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ABSTRACT

Purpose: The aim of this paper is to present an alternative approach to the problem of accuracy estimation for smart-
designs’ class (also named space-filling or intelligent design) by making use of the design’s geometrical properties.
Design/methodology/approach: The assumed topographical condition: ‘all design cases have to be on 
the defined surface’ is reversed into a curvilinear coordinate system mapped on this surface. Then a sequence of 
irregular experimental designs is generated on the surface with various descriptive parameters and sampling from 
testing function is taken. Next, the identification of a general linear-quadratic model is conducted and various 
accuracy measures in comparison to a test function are calculated. At last the monotonic correlation analysis  
between accuracy measures and the design’s geometrical properties is conducted.
Findings: Significant and strong correlation between the accuracy measures and some of the geometrical 
properties has been found.
Research limitations/implications: The correlations found are a strong suggestion for further research. 
The future investigations should be provided with various and more complicated testing functions and different 
topographical conditions. The relations between geometrical properties and accuracy measures need to be 
identified and their distributions and confidence intervals need to be determined.
Practical implications: The results obtained outline the method of the approximation accuracy estimation from 
geometrical properties of the design.
Originality/value: Worked out formulas may be of a significant value for those conducting data mining in 
technological data warehouses.
Keywords: Statistic methods; Design of experiment; Smart-design: Curvilinear coordinate system

METHODOLOGY OF RESEARCH, ANALYSIS AND MODELLING

1. Introduction 
A typical linear-quadratic model with interactions of a static 

system being investigated may be formulated [1–4] as: 
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where b0, bk, bkk, bkj – parameters of the model, i – number of 
input factors, u – number of data points (design cases) under 
consideration, eu – random error. In the model, the uth
observation consists of two components: the deterministic four 
terms of the formula (1) and eu, the random noise in the uth
observation. Following assumption are made about the errors eu:
they have zero expectations, they are uncorrelated, they have 
homogeneous variance. The unknown parameters b are estimated 
by the method of least squares. The matrix notation is customarily 
used for the model (1): 
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Z = Xb + e  (2)

where Z – vector of observations, b – vector of parameters, X – 
the design matrix, e – vector of random errors. The model (2) is 
said to be linear because it expresses outcome Z as a linear 
combination of the parameter vector b. The main purpose is to 
obtain estimates of the parameter vector b. They may be obtained 
as a solution of so called normal equations: 

T TX Z X Xb (3)

Around so formulated model (2) exemplary data point tables 
called experimental design are constructed. The construction 
methods are focused on special properties related to the model. 
The design geometry is derived from statistical properties 
demanded for the designed experiments. It is not possible to apply 
this approach in passive experiments. Recently passive 
experiments occur more frequently due to easier collecting 
possibilities. In that case important reasons occur to ask the 
question: Are design’s geometrical properties a proper base to 
estimate the statistical properties of forecasted outcome? It is an 
inverse problem in comparison to the approach applied in the 
designed experiment. The problem has been investigated recently 
[5-9]. In this paper the problem is being investigated for irregular 
topographical designs [5, 10]. 

2. Description of the approach

2.1. The object of investigation 
A hip joint endoprosthesis is the investigated object [11]. 

Geometrically it is a sphere without a sector around its lower pole. 
Input variables are the measure point’s coordinates, while the 
output variable is the micro hardness HV100 in this point. The 
initial aim of the investigation was micro hardness mapping on 
the endoprosthesis surface. 

2.2. Coordinate system 
Every experimental design appropriated for the investigation 

has to be topographical by a definition: all measures have to be 
located on the endoprosthesis surface. On the endoprosthesis 
surface a curvilinear coordinate system is introduced. In that way 
a topographical condition is built into coordinate system geometry 
and may be omitted in subsequent considerations. A spherical 
coordinate system with a zenith angle and a longitude was 
selected. The zenith angle changes from 0 to 120 degree. The 
longitude changes from 0 to 360 degree. 

2.3. Test function 
This investigation is the first trial to generate an irregular smart 

design in the curvilinear coordination system. Due to start-up 
difficulties a simple model is selected as a test function [11]: 

2
1 1584,10 3,01 0,0147z x x (4)

where z – micro hardness HV100, x1 – zenith angle [deg]. It 
allows to focus on relations between geometrical properties and 
accuracy measures without taking a too complicated model into 
considerations. In the further investigations more complicated 
functions should be considered e.g. mentioned in [12]. There is no 
dependency of model (4) on the longitude x2 because its effect is 
not significant. The random error related to the model (4) may be 
described by a normal distribution [11]: 

( 0; 35,7)N (5)

homogeneous in the whole design space. At last the test function 
being sampled is the sum of the deterministic part (4) and random 
noise (5): 

1 2 1 2 1 2( , ) ( , ) ( , )z x x z x x x x . (6)

2.4. Design generator 
A constructive method [10] was selected for an irregular 

design generating process. The probability of a case selection in 
an unit of a design space volume is assumed as a constant. Due to 
the design space curvature the traditional cumulative distribution 
formula: 

1
2

1 2
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1P(X ,X ) dV
V (7)

has to be modified by specific formulas: 

1 1 2

V 3
dV sin d dx x x (8)

At last, the cumulative distribution, since the coordinates are 
randomly independent, is formulated as: 

1 2 1 2

1

P(X ,X ) P (X ) P (X )
2P (X ) 1 cos
3

2P (X )
2 (9)

