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Adjacent-vertex distinguishing total chromatic number on W V K, ,
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Abstract: A conjecture about the concept of the adjacent-vertex distinguishing total colorings (AVDTC) on graphs is stated as
this: For any simple graph G, then %, (G) <A(G) + 3. The AVDTC-chromatic number of a join graph W, V K, , is deter-
mined in the form A(W, V K, ,) + 1< Xat(W« VK,.,) =AW, VK,,)+2.
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0 Introduction

The concept of the vertex-distinguishing proper edge-coloring (VDPEC) was introduced and discussed by Burris and
Schelp in reference [ 1], and there are many results have been obtained ' . Although there are many results on the total
coloring of graphs®', the famous total coloring conjecture xr(G)<A(G) +2 is open. Zhang Zhongfu et al. first intro-
duced the concepts of the adjacent-vertex distinguishing proper edge-colorings (AVDPEC) and the adjacent-vertex distin-
guishing total colorings (AVDTC) on graphs, and investigated some particular graphs such as paths, cycles, complete
graphs, complete bipartite graphs, stars, fans and wheels about the AVDPEC-chromatic index and AVDTC-chromatic
numbers in references of [5] and [6]. In 2005, Zhang Zhongfu et al. proposed a conjecture: For any simple graph G,
then y,, (6)<A(G) +3 in reference[ 7] . Unfortunately, there is little works on graphs AVDTC nowadays. In this pa-
per, the AVDTC-chromatic number of a join graph W, V K, ,

AW, VK,,)+1<y.(WVK,,)<AWVK,,)+2.

For the sake of simplicity, we use the symbol [ %] is used instead of the set {1, 2, **+ k|, where k is a natural

is determined, that is,

number and [ %] is often called a color set. Equivalently, the color set [m]°=1{0,1,2,---m} is also used. Let fbea
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proper total coloring of a graph G from V(G)U E(G) to [ k], then the color set C(v) of a vertex v of G as the form
C(v) = %f(v)} U {f(vw) lwEV(G), mwE E(G)}, and C(v) =[k]\ C(v) is called the color complement set of
C(v).

Definition 17 Let f be a proper total coloring of a graph G from V(G)UE(G) to [ k]. If f satisfies that

(1) Vu,v€V(6), wEE(G), f(u)#f(v), f(u)#f(w)#f(v);

(1) V w, m€ECG), flw)f(ww);

(i) Vw€ E(G), C(u)xC(v).

Then f is called a k-AVDTC of G, and the smallest number of k over all k-AVDTCs of G, y, (G), is called the
AVDTC-chromatic number of G.

Definition 2'*  The join graph G\ H of two graphs G and H has the vertex set V(G H) = V(G)U V(H) and
edge set E(GV H)=E(G)UE(H)Ulwlu€V(G), vEE(H)}.

Some notations and terminologies not mentioned are cited from [8].

1 Main results and proofs

In order to address the result clearly, some notations are needed. It is known that the wheel W, is the join graph
K,V C, of an isolated vertex v, = K, and a cycle C, = {v,, vy, *=*v, |, thereby, it has the vertex set V(W,) = {v,,
vy, 0y, v, | and the edge set E(W,) = {vyv; 1 1<i<s|Ulvw, |1<i<sand v, =v|. For m<n, let H, and
H, be non-edge graphs, namely, E(H,) =@ and E(H,) =@, and let V(H,,) = {u,,u,,"*"u, | and V(H,) = {w,,
Wy, w, | . A complete bipartite graph K, , = H, \/ H, is defined, write its edge set E(K, ,) = | uw, 1 1<j<m,
l<k<nt. Successively, V(W,V K, ,)=V(W,)UV(K, ) are obtained and

E(WVK,,) =EW)UE(K, )Ulxylx€V(W,), yEV(K, |,
where, in detail,
taylx€V(W,), yEV(K, )f = {Uiuj|05i§s, l<j<miUivw,0<i<s, l<k<n|.
It is clear that W,V K, , = (K, V C,)V (H,\V H,). The following Lemma 1 and Lemma 2 are obvious, so the

proofs on them are omitted.
Lemmal Let G(V,E) be a connected graph. If G has no two adjacent vertices of maximum degree, then
Xu (C)=A(G) + 1, otherwise, have y,(G)=A(G) +2.

