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Abstract. As a contribution to deterministic investigations of a specified crest (or wave) height, which height may be ar-
into extreme fluid surface waves, in this paper wave profilesbitrarily large; see for instance recent proceeding reports and
of prescribed period that have maximal crest height will bereferences therein for contributions in both ar€xdagnon
investigated. As constraints the values of the momentum andnd Prevostg2004); Rogue Waves(2005. In the follow-
energy integrals are used in a simplified description with theing we will first consider a simple linear problem which re-
KdV model. The result is that at the boundary of the feasi- sults when the constraint integrals are quadratic; this can be
ble region in the momentum-energy plane, the only possibleseen as approximating the Hamiltonian by a quadratic ex-
profiles are the well known cnoidal wave profiles. Inside the pression as is custom for small amplitude waves described
feasible region the extremal profiles of maximal crest heightby linear dispersive wave equations. Then we will inves-
are “cornered” cnoidal profiles: cnoidal profiles of larger pe- tigate waves described by the Korteweg-de Vries equation.
riod, cut-off and periodically continued with the prescribed In each case we find a special curve in the parameter space
period so that at the maximal crest height a corner results. (m, k) of values of the constraint®, H. For points on this
curve, for whichh=H (m), the (only possible) profiles of
maximal crest height are smooth, and given by harmonic and
by KdV cnoidal wave profiles respectively. This curve is the
boundary of the feasible region; for points above this curve,

. . o . - (m, h) with h>H (m), the periodic profiles of extremal crest
This paper deals with uni-directional spatially periodic waves height are non-smooth: they are comered profiles which con-

of maximal crest height. The maximization property is SPECgist of parts of harmonic or catenray profiles and of cnoidal
ified by describing the constraints that should be satisfied. As P y b

constraints we take the momentum integgand the Hamil- profiles, respectively, that meet at an angle at the point of
oo : . . highest crest.

tonian integralH (the energy) since these are dynamically in-

variant integrals for conservative (Hamiltonian) wave equa-

tions with translation symmetry. This research is a continua- The smooth harmonic and cnoidal profiles evolve under

tion of a recent paper on finite energy solutions of maximalthe dynamics in a special way as Hamiltonian relative equi-

crest heightyan Groesen and AndonowgB0063, and con-  |ibria: pure translations at constant speed. The dynamics

tributes to the investigation of mathematical-physical proper-of the cornered profiles is more complicated; although dis-

ties of “extreme waves”, also called rogue or freak waves.persion will initially smoothen the corner, (near-) recurrence

The extremal wave profiles we obtain will provide upper cannot be excluded.

bounds on the maximal wave crest that can be obtained, de-

pending on the initial data (which specify the values of mo- ) )

mentum and energy). In Sect. 2 we briefly describe the general methodology to
Such mathematical-physical investigations are differentformulate and describe profiles of extremal periodic waves,

from complementary interest in statistical properties of rogueNd summarise the KdV model. In Sect. 3 we consider the

waves that determine the probability of occurrence of wavedinearised model by neglecting cubic contributions in the
Hamiltonian; in Sect. 4 for the nonlinear KdV model the

Correspondence tdz. van Groesen cornered cnoidal waves are presented. Section 5 provides
(groesen@math.utwente.nl) conclusions and some comments.

1 Introduction
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34 E. van Groesen and Andonowati: Extremal periodic wave profiles

2 Methodology 2.2 Relative Equilibrium solutions

We denote by (x, #) real valued wave fields depending on The boundary in the parameter space of the feasible set
the spatial and temporal variablest; since we are mainly is given by a curve that can be obtained from a separate
concerned with the profiles we will simply writg(x). The extremal formulation. Namely, by the extremizers of the
interest will be in uni-directional spatially periodic solutions, Hamiltonian on level sets of the momentum. If we define
with period L, that are governed by a Hamiltonian system this optimization problefhand its value function by

with HamiltonianH and a momentum integrad. For defi-

niteness we take as governing evolution equation the Hamil?t () = mr;ax {Hm 1AM =0M®m=m}, @)
tonian system that describes waves running mainly in one
direction the condition of feasibility is that the paim, ) satisfies: <
‘H (m), which specifies in tha/, H-plane the points below

