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Controllability of structure with repeated eigenvalues

YAO Guo-feng, GAO Xue-fei
(College of Mechanical Science and Engineering, Jilin University, Changchun 130022, China)

Abstract: Two necessary conditions of complete controllability of a repeated eigenvalues system
(regular and defective system) and their proofs are given. At same time two sufficient conditions,
their proofs and a method of selecting control force distribution matrix are also presented. In the
following sections, the four theorems and one method of selecting force distribution matrix are given.
They solved practical controllability of any linear structures and given the least number and locations
of actuators if the structure is completely controllable. So that makes us understand structural
controllability clearly. Finally, some numerical examples are given to verify our theorems and
method.

Key words: solid-state mechanics; controllability; distinct eigenvalues system; repeated eigenvalues

system;state space equation

H Kalman T 1960 4F #2 i I 0 58 A5 0] 4%
HEEWHERNEREN T EENEWE
P e R 40 ZAFE R s R g R M O
K [ AN T b e A 2 3 PR

— R GE S5 ) T LB 328 O 58 45 A 46
B, R ARG HA 5E 4 N FRIE 25 W), FRZ 2 58

7 B #3:2007-12-10.

ARG BN Z T IARG ., WRRG A B
FRAEAE AR 2 INSL B 84 R GE— 58 & 58 A 1Y s X T
XA A G ARG 4 i AR BT R m= 1.
DU 250K 2 2 1) X A 45 ) 0 0 A A B B I
B Oy — | i) ) AN T BT T A AL 1A R L R SR
SEATTRERY T, A R G B RHE A Y i

E&TIH . MRE985 LRI H 5 7 MAE Rl & eI 5 H (20080540) 5 B 5 H AR 2 4 100 H (59575025).
EE BN BEE R (1962 -, 5 B8, A 0. AFFE 07 1] R 3l S PR 3h s il B . 3R S B S0 01 AT A #
E-mail : yaogf@jlu. edu. cn



+ 1360 - THRKRFFHROCT F R

% 38 A

X B — 5 il g AT L R GE LR B AN T
f9 o XF T IS 45 i B 28 48 1) P o D AR 2
SR HHEAT TR EX T A R
ER R GE WA KL BFEH S 1,

B X RGE AT MR HEAT THESE i T B A
AR AR B R I (B AR 8 58 4 T R A A b B 0K
8 S AR [R] I 28 1 A 58 23 25 1F SRR
IFPE T — MR o A R B B ORY B T I
f e FRUE S BB 1 2% PR A7 3k B9 TR 1

1 B BRI E Y R GE R0 Al 1k

1.1 AEENFENSERE X
LR I AN R G B AR 2507 2 ] R R i
x= Ax -+ Bu (D
y = Cx (2)
EvL L
sz (xp 1 )b
<B=[b b, b, s (3)
u= Cw w = w,)";

AE ¥y yE G, CE R B E GV,

EmARX BRSNS L x RSy
Dy T u R AT R A N RGGERE C
1 B dw o3 A FE I B SR i) g o3 A H R

EX 1 RG(ABRETEETER, Y ALY
A4 M R

¢=[BAB A*B -+ A" 'B] (4)
HIFE A n,

EX2 RG(ABRFERIER, Y HALY
RYE M A MR BSERS Eh A R R
1.2 BERERHMEENRS

UIRE WS N R CPNE 2 € P v X (3
B EE /R B B B EAFAE(E 00 R 58, AR
H ARG AT TE BA Y B PR R gerp 423 i) 4n
T (B 3 M 41 2 0] R0 v 2 B0 RORT # *A8 1i] 45 7
RSB — B A 5 0 — RS R
T A B X B Y AR R T TR AR R
D7 18] AT R R [ 5 1 21l X S B
R AR RRAE 0] 2 09 4T B2k 20 G A1 SR 2 AR AE )
S SR GE A AT . R R R ) A
FEAEAE AR XS W M — — 2R M TC S I RR AR ] i, R
29 R [ T LA ok Pl A 28 o A AP AR L 28 48 5 A
RS AL R R T X AR . B LR AR (A FR
G DL S HA B R E AR ) & R E 2R G
WFR N RGE .