Lemma 2 Let f be a k-AVDTC of the join graph W,V K,, ., then:

(1) Forl<i<s, 1C(v,)1 =1C(v;,,)!, here v,,, =v,.

(2) f m=n, for 1<j, k<n then |C(uj>| =1C(w,)!.

(3) Forl<j<m, l<=k<n, then |C(uj)| =1C(v;)l if s=m+2and 1<i<s; and there are | C(w,) | =

[C(v)l if s=n+2and 1<i<s.
Theorem 1 For y,(W;V K, ,)=m+n+5.

Proof ~ Since there are at least two maximum degree vertices which are adjacent, then y,(W;V K, ,)=m + n +
5 by Lemma 1. Only a (m + n +5)-AVDTC of W5V K,,, is used for completing the proof.

A total coloring g: V(W,V K, ,JUE(W;V K, ,)>[m+ n +4]°is defined to the join graph W,V K, , as
follows.

Firstly, all vertices and edges in the part W5 of W5\ K, , are colored. Setting g(v,) =0, g(v;)=2i and

g(vov,;) =i forl<i<3, g(vlvz) =3, g(1221)3) =35, g(vgvl) =4, g(viuj) =i+j+4 (mod m + n+5) for
O<i<3and l<j<m, and g(vaw,) =i+ k+m+4(mod m+n+5) forO<i<3 and I<k<n.
Secondly, colors are assigned to the remaining part of W5V K, , inthe following two cases.

Casel m>1
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g(uw,)=j+k+m+7 (mod m+n+5) is colored with respect to 1<j<m and 1<k<n,

1, n=2;
1, n=2,3;
g(uj): m+7, n=3; lsjsm—l,g(um):
m+8, n>3,
m+8, n>3.
5, m=2;
as well as g(w,) = l<k<n.
m+4, m>2.

Case2 m=1.

gluw,)=4, g(u;)=3, glw,)=5issetwithl<k<n. If n =2, it must be g(u,w,)=2. If n>2, then
g(uyw,)=k+9(mod n+6) for l<k<n-1.

This coloring g is shown as satisfying Definition 1. Under the coloring g, then E(Ui) ={i+4}! (mod m+n+5)
for O<i<3. When m =1, if n >3, then é(ul): {91 if n =3, then E(ul): {0l if n =2, then E(ul): {1}
if n=1, then a(ul):{Zf.

fm=n=1, {2} =E(ul);éa(wl)={3€. For m=n=2, é(u1>:{0,4}, E(uZ): {2,51}, E(MI):M,
6}, C(w,) =167} . f m=n=3, Oeé(uj), but 0¢ C(w,) for 1<j, k<3. When m=n>3, m+3€ C(w,)
with l<k<n, butm+3¢é(uj)form—4§j§m—1. And then 1€ C(u, ) and m+4€ C(u,) for l<t<m -
5, but these two numbers 1, m +4 ¢ é(wk) when 1 < k< n. Hence, C(uj);éC(wk) has been verified for 1 <,
k<m.

Gathering up all verifications together, the coloring g is exactly a (m + n +5)-AVDTC of the graph W,V K,, .,
which gives out y,(W;V K, ,) =m+n+5, as desired.

n+7, m=1;
Theorem 2 y,(W,V K, ,)=
m+n+5, m>l.

Proof For m =1, notice that both v, and u, are two adjacent vertices of maximum degree in W,V K, , . Thereby,
Xu(W,V K, ,)=n+7by Lemma 1. A (n+7)-AVDIC f is given to W, V K, ,, namely, f: V(W,V K, ,)U
E(W, VK, ,)>[n+6].