O = —0x6H (). (1) the graph of the value function—H (m).
Here the Hamiltoniand is a translation invariant integral This last variational problem is special for Hamiltonian
which is linearly independent from the momentum functional systems; the extremals are profiles for which the Hamiltonian

1, H-dynamics is the same as the Hamiltonidrdynamics (up
M = / X dx, to some scaling in time), which means a pure translation

when M is momentum. Such solutions are known in Clas-
sical Mechanics as “Relative Equilibria” (RE) solutions; see
Van Groesen and De Jagd9949 for the generalizations to
wave problems. For instance, for KdV the resulting solutions
are the well known cnoidal-wave solutions, as we will see in
Denote the maximal crest height functional for functions ~ S€ct. 2.5 and Sect. 4.
by For this reason we will call the parameter curve
(m, H (m)) the RE-curve.

In more detail, a RE profile satisfies the Lagrange multi-
plier rule (LMR): for some multipliers

which itself is an integral of the motion, with translation as
its Hamiltonian flow.

2.1 Extremal crest formulation

C(n) = mxaxn (x).

Then the extremal problem can be written as
max{C (n) |[neC}, AuSH (n) + AydM + = 0. )
n

where the constraint sét= C (h, m) consists of functiong This can be simplified somewhat when the constraint set is
that areL-periodic and satisfy not singular, which means that is such that ;6 M+u=0

only if Lyy=u=0. Inthat case we have thiat; 0, and there-
A()=0.H(n)=hM(n)=m. fore we can normalise its value to bel without restriction.
Here the average is defined A%n) = fOL n (x)dx.Bydefin-  Then we get as equation:

ing the value function as the extremal crest height for given
constraint valuegm, h):

V (h,m):=max{C () |neCh,m)}, In the next subsection we will show that these RE are the
n profiles of maximal crest height for parameter valgash)

we get from the time invariance aff and H the dynamic  on the RE-curve.

result that at each position and time the evolution from an

initial value ng (x) will be such that 2.3 Cornered RE profiles

SH () = AydM + p.

n(x,1) =V (mo, ho) wheremo = M (no) . ho = H (no) . Now we consider the extremal problem of interest:

For the maximal rest formulation to be sensibly defined, it
is necessary that the constraint set is non-empty. This will"@{C () In € C (h,m)}.

depend very much on the energy and momentum functional. ) . )
In the KdV model that we will consider in this paper, the In order to write down the governing equation, we need the

Hamiltonian will be bounded above for given value of mo- Variational derivative of the crest height functior@lr) :
mentum. (The reduced Hamiltonian to be defined later will =Ma% 7 (x). Assuming that the maximal value is attained at
be bounded below.) That means that then the constraint sdgolated points, the variational derivative is given by Dirac’s

Is.nonempt'y only 'T _the valuesn, h) are “feasible” by Sat'.s' 1we here assume that the momentum is coercive, in functional
fying certain conditions, namely thatis not larger than its  anaiytic sense, with respect to the Hamiltonian. Roughly speaking
maximal value for givem. this means that the maximization problem is well-posed: there is a

For the KdV model we can nicely define the boundary of finite largest value that is attained for certain maximizers, while the
the feasibility set, as is described in the next subsection.  minimization problem is ill-posed.
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E. van Groesen and Andonowati: Extremal periodic wave profiles 35

delta function centered at the position of maximal crest Remark The results can in principle be extended to other

height, say atmax cases for which there are other, or more, integrals in involu-
tion. However, the two integrals that we use, the Hamiltonian
3C (1) = dpirac (X — Xmax) - (energy) and the momentum, seem to be the most relevant

ones to consider, since they are the basic integrals which ex-
ist in any realistic model of surface gravity waves above a

o 8pirac (¥ — Xmax) = AuSH (0) + AmSM (n) + . (4)  horizontal bottom.

Then Lagrange’s multiplier rule leads to the equation

It is to be noted that whea=0, we arrive at the equation 2.5 Korteweg — de Vries model
of RE treated above. Indeed, we can distinguish two cases,
depending on whether the constraint set is singular or notln the rest of this paper we will illustrate the methodology for
We briefly recall the basic definitions here. the case of surface water waves on a layer of dépébove a

A “singular point” of the constraint set is a poirt flat bottom, in the approximation of rather long, rather small
for which the functionals are dependent, i.e. for which amplitude waves. Unidirectional waves are then well de-
AgSH (1) +Apy8M (1) +un=0 for some non vanishing vec- scribed by the Korteweg — de Vries (KdV) type of equations,
tor (Ag, Ay, ). Such a point satisfies the above multiplier which are of the form1).
equation forc=0. In that case the constraint set is called Taking exact dispersion properties, but simplified nonlin-
singular, and the specific valués:, h) are called singular earity, would provide the Hamiltonian for surface waves
values. If there are no singular points, the constraint set is
called regular. o H= / FnCanr 2,73] dx.

