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Á�: |^ Cauchy–Schwitz Ø�ª�Ñü� n ��KÝ
 A Ú B � Hadamard È A ◦ B �
Ì�» ρ(A ◦ B) ��|þ.; ¿��c<�Ñ�(J?1'�, l`²#(J�M#�?.

aq/, |^ Cauchy–Schwitz Ø�ª�Ñü� n � M–�
 A Ú B � Fan È A ? B ���A
�� τ(A ? B) ��|e..

'�c: Hadamard È; Fan È; M–�
; Ì�»; ��A��
¥ã©aÒ: Q948 ©zI£è: A

Bounds for eigenvalues of Hadamard product and

Fan product of matrices

DU Kun
(Department of Mathematics, East China Normal University, Shanghai 200062, China)

Abstract: This paper found a new type upper bound of ρ(A ◦ B) which was the

spectral radius of the Hadamard product of two nonnegative matrices A and B by using

Cauchy–Schwitz inequality and compared the new type upper bound with the classical

results. In the same way, this paper found a new type lower bound of τ(A ? B)which was

the minimum eigenvalue of the Fan product of two M–matrices A and B.

Key words: Hadamard product; Fan product; M–matrix; spectral radius; mini-

mum eigenvalue

0 Ú ó

é����ê n, P N = {1, 2, · · · , n}. � A = (aij), B = (bij) � n �¢�
, e aij >
bij é?¿� i, j ∈ N Ñ¤á, KP A > B; e aij > 0 é?¿� i, j ∈ N Ñ¤á, K¡ A ��
KÝ
; e aij > 0 é?¿� i, j ∈ N Ñ¤á, K¡ A ��Ý
; A �Ì�»P� ρ(A). e A

��KÝ
, Kd Perron–Frobenius ½n�: ρ(A) ∈ λ(A) ¿�k�KA��þ x ��éA,
Ù¥ λ(A) L« A �A���8Ü.
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Ù¥ B,D Ñ´��� 1 ���
, K¡ A ´���. e A Ø´���, K¡ A ´Ø���.
�½ 1 ��Ý
´Ø���. D(A) L« 1 ¤éA�k�ã.

- A ´Ø����KÝ
. ��¯¤±��(Ø´: �3��þ u, v ¦� Au = ρ(A)u,
vTA = ρ(A)vT; Ù¥ u Ú v ©O�¡� A �m Perron A��þÚ� Perron A��þ.

� A = (aij), B = (bij) � n ��KÝ
, K A,B � Hadamard È½Â� A◦B ≡ (aijbij);
- r > 0, P A(r) = (ar

ij), ¡ A(r) � A � r g Hadamard �.
éu�KÝ
 A,B � Hadamard ÈÌ�»þ.��Oc<®²�
éõ�ïÄ, k

�
²;�(J. ~X©z [1] ¥k ρ(A ◦ B) 6 ρ(A)ρ(B); ©z [2] ¥�Ñ ρ(A ◦ B) 6√
ρ(A ◦ A)

√
ρ(B ◦ B) 6 ρ(A)ρ(B). §1��<3©z [3–5] ¥�éaq¯K�
éÐ

�ïÄó�, �ÑXeÐ(J: � A = (aij),B = (bij) � n ��K�
, K

ρ(A ◦ B) 6 min{ρ(A) max
16i,j6n

(bij), ρ(B) max
16i,j6n

(aij)}.

AO/, � A,B Ñ�é�Ó`�k

ρ(A ◦ B) 6 min{ρ(A) max
16i6n

(bii), ρ(B) max
16i6n

(aii)} 6 ρ(A)ρ(B).