Let f(vy) =1, f(v,) =f(vy) =3, f(vy,) =4, f(v,)=T7; flogp;) =i+ 1for l<i<4, f(v,v,) =1,

f(uyvy) =5, flosv,) =6, f(vv,) =4, f(w,)=5for I<k<n.

Set
6, 1=0; 3 1.
f(v,;u,)z[.S, .i=1; andf(v4u1)={9(m0d’;+7), Z;I:
1+5, 1=2,3,
2, n=1,2; kE+6, 1=0;
f(ul)z[o, n=3; andf(v,;wk)z{ kE+5, i=1; l<k<n.
10, n>3, E+i+5(mod n+7), i=2,3,4;

Sluyw,) =k +10(mod n+7), for n=3 and l<k<n.

For n=1, let f(u,w,)=4. H n=2, then f(u,w,) =3, f(u,w,) =4. Obviously, f is a total coloring from V
(W,VK JUE(W, VK, ,)to[ln+6]".

Under this coloring f, then C(v,)=1{n+6,0}, C(vy) =12,61, C(vs)=12,7}. 1 n>1, then C(v,) = {3,
8!. When n =1, then C(v,) =1{1,8}, C(v,) =10}, C(u,)=1{1} and C(w,) = {3}. When n =2, C(w,) = {2,
4} and C(w,) = {3,6}.

It is easy to verify that f is a (n +7)-AVDTCof W,V K, ,, thatis y,(W,V K, ,) =n+7.

The case of m > 1 is dealt with. Since v, is the unique vertex of maximum degree in W, V K, ,,
Xu(W,V K, ,)=m+n+5 according to Lemma 1. Therefore it is only needed to prove that there exists a (m + n +

5)-AVDTC of W,V K,, . A total coloring f is constructed from V(W,V K, JUE(W,V K, ,) to[m+n+4]" as
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follows. Let f(vy) =1, f(v,)=f(vy) =3, f(v,) =4, f(vgv;) =i+1for l<i<4, f(v,v,) =1, f(v3v,)=6.
The following cases have to be colored.
Casel m=n=2.
Set f(v,) =4, f(v,v;) =2, f(v,0,)=0,
j+5, i=0;
f(li,-uj)z{i+j+2, i=1,25 j=1,2, except i =4 and j =2,
i+j+3, 1=3,4;
k+7(mod 9), i=0;
f(”"wk):{i+k+4, =12, =%
Other labels are f(vyw,) =0, f(vyw,) =1, f(v,w,) =k +1 and f(u,w,) =k for k=1,2, f(v,u,) =1,
f(u_,-)=0, j=1,2, as well as f(u,w,) =k +2 and f(w,) =5 for k=1,2.
It is easy to see that f is a 9-AVDTC, which shows Xu,(W4VK2,2):9.
Case2 2<m<nand3<m=<n. Let L=m+n+5. Set f(v,) =7, f(v,0;) =5, f(vv,) =4,

f(v,w,) =6,

j+5, i=0;
f'(viuj)=[j+4, 1=1; l<j<m,
i+j+4(mod L), i=2,3,4;
k+m+5(mod L), 1=0;
f(viwk)z[k+m+4, 1=1; l<k<n, except k=n and i =2.

E+i+m+4(mod L), 1=2,3,4;

fluw,)=k+j+m+8 (mod L) for I<j<m and 1<k<n, except the case of k=n and j=3.

m+11(mod L), n=8;
f(u3w"):[n+m+3, n<7, but m+ n>8;
1, n<7, but m+ n<8.

When n=3,f(uj)=m+8(m0d L) forl<j=m~-1and f(u,)=2. Whenn=6,f(uj)=m+9for1§j§
m except j =3, f(uy) =m+10. When n5£3,6, thenf(uj)z m+9 with 1<j<m. When m=2,3, f(w,) =6 for
l<k<n-1aswellas f(w,)=8. When m=2,3, f(w,)=m+4for l<k<n.