Hence, with the description above, we get that the bound- 2 4D

ary of the feasible region is the RE-curve, and the extremal . .
) - . where the pseudo-differential operatoy has as symbol the
profiles are the RE. Since these RE are the only functions for . . AL
hase velocity of dispersive infinitesimal waves on a layer of

these parameters on the RE-curve, these RE profiles have e SpthD:-
tremal crest height because there are no competing functions ptni:

to be considered. _ \/— ; _
On the other hand, for a regular constraint set, a criticalcp = covtanhkD) / (kDywith co = \/87D

point will satisfy the LMR for some nonzer@, which can  Here ¢q is the (largest) speed of long waves, apds the

then be normalised to one=1, and we have gravitational acceleration. The first term in the integrand of
the Hamiltonian produces the linear part of the equation and

dpirac (* — xmax) = AgdH () + AmdM () + . describes the dispersion for small waves; the cubic term in

The effect of the appearance of the Dirac delta function will the integrand prqvides the lowest order nonlinear effects. The

be that the optimal profile has a corner at the extremal po-90Vverning equation reads

sition xmax. But we can conclude even more from the local 3o

character of the delta function: outside the extremal posi-9,n = —0, [Cpn + E,}Z} .

tion, the profile satisfies the equation satisfied by RE pro-

files. Therefore, a cornered solution will consist of a suitableTq simplify the description somewhat, we write the Hamilto-
composition of parts of RE-profiles (with different values of pian as a deviation from a multiple of the momentum func-

momentumn than the prescribed value). tional by introducing the reduced Hamiltonian as follows
2.4 Summary H = coM — coHyeq

Although various technical aspects have to be verifiedwith

and specialised, the above general reasoning leads to the

following conclusions about extremal wave profiles in the g / [},7 [1-Cp/eo]n - i,ﬁ} dx.
setting we have sketched above. 2 4D

The extremal formulation for the relative equilibria fdrand

Proposition  For an autonomous Hamiltonian wave - X .
! ) . . these ofH,eqq are similar, except that the constrained maxi-
equation with momentum conservation, the RE profiles are

) . . Imization ofH turnsin nstrained minimization problem
the only profiles (and hence have maximal crest height) ato. OfH trns into a constrained ation proble
. . fOf Hred.
for values of Hamiltonian and momentum that are on
the RE-curve. For feasible values of Hamiltonian and max{H |M =m, A(n) =0}
momentum outside the RE-curve, cornered RE profiles are 7

the maximizing profiles. )
= com —comin { Hred | M =m, A (n) = 0}
n
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36 E. van Groesen and Andonowati: Extremal periodic wave profiles

The corresponding multipliers that determine the translation3 Harmonics and cornered harmonic profiles
speed of the relative equilibrium solutions are related, ac-

cording to We now investigate the case of a quadratic Hamiltonian. This
corresponds to an approximation of the energy for systems
SH = AmdM + p that are linearised. This may serve as an approximation of
and more realistic nonlinear Hamiltonian systems such as the one
above and in the next section. Any definite quadratic func-
dHred = AreddM + pired tional could be taken, but we will take the lowest order cor-
with rection to surface gravity dispersion
1 2
Am = co (1 — Ared) , 4 = —COlred H(n) = f <§8x77> dx. (10)

The result for the multipliei, indicates thatH,eq €ssen-
tially describes the waves in a frame moving with the spee
co- . . . . 0 8Dirac (X — Xmax) = ()MM - )»Haf) n+u. (11)