Such formulas are exceptionally convenient because they 
allow to generate each coordinate separately. An uniform random 
generator on interval [0, 1] is involved and so is the method of 
inverted cumulative distribution [13–15]. A rectangular 120 deg x
360 deg is assumed as the design space. The minimum and 
maximum distance to the nearest neighbour are assigned as the 
start-up parameters. Next case searching process is broken after 
1000 failed trials. This causes an obvious  fluctuation of the 
number of cases. 
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dmin dmax dr dmean dmedian dgmean dhmean

errRMS

errmax

errmean

Fig.1. Matrix scatter plot for ranked data (Spearman correlation coefficient) 

Table 1. 
Spearman correlation between geometrical properties and accuracy 
measures 

Accuracy measure Geometrical 
property errRMS errmax errmean

dmin 0.73 0.71 0.77 
dmax 0.74 0.70 0.78 
dr 0.29 0.29 0.29 

dmean 0.75 0.72 0.78 
dmedian 0.75 0.71 0.78 
dgmean 0.75 0.72 0.78 
dhmean 0.75 0.72 0.78 

0.41 0.39 0.42 

2.5. Design geometrical properties 
Eight geometrical properties are identified for each generated 

design. All properties are based on the distance to the nearest 
neighbour. They are: the minimum distance dmin, the maximum 
distance dmax, the range dr between dmin and dmax, the mean 
distance dmean, the median of distances dmedian, the geometrical 
mean dgmean, the harmonical mean dhmean, the homogeneous 
measure  [16] calculated as quotient dmin/dmax. The distance is 
defined as the length of the great circle arc (orthodrome). 

2.6. Model identified 
A linear-quadratic model with interactions: 

2 2
0 1 1 2 2 11 1 12 1 2 22 2z b b x b x b x b x x b x (10)

is identified from the sampled data. The random noise (5) contained 
in the sampled data perturbs the subsequent realisations of the 

identified model (10). This causes differences between the model 
(10) forecasts and the test function’s (4) outcome. The differences 
(errors) are aggregated in the accuracy measures and analysed. 

2.7. Approximation accuracy measures 
The approximation accuracy is calculated from the whole design 

space, not only from the design cases being the design’s support. This 
is possible due to the fact, that the test function is known. Three 
accuracy measures are introduced: the maximum error errmax,
the mean error errmean and the root mean square error errRMS.

3. Description of achieved results
The simulation for 7 groups of 10 designs each were 

conducted. Each group had its own minimum distance to the 
nearest neighbour parameter assigned: 0.30 ; 0.40 ; 0.50 ; 0.60 ; 
0.70 ; 0.80 ; 0.90. The smaller values leaded to a too large design, 
the greater – too sparse. The results obtained were tabularised and 
analysed. The monotonic correlation analysis based on 
Spearman’s correlation coefficient [15, 17] was conducted (Fig.1, 
Table 1). Technically, the geometrical properties and accuracy 
measures obtained from simulations were ranked. In the case of 
the same data, the rank is calculated as an average from the whole 
subgroup. In this approach the Spearman’s correlation coefficient 
is calculated as the Pearson linear correlation coefficient for 
ranked data. 

All correlation coefficient values obtained (Table 1) were 
statistically significant at the assumed significance level of 0.05. 
As shown in Table 1, geometrical properties dr and  are rather 
useless for the accuracy forecasting. In contrast, remaining 
properties have rather large correlation coefficient values, which 
are greater than 0.70. Data shown in Table 1 reveals that 
potentially the most fruitful pairs are: errRMS – dmean, dmedian,
dgmean, dhmean ; errmax – dmean, dgmean, dhmean ; errmean – dmax, dmean,

3.  Description of achieved results

2.5.  Design geometrical properties

2.6.  Model identified

2.7.  Approximation accuracy measures
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Fig. 2. Scatter plot for errmean vs. dmean

dmedian, dgmean, dhmean. A weak correlation (Table 1) and a very 
large scatter (Fig.1) for the homogeneous property  is a surprise. 
A stronger correlation was expected for this property. In contrast, 
a weak correlation (Table 1) and a very large scatter (Fig.1) for dr
is not a surprise because this property as a measure is very 
sensitive for data changes. On the Fig.2 an exemplary dependency 
between errmean and dmean is presented. The continuous line is a 
second-order polynomial regression, dashed-lines are 95% 
confidence spreads. Spreads are calculated with a normal 
distribution assumption. The data normality should be precisely 
verified in further investigations or other distribution should be 
identified.  

4. Conclusions 
An inverse problem of the accuracy estimation from measurable 

geometrical properties is presented in this paper. Micro hardness data 
collected from a surface of a hip joint endoprosthesis was analysed. 
An investigated object’s geometry imposed topographical condition: 
all experimental design cases had to be located on the object surface. 
A curvilinear coordination system consistent with the object geometry 
was introduced. In this way the topographical condition was built into 
coordination system geometry and it did not have to be explicitly 
considered. An irregular smart design random generator based on 
differential geometry elements was applied. The test function 
sampling was conducted and a linear-quadratic model was identified, 
basing on sampled data obtained. A data scatter appeared due to a 
random noise perturbing the sampled data. A monotonic correlation 
analysis between the accuracy measures obtained and the designs’ 
geometrical properties was conducted. Significant and rather strong 
correlations between the accuracy measures and some of the designs’ 
geometrical properties were detected. The results obtained are 
presented in tabular and graphical form. They strongly suggest that it 
is possible to forecast the accuracy of the irregular design 
approximation from the design geometry. 
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