Obviously, f is a total coloring from V(W,V K, JUE(W,V K, ,) to [m+ n+4]°. It is going to verify that
the coloring f* satisfies Definition 1.

We have C(v,) = {0}, C(v,) =12}, C(vy) =17}, C(v,) = {8}.

When m =2, if n=3, then C(u,)=C(u,)=1{1f; if n=4, then C(u,) =110}, C(u,) = {1}; if n >4,
then C(u,) =110}, C(uy)=1{12f (mod L).

When m=n=3, 7€ C(w,), but7¢6(uj) for l<j, k<3.

When m=n=4, C(w,)=15,6,m+3}, Clw,)=14+k, - m+3IU{m+5, - m+k+3} for2<
k<=m-1.

If n=8, then E'(w,,,):{1,m+5,m+6,"'m+10,m+12,"'2m+3}.

Ifn<7 and m+ n >8, then E(wm):{1,m+5,m+6,"'2m+2}.

fn<7 and m + n <8, then E(wm) ={m+5,m+6,2m+3!. But E(ul) ={10,11,-m + 8}, and
C(u,) =1{1,11,12}, C(uy) =12,6,12}, C(u,) =11,2,3} when m = n =4.

When m = n=35, a(u]) =19+, m+8Uim+10,-m+j+8/(mod L) for2<j<m -1 and j3,
C(u,)=1m+10,---2m+4}U1{0,1,2,3}.

If m=n=5, then E(ug)z {0,1,6,121 . f m = n=6, then

E(u3):{6fU%12,13,"'m+8%U§m+ll}(m0d L).
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Furthermore, it is shown that f is a (m + n +5)-AVDTC of W,V K,, ,, namely, y,(W,V K, ,)=m+n+5.

The proof of this theorem is completed.
) s+n+3, m=1;
Theorem 3  For integer s =5, y, (WVK,,) =
s+m+n+1, m>1.
Proof In the case of m = 1, both v, and u, are two adjacent vertices of maximum degree of W, V K, ,,
Yu(W, VK, ,)=s+n+3 by Lemma Lemma 1. A definition is needed for a (s + n +3)-AVDTC of W, V K, , from
V(WK JDUE(W VK., tols+n+2].

Let M=s+n+3. Set f(vy) =1, flvgv;) =i+1forl<i<s, flow)=4,

3, iisodd; 8, s=5;
f(v,) = o i=1,2,-s-1, f(v)=
4, 1 is even. s, $#5,
s+2, 1=0;
3, n=1;
flou,) =4i+4, l<i<s-3; f(vﬁu,):{
) ) s+5(mod M), n>1,
i+5(mod M), i=s-2, s—1,
E+s+2, 1=0;
f(v,-w,f)z{k+i+4, l<i<s-3; l<k<n.
E+i+5(mod M), i=s-2, s=1, s,

fluyw,) =k+s+6 (mod M) for n=3and I<k<n. When n=1, f(u,w,;)=4. When n =2, f(u,w,)=
1, 7 is odd;

o fori=1,2,*s—1, and f(vw,,,)=t+3 witht=s-1+1,
2, 1 1s even.

3 and f(u;w,)=4. Then f(vv;,,) :{

2, n=1,2;

d ) =5forl<k<
s+6(mod M), n#1,2. and f(w,) ori=E=

---s — 1 where l:3ifsisoddandl:4ifsiseven.f(ul):{

n.

Obviously, f is a total coloring from VW,V K],,l)UE( w.V K],,,) to[s+n+2]°.

Under this coloring f, C(v;)s C(v,,,), i=0,1,2,"*s when i = s, v,,, = v, .