To simplify matters, and to arrive at the classical KdV
equation, we now approximate the pseudo-differential oper-To simplify the formulas somewnhat, we take the length of the
ator by its lowest order differential operator, leading to the Pasic intervalL=2r. According to the Poincare-Friedrichs

approximation forH by the HamiltonianHkgy : inequality, the valué: has to satisfyi>H (m) with H (m) :
=m in order that the value@n, h) are feasible, i.e. in order

that the constraint set is nonempty. Actually, because of the

dThe Eq. 4) for the extremal profiles becomes

1 D2 1
H =~ Hkdy = Co/ [_nz kT (@) + —773} dx (5)

2 4D homogeneity of the functionals, it is possible to choasel.
) . The constraint set is singular fbe=H () and then the solu-
The governing equation reads tions are simply the harmonic functions that can be smoothly
2 3 continued periodically. In detail, far=H (m) : =m we get
dn = —cody [n + ?afn + Enz} : (6) p
oc=pu=0,Ay=1Lxrg=-1 nkx) =\/;COS()C+¢)

Apart from a convenient scaling, we will consider the max-
imal crest problem foikgy in Sect. 4. For later reference
we note that waves that travel undisturbed at sgéeate of

These profiles are the RE profiles for this case: they are the
solutions of the optimization problem

the formn (x — Vt) and satisfy the equation nemn{H@m |An) =0, M(n) =m}=H@m). (12)
n
_ D72 2 2 This is precisely the formulation of the eigenvalue problem
1+ Vi =co |:77 + 6 dn ¥ 4D } related to the functional& and M. The RE curve is here

o ) ) ] N ] the straight lineh = H (m). The constraint set is regular for
This is precisely the equation for relative equilibr, (with all values ofi>" (m). Then the profiles of the optimal so-

A=V ; periodic solutions are the cnoidal wave profiles that | ions will have comers. These profiles are of trigonometric
we will investigate in detail in Sect. 4. or hyperbolic shape, depending on the valué of:.. Since
To simplify the formulas somewhat, we scale the Spa-ihey can be shifted over an arbitrary distance, we choose to

tial variable and the wave height with the water dept, iake the origin in the through, and let the corner appear at
x=x/D,n =9n/(2D), leading to the normalised equation

x==m.

— - =A+u 7) The solutions on thetrigonometric branchexist for

7 H (m) <h<her Where he,=(15/72)H (m). Introducing a
with p=—27u1/ (Dco) and parametey, these solutions are on the interjabr, 7] given
A =6(o—V) /co. (8) for —1<gq <0anda>0 by
The above equation will be investigated in the following; the nyi = a [i sin(gm) — COS(qx)] (13)
corresponding Hamiltonian is the scaled version of the devi- g7
ation Hreg and is given by (omitting the tildes) Solutions on the so-called “catenafyranch” are defined for

1 1 h>h., with profiles given on the intervdl-=, =] for any

H= / [5 (3yn)? — 3 3} dx (9) g>0and forA>0 by

This will be the Hamiltonian we will consider in the rest of ncat= A [—i sinh(gm) + cosh(qx)} . (14)
the paper. In the next section we will first consider the linear ar
problem, neglecting the cubic term in this Hamitonian; in  2The name catenary is used since these solutions have similar
Sect. 4 we will investigate the full problem. form than the shape of a hanging chain which has cosh description.
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604

Fig. 2. The left figure shows plots of the Hamiltonian (upper curve)
and of the maximal crest height (lower curve) as functiog.dflere

the trigonometric branch is plotted ferl<g <0 and the catenary
branch forg>0. In the same way for the catenary and the trigono-
Fig. 1. Plot of one period of the extremal profiles fér=2x metric branch, the half-corner is plotted in degrees in the right
and for the normalised valug/=1. At the left are shown three figure.

profiles of increasing amplitude on the trigonometric branch for

g=—1,—-2/3,0 (g=—1 corresponds to the smooth harmonic), at

the right three profiles with increasing amplitude on the catenaryapply the methodology to obtain cornered cnoidal wave pro-
branch forg=0, 1, 2. files.