þã(Ø3�
�¹e�O��~°(, ~X� J � n �� 1 Ý
, I � n �ü Ý
,
- A = B = J , K ρ(A ◦ B) = n 6 min{n, n} = n 6 ρ(A)ρ(B) = n2, 2- A = I,B = J ,
K ρ(A ◦ B) = 1 6 min{1, n} = 1 6

√
ρ(A ◦ A)

√
ρ(B ◦ B) =

√
n. �¢Ã�´� A,B ¥�é

��é�é���é���, þã(Ø¥�Ñ�þ.¿Ø�½'©z [1, 2] ¥�²;�O
�°(. ~X-

A =

[
1 1

100 1

]
,B =

[
0 100
1 0

]
,

Kk ρ(A) = 11, ρ(B) = 10, ρ(A ◦ A) = 101, ρ(B ◦ B) = 100;

100 = ρ(A ◦ B) 6
√

ρ(A ◦ A)
√

ρ(B ◦ B) =
√

101
√

100 6 ρ(A)ρ(B) = 110

6 min{ρ(A) max
16i,j6n

(bij), ρ(B) max
16i,j6n

(aij)} = min{11 × 100, 10 × 100} = 1000.

�©ò�Ñ ρ(A ◦ B) ��|#þ.��éc<ïÄ(J�Ö¿, ¿��yù|#þ.
'©z [1, 2] ¥�²;(J��Cu ρ(A ◦ B) �ý¢�. #(Jò�¹©z [6] ¥�(Ø.

ò¤k�é���Ñ���¢ê� n ��
�8ÜP� Zn. e�3 n ��K
 B Ú�
¢ê α ¦� A = αI − B � α > ρ(B), K¡ A � n � M–�
. P Mn � n � M–�
�8Ü.

- A ∈ Zn, P τ(A) = min{Re(λ) : λ ∈ λ(A)}. d©z [1] ¥�(Ø�: τ(A) ∈ λ(A).
¡ τ(A) � A ���A��.

- A ´ Ø � � M–� 
, K � 3 � � þ u, v ¦ � Au = τ(A)u, vTA = τ(A)vT; Ù
¥ u Ú v ©O�¡� A �m Perron A��þÚ� Perron A��þ.

b� A,B ∈ Mn, K A,B � Fan È½Â� A ? B = C = (cij), Ù¥� i 6= j � cij =
−aijbij , � i = j � cii = aiibii; - r > 1, P A[r] = (dij), ¡ A[r] � A � r g Fan�, Ù¥
� i 6= j � dij = −|aij |r, � i = j � dii = ar

ii. w,, A[1] = A,A[2] = A ? A. d©z [1] ¥�(
Ø�: e A,B ∈ Mn, K A ? B ∈ Mn. �©ò�Ñ τ(A ? B) e.���#(J, ù�#(J
ò�¹©z [6] ¥�(Ø.
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1 _
����O

ÚÚÚnnn 1 � a = (a1, · · · , an)T > 0, b = (b1, · · · , bn)T > 0, K

n∑
i=1

aibi 6 (
n∑

i=1

ak
i )

1
k (

n∑
i=1

bk
i )

1
k (1)

é k = 1, 2 ¤á.
y² d Cauchy–Schwitz Ø�ªN´�(Ø¤á.
ÚÚÚ nnn 2[6] � P � � K Ø � � � 
, e � 3 Ø � u " � � K � þ z ¦ � P z 6 kz,

K ρ(P ) 6 k.
½½½nnn 1 � A = (aij),B = (bij) � n ��K�
, K

ρ(A ◦ B) 6 max
16i6n

{aiibii + [(ρ(A(k)) − ak
ii)(ρ(B(k)) − bk

ii)]
1
k }, (2)

Ù¥ k = 1, 2.
y² Äkb� C = A ◦ B �Ø���. K A,B Ø��, l D(A), D(B) rëÏ, ¤

± D(A(k)), D(B(k)) �rëÏ, l A(k),B(k) �Ø��. ¤±, �3 u(k) = (uk
1 , · · · , uk

n)T >

0, v(k) = (vk
1 , · · · , vk

n)T > 0, ©O� A(k),B(k) �m Perron A��þ. P u = (u1, · · · , un)T >

0, v = (v1, · · · , vn)T > 0. Ï�

A(k)u(k) = ρ(A(k))u(k) ⇐⇒ ak
iiu

k
i +

∑
j 6=i

ak
iju

k
j = ρ(A(k))uk

i ,

¤± ∑
j 6=i

ak
iju

k
j = [ρ(A(k)) − ak

ii]u
k
i . (3)