When n<2, C(u,)=1{1}. When n>2, C(u;)=14{. When m=n=1, C(w,) = {3}. when s>7 and s =
n+2,5€C(w,), l<k=<n, but5¢ C(v,), 2<l<s, l#4. Furthermore, C(v,)={n+6,n+7,*s+n+2,
0l#C(w,), l<k<n, C(v,)=13,6,7,n+9,s+n+2,0l 2C(w,) for l<k<n. When s =5,6, {3,8/ C
C(v,), but 3,8/ ¢ C(w,), 10€ C(v,), but 10¢ C(w,) with 1<k<n.

Clearly, this coloring f is a (s + n +3)-AVDTC of W,V K, ,, thus, y,(W,V K, ,)=s+n+3.

For the case of m > 1, y,(W,V K, ,)=s+m+ n+1 by means of Lemma 1, because that v, is the unique ver-
tex of maximum degree of W,V K, , . The key is to prove the existence of a (s + m + n +1)-AVDTC of W,V K,, ,. A
total coloring f is defined from V(W,V K, JUE(W,V K, ,) to [ s+ m + n]® in the following.

Let R=s+m+n+1. Welet f(v,) =1, f(ogv;)=i+1forl<i<s, f(ow)=4,

3, 1 is odd;
f(v,-):{ o i=1,2,s—1. f(v,) = s;
4, 1 is even.
s+j+1, i =0;
f(v,;u/-)z{j+i+3, l<i<s-3;1<j<m, except i=s and j=m.
j+i+4(mod R), s-2<i<s
1, m=n=2;
foa) = |
s+ m+4(modR), otherwise.

s+m+k+1(mod R), i=0;
f(viwk)z{i+m+k+3, l<=i<s-3; 1<k<n.

i+m+k+4(mod R), s-2<i<s.
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Again, f(uw,)=s+m+j+k+4(mod R), I<j<m, 1<k<n, and
2, n=2;

f(uj):{s+m+4(mod R), n=3; I=sj=m-1.
s+ m+5(mod R), otherwise.

2, n=2,3;

s+ m+5(mod R), otherwise.

s =

+4, m+4#£s;
f(wk>={m moAasEs 2<k<n-1.

m + 5, otherwise.

m+3, m+4=ys;

f(w1)={

m + 4, otherwise.

+4, m+4s£s;
When s =5 and m=n=3, f(w,) =8, Otherwisef(w")z{m Mo aEs

m + 5, otherwise.
1, i is old;
flow,,,) = o i=1,2,s—1, and f(ow,,,)=t+3, t=s—1+1, -5 -1 where [ =3 if s is
2, 1 is even.
odd and [ =4 if s is even.

YUE(W, VK, ,)tols+m+n]°. Under this coloring
f, C(v;)C(v;,,) forO<i<s, here v,,, = v,. And C(wﬂ#C(v,);éC(uj) forl<sj<m, l<k<nandl <

Therefore, f is a proper total coloring from V( W,V K,

m,n

i <s. Several cases are considered in detail.

Casel When m=n=2, E(uﬂ:{l} and é(uz)zB}.

Ifm+4=s, then C(w,)=C(w,) =16} . f m+4=s, so C(w,) =15} and C(w,) = {7}.

Case2 When m=n=3, 166(uj), but 1 ¢ C(w,) for 1<j, k<3.

Case3 When m=n>3, C(u,)=1{s+6, s+ m+4}, and

E(uj): {s+j+5, - s+m+4fUls+m+6, s+m+j+4{(mod R) for2<j<m.

Ifm +4=35, then C(w,) =15,6,* m+2, m+4!,C(w,) =16,7, m+4}, C(w,) =
tk+4,m+4fUim+6, m+k+3| for3<k<n.

Ifm+4ss, then C(w,) =15,6,m+3}, Clw,) ={k+4,m+3tU{m+5,m+k+3! for2<k<
n-1,and C(w,)={m+5,m+n+3}.

At last, C(uj);éC(wk) for 1<j, k< m is obtained , it means that f is a (s + m + n + 1)-AVDTC of W,V
K

m,n

as claimed.
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