4.1 Cnoidal wave profiles
Note that by defining the trigonometric branch fet<¢ <0
(although the sign is irrelevant for the solutions on that The normalised equation for relative equilibrium profiles
branch), we are able to connect the two branches, as we willeads
see. The parametemsandg can be f:hosen to satisfy t.he CON- SH — ASM + pu,ie. — 33,7 — P =+ (17)
straint values. On the trigonometric branch the maximal crest
height and the steepness at the corner is bounded, while offr two multipliers that are such that the momentum con-
the catenary branch the maximal crest height and the Stee'@_traint is satisfied and that the average of the function van-
ness at the corner monotonically increase to infinity for in- ishes. Periodic functions satisfying Eq.7J are the so called
creasing values of/m. In fact, defining the (half-corner cnoidal wave profiles; the dynamic solutions are the trans-

angle)¢ by lation of the profile with fixed speed, which are the well
known cnoidal waves, called like this because they can be ex-
tan(¢) = [d_"] (15) pressed with Jacobi’s elliptic function CN. We now present
x=m details of these RE profiles, and of the cornered cnoidal pro-
we get for the two branches files.
_ _ Beforehand we note the following expressions for the mul-
¢uri = arctan(aq sin(gr)) , ¢ear = arctan(ag sinh(gm)) tipliers. By integrating over a period there results thait
For g—0 the branches singularly meet through a parabolicrelated to the momentum like
profile ngjng = ao (x2 = 72/3). B Lz, B
Plots of some characteristic profiles on each branch aré = ~ /L/Zn dx =—2M () . (18)

given in Fig. 1. Plots of the Hamiltonian, of the maximal

crest height and of the half-corner angle as function afe After multiplying the Eq. {7) by n and integrating by parts

there results

given in Fig. 2. L
_é/z [77)% - 773] dx
A= s (19)
4 KdV cnoidal waves and cornered cnoidals —L2"N dx

: : - . The JacobiCN elliptic function is defined for@ <1 by
As we detailed in Sect. 2.5, the periodic nonlinear KdV

model, after normalization, leads us to consider the crest . _ ¢ de
. ) cn(z, k) =cosg, z = —_—
problem for the Hamiltonian Eq9J: 0 /11— Kk2sirke
Liz2ry 1 The functionen h iodicity & 2 iod-
_ 2 13 cn has periodicity & (k) andcn“ has period
H () = /_ [5 (3xm) 3 }dx (16) icity 2K (k), where

where L denotes the period. First we consider the smooth, k) = /2 do
periodic profiles, the cnoidal wave profiles, after which we —Jo /1 — k2sink o
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Fig. 3. At the left, plots of the cnoidal wave profiles in one period Fig. 4. The plot shows the value function of the cnoidal waves in the

L=2r, for k=0.5, 0.9, 0, 95 for increasing amplitude. At the right, momentum (horizontal) - Hamiltonian (vertical) plane. Any cnoidal

plots of momentum (monotonically increasing) and Hamiltonian of profile corresponds to a point on this curve, and, visa versa, any

the cnoidal waves as function bf Note the non-monotone behavior other profile will have values of the integrals above this curve. The

of the Hamiltonian fotk close to 1. nearly straight dotted line provides the information for the cornered
cnoidal profiles foiy=0.9.

For k=0, K (0) =r/2, while K (k) —oo monotonically for
k—1. In the following we will usek as a convenient param- harmonic function that corresponds te-0. The values of

eter to characterise the profiles; it is in a one-to-one relationys and & for cnoidal waves as functions éfare also plot-
with the momentum used in the formulation of the optimiza- ted in Fig. 3 at the right. Note that f@rclose to its limiting

tion problem.
KdV cnoidal profiles are then given by

n = 6kB)?.cn’(B(x — xo), k) — b

value 1, the value of the Hamiltonian starts to decrease, and
tends to—oo as a consequence of the dominating cubic con-
tribution for large amplitude functions in the Hamiltonian.
The RE curveH=H (m) of H versusM shown in Fig. 4

whereb is such that the average gfvanishes, andy is therefore has a turning point: its derivative, which is equal to
a shift that makes it possible to get the minimumxat0. ~ the multiplieri=d#/dm, vanishes, changing from positive
The periodicity of thecn-function implies that the spatial 0 negative. Since is related to the speed of the physical
period of this profile function is B (k) /8. For a given cnoidal wave according to the formul@)(zero crossing of

spatial period¢, we havef=2K (k) /¢, and hence we get ©nthis curve, corresponds to increase of the physical velocity
n=W (x, k; £) —b with above the maximal phase speagd Obviously, for such too
large values oM the KdV-approximation looses its meaning
kK(K)N\? x 1 as reliable model.
W (x,k; £) = 24<T> .cn“(2K (k) (Z - 5)’ k).

o ) . ) 4.2 Cornered cnoidal wave profiles
This is the expression for profiles for suitable values ahd
k for givenc. _ o _ Employing the methodology explained in Sect. 2, cornered
Now we fix the value of the period of the periodic solutions cnojdal (ccn) profiles are obtained fo£L /g, for 0<g<1.
we are after to be.. In this subsection devoted to cnoidal They are given after adjusting the valuebxdb guarantee that
waves we také=L: [ ndx=0 over one period—L/2, L/2] by
L/2
W (x,k; L)dx. (20)

L2 Neen= W (x, k; £) —/
—L)2

Nen = W (x, k; L) — L2

W (x,k; £)dx.