Ón ∑
j 6=i

bk
ijv

k
j = [ρ(B(k)) − bk

ii]v
k
i . (4)

- z = u ◦ v, K z > 0 . ¤±é?¿� i ∈ N k

(Cz)i = aiibiizi +
∑
j 6=i

aijbijzj = aiibiizi +
∑
j 6=i

(aijuj)(bijvj)

6 aiibiizi + (
∑
j 6=i

ak
iju

k
j )

1
k (

∑
j 6=i

bk
ijv

k
j )

1
k

= aiibiizi + [ρ(A(k)) − ak
ii]

1
k ui[ρ(B(k)) − bk

ii]
1
k vi

= aiibiizi + [(ρ(A(k)) − ak
ii)(ρ(B(k)) − bk

ii)]
1
k zi

= {aiibii + [(ρ(A(k)) − ak
ii)(ρ(B(k)) − bk

ii)]
1
k }zi.

þª¥1�1dÚn 1 ��, 1n1d (3), (4) ª��. 2dÚn 2 �

ρ(A ◦ B) 6 max
16i6n

{aiibii + [(ρ(A(k)) − ak
ii)(ρ(B(k)) − bk

ii)]
1
k }.
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¤± (2) ªé k = 1, 2 ¤á. e C = A ◦ B ´��
, ½Â T = (tij) � n ���
, Ù
¥ t12 = t23 = · · · = tn−1,n = tn,1 = 1, Ù{���". K A + εT ,B + εT é?¿ ε > 0 þ´�
KØ��
. ^ A + εT ,B + εT �O A,B; 2- ε → 0, KdëY5� (2) ªé k = 1, 2 E¤
á. y..

3 (2) ª¥- k = 1 �

ρ(A ◦ B) 6 max
16i6n

{aiibii + (ρ(A) − aii)(ρ(B) − bii)}

= max
16i6n

{2aiibii + ρ(A)ρ(B) − aiiρ(B) − biiρ(A)}.

=´©z [6] ¥½n 4 �(J. d©z [6] ¥ Remark 1 �

2aiibii + ρ(A)ρ(B) − aiiρ(B) − biiρ(A) 6 ρ(A)ρ(B).

23 (2) ª¥- k = 2 �

ρ(A ◦ B) 6 max
16i6n

{aiibii + [(ρ(A(2)) − a2
ii)(ρ(B(2)) − b2

ii)]
1
2 }.

éu?¿� 1 6 i 6 n, ±eØ�ª

[aiiρ
1
2 (B ◦ B) − biiρ

1
2 (A ◦ A)]2 > 0,

a2
iiρ(B ◦ B) + b2

iiρ(A ◦ A) > 2aiibiiρ
1
2 (B ◦ B)ρ

1
2 (A ◦ A),

(ρ(A ◦ A) − a2
ii)(ρ(B ◦ B) − b2

ii) 6 [ρ
1
2 (B ◦ B)ρ

1
2 (A ◦ A) − aiibii]2,

aiibii + [(ρ(A ◦ A) − a2
ii)(ρ(B ◦ B) − b2

ii)]
1
2 6 ρ

1
2 (B ◦ B)ρ

1
2 (A ◦ A)

´�d�. qdu
√

ρ(A ◦ A)
√

ρ(B ◦ B) 6 ρ(A)ρ(B). l`²^ (2) ª�O ρ(A ◦ B) '
^ ρ(A)ρ(B) �O ρ(A ◦ B) �\°(.

ÚÚÚnnn 3[7] � Q ∈ Mn ��Ø���, e�3Ø�u"��K�þ z ¦� Qz > kz,
K τ(Q) > k.

