1u, (40¢)
Ys = —Y2u — go, (40d)
0 = y1y3 + Yaya, (40e)

t =0,

y(0) = (1,0,0,1)7.

u(0) =1, WREMBHAESRLE. E2HBTXMHBHOBELSER. hTFHERELHEHE
B, NP AN EERTARTEREGA un J5, THH Yot BREBEABARTE
gyn+1) = 0. AIVNE 2 FATLIFEH g(y) KBS 402 3 Frit.

£ 2 pEOBEDTF

G(Y) G(Y) G(Y) G(Y)

t(s) h =0.1(s) h = 0.01(s) h =0.001(s) | h=0.0001(s)
0.1 | —0.014438800 5.81272E-08 5.54089E-12 5.41234E-16
0.2 0.001143380 3.78430E-08 3.57570E-12 3.33067E-16
0.3 0.000114977 2.26235E-08 2.11042E-12 2.22045E-16
0.4 0.000272824 1.18301E-08 1.07855E-12 1.11022E-16
0.5 0.000136180 4.67187E-09 4.00541E-13 2.77556E-17
0.6 6.06327E-05 3.55793E-10 | —2.22045E-15 | —~2.77556E-17
0.7 1.18161E-05 | —1.83245E-09 | —1.99896E-13 | —2.77556E-17
0.8 | —1.38983E-05 | —2.49724E-09 | —2.51590E-13 0.000000000
0.9 | —2.31399E-05 | —2.13327E-09 | —2.05780E-13 0.000000000

1| —2.11434E-05 | —1.14422E-09 | —1.01724E-13 | —1.04083E-17

§6. & it

MELE R BRI I AT S B 5 R AT LR Y, Ff4 i sSeimt 05 L fednon 2 1 8 A
M RBRE L ERERERA R, mHX A% RA RSB fn%
HiR, XMEEH T RER MO REDTRBEAURRA (39) A% M SHORBE I
ARRAR, XNEEAHERRAN. R, BAPTE SO RO BUR S L
M SRR (1)-(2) SRRA R,
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