Plots of these (smooth) cnoidal profiles for various values of
k are given in Fig. 3 at the left. Observe that for increasingPlots of some characteristic cornered cnoidal profiles are
values ofk— 1 the profiles deviate more and more from the shown in Fig. 5.
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1. Fig. 6. The plot at the left shows the maximal crest height as func-
i tion of k for g=1 (the smooth cnoidal, dotted), and for cornered
1; cnoidal profiles withg=0.8 and¢g=0.6 (lowest). The plot in the

middle shows the half corner as functionkofior ¢=0.6 andg=0.9
(highest). The plot at the right is the half corner as function tdr
] ] ) ] various values of: increasing curves correspondie0.5, k=0.7
Fig. 5. Extremal profiles are shown in one peride=2z and for  andk=0.9. For increasing, the value of for which the sharpest

the valuek=0.9. Forg=1 the smooth cnoidal profile, and for comer is obtained shifts tp=1, approaching a vertical tangent (half
9=0.9, 0.7 two cornered cnoidals. It must be noticed that for these corers /2) for increasing.

parameter values all these profiles correspond to different values of
M andH.

These are the Hamiltonian Relative Equilibria: soliton and
cnoidal wave (group) profiles. Their dynamics is simple: a
translation at constant speed (action of the momentum flow)
with the speed determined by the values of the multipliers.
Besides that, at this boundary, except from an arbitrary shift,
these are the only profiles that are found for these values of
the integrals. The situation is very different inside the feasi-
) bility region. Then for each paitm, 1) there are infinitely
5 Conclusions many independent profiles satisfying the integral constraints.
) Among those the cornered coherent structures have the max-
We have shown that for the KdV model the underlying as-jmq) crest height; their dynamics will be more complicated.
sumptions described in Sect. 2 of the methodology to ob- |t should be noted that the results obtained here depend
tain extremal periodic wave profiles are satisfied. As a CON-sirongly on the approximation that is taken for the physi-
sequence, wave profiles of given period that have maximat,| wave energy. Here the usual expression within the KdV
crest height are given by the smooth cnoidal profiles wheny,qqe| has been used. In a forthcoming pager other
the value of the momentum and energy lie on the boundany,ressions for the energy (Hamiltonian) of uni-directional
of the feasible region. For values of these integrals insideyayes are derived that include higher order terms; also an ex-
the feasible region, cornered cnoidal profiles are found W'thpression for the energy of waves on infinite depth are given.

corners at the maximal crest. Taking into account the regytremal waves for these models will be published else-
stricted validity of the KdV model, for not too large values \pere.

of momentum the results will be realistic. Similar results

can be obtained for wave groups modelled by the NLS equaacknowledgementsE. van Groesen thanks G. Jeurnink and C. van

tion. InVan Groesen and Andonow##0063 this was done  der Meer for useful conversations. This work is part of project

for finite energy solutions. The methods here can be appliedWI.5374 of the Netherlands Organisation of Scientific Research,

for periodic wave groups. Conversely, the results for peri-subdivision Applied Sciences STW.

odic KdV profiles can be extended to finite energy profiles _

of maximal crest height; the KdV solitons are found at the Edited by: E. Pelinovsky

boundary of the feasible region, and cornered solitons in theX€V1éWed by: two referees

Interior region. Svan Groesen, E. and Andonowati: Variational derivation of
In all the cases mentioned above, the profiles at the boundkdv-type of models for surface water waves, Phys. Lett. A., sub-

ary of the feasible region are smooth coherent structuresmitted, 2006b.

The value of the maximal crest height of the (cornered)
cnoidal waves, and of the half corner are shown in Fig. 6 for
various values of as function ofk. Note that for giverk the
smooth cnoidal has the largest crest height.
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