½½½nnn 2 � A = (aij),B = (bij) ∈ Mn, K

τ(A ? B) > min
16i6n

{aiibii − [(ak
ii − τ(A[k]))(bk

ii − τ(B[k]))]
1
k }, (5)

Ù¥ k = 1, 2.
y² Äkb� C = A ? B Ø��. K A,B ´Ø��� M -�
, l D(A), D(B) r

ë Ï, ¤ ± D(A[k]), D(B[k]) � r ë Ï, l  A[k],B[k] � Ø � �. ¤ ±, � 3 u[k] =
(uk

1 , · · · , uk
n)T > 0, v[k] = (vk

1 , · · · , vk
n)T > 0, © O � A[k],B[k] � m Perron A � � þ.

P u = (u1, · · · , un)T > 0, v = (v1, · · · , vn)T > 0. Ï�

A[k]u[k] = τ(A[k])u[k] ⇐⇒ ak
iiu

k
i −

∑
j 6=i

|aij |kuk
j = τ(A[k])uk

i ,

¤± ∑
j 6=i

|aij |kuk
j = [ak

ii − τ(A[k])]uk
i . (6)
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Ón ∑
j 6=i

|bij |kvk
j = [bk

ii − τ(B[k])]vk
i . (7)

- z = u ◦ v, K z > 0 . ¤±é?¿� i ∈ N k

(Cz)i = aiibiizi −
∑
j 6=i

|aij ||bij |zj = aiibiizi −
∑
j 6=i

(|aij |uj)(|bij |vj)

> aiibiizi − (
∑
j 6=i

|aij |kuk
j )

1
k (

∑
j 6=i

|bij |kvk
j )

1
k

= aiibiizi − [ak
ii − τ(A[k])]

1
k ui[bk

ii − τ(B[k])]
1
k vi

= aiibiizi − [(ak
ii − τ(A[k]))(bk

ii − τ(B[k])]
1
k zi

= {aiibii − [(ak
ii − τ(A[k])(bk

ii − τ(B[k])]
1
k }zi.

þª¥1�1dÚn 1 ��, 1n1d (6), (7) ª��. 2dÚn 3 �

τ(A ? B) > min
16i6n

{aiibii − [(ak
ii − τ(A[k]))(bk

ii − τ(B[k]))]
1
k }.

¤± (5) ªé k = 1, 2 ¤á. e C = A ? B ´��
, ½Â T = (tij) � n ���
, Ù¥ t12 =
t23 = · · · = tn−1,n = tn,1 = 1, Ù{���". éuv
�� ε > 0, A−εT ,B−εT �¤k^S
Ìfª��. ¤±� ε > 0 v
�� A−εT ,B−εT þ´Ø�� M–�
. ^ A−εT ,B−εT �
O A,B; 2- ε −→ 0, KdëY5� (5) ªé k = 1, 2 E¤á. y..

3 (5) ª¥- k = 1 �

τ(A ? B) > min
16i6n

{aiibii − [(aii − τ(A))(bii − τ(B))]}

= min
16i6n

{aiiτ(B) + biiτ(A) − τ(A)τ(B)}.

=´©z [6] ¥½n 9 �(J. d©z [2] ¥ Remark 3 �

aiiτ(B) + biiτ(A) − τ(A)τ(B) > τ(A)τ(B).

l`²^ (5) ª�O τ(A ? B) '^ τ(A)τ(B) �O τ(A ? B) �\°(. e¡�Ñ��~f
5`²ù�:.

~~~ 1 -

A =

[
3 −4
−1 3

]
, B =

[
5 −3
−4 4

]
,

¤± A,B ∈ M2; τ(A) = 1, τ(A ? A) = 5, a11 = a22 = 3; τ(B) = 1, τ(B ? B) = 7.684 0,
b11 = 5, b22 = 4. K

6.4113 = τ(A ? B) > τ(A)τ(B) = 1.

3 (5) ª¥- k = 1 �

6.411 3 = τ(A ? B) > min
16i62

{aiibii − [(aii − τ(A))(bii − τ(B))]} = min{7, 6} = 6.
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3 (5) ¥- k = 2 �

6.411 3 = τ(A ? B) > min
16i62

{aiibii − [(a2
ii − τ(A[2]))(b2

ii − τ(B[2]))]
1
2 }

= min{6.6775, 6.232 5} = 6.232 5.

��: �öa�É,��Ç��Ï.
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