A EREEI BA R R RN T2 AR
S RN SR U D A7 B AT G R AT fE R
T 72 G5 50 W AN R A5 AARUGT 1 A 1T 5 SO 8 43 Bt A
MR, X FAE T Jordan b o B0 H A
1 534 T Bt

AR FHREAEAE A (RS« D FRIE(ED A9 00 S
FRAE ] £ B S BB RR 2 A 1Y U AT B4

r; = dim(null(A— A, 1)) (5)

A B JUAA] 5 0E 5 A Jordan i i 7Y v A B
T A Y Jordan HEUAH S,

A )RR AR O A B R H n R
RSB 5 TE Jordan AR HERI A Y TN B9 T A
Jordan S £ 2 FIAHSE , B

w= > dim[J,] 6)
=1
XHJIRAHMNF A B § A Jordan 1, j=

1,0y ris

JIT A R A L B9 QR K 2 A B O AR 5 Y By

Bone D

—PNRGEREADN, B ICY B R A RE
HAG=1,, D& E ri=n. —HHEN X
B> WAL I8 23X AR AR 2 5 P 1Y, [R]
RGN 7RG .

FOE ORI, TR R G WV IE AR IER
FULE . Friswell AN T —A> 5 i & 4819 11
T AN AR R S 3 A 2 BELJE 2%
AR — R A PIAR A ALY . 1 Mottershead™ "
) A I AE 5 45 ) A2 S AT 5 A iz A 1R] R e
A AR X FR A AR AR AT DL 5 Y
1.3 ERUTETEREFTEENLESHE

EE 1R WRARGRESHER AR
TEAMIFHERA LD EREM A G=1,2,,D,
Horp A A MARECEECR n B 2B RS0 (A,
B) & 58 4 AT Y, S 1 i A BB m B2 N
F max{n:1=1,2,+,1},

ERA A BYZE AT RRAE ) i PR T 400005 R

W= (W w, W 1o W o o Wy ey 11 W, "
N
V=_[v- Vi Vi1 Vo, V41 v, |
(8
I H A MFEERFE A h
A = diag (A== Ay Aurt*** Auny *** Aug o 1%+ An)
9



% 6 M BB R E . ERLE M TR . 1361 -
3\1 - - 1”1 - )\1 w;r ”
N j\n =ttt = 5\7, |, — )\2 "VZ1 Us
XH . N e 10 (ar a; >+ a,) [by b, == b, ]| ~|#0 (18)
_ _ T
J}\,,l... ol = = A,, - )\[ w"l Uy,
RJF X2 (1) 07 0 25 A s 2 1) XHE.B=[b b b,.].
x=Vg,.q=[q ¢ = q.]1 an BESR u=Cwy woer w) ' FMIEE W A 1=, I
I HLHS 38 45 E 1) i ) 1F 32 PR R 20T LAAG 2
WAV = A, WV = I (12) biw  biw, - biw, (g
& A (D el Blw blw, - blw, || a
. #0 (19)
q= Aq+ WBu (13)
b,w,  blw, - bow, | %y

BE SR A AR AR A B Vil B IR 40 30 (D A (13)
I AR A 2 e N >4 B A AH R B9l 42 4
TR E J5 7 (13) , AT LU B 5 R AR A 58 7
R GARS AR R T B A A
J;h =kaq+ wi Bu

uﬁzh%+ﬁﬁu

: o o
q,11+1 - A2 qnl+l + Wnl+l Bu

y |y

. B ;
oy 10y = Aoy 1y + w, Bu

— Ny
qu ool 11 7 Alqm [eeeimy 11 + wn1 el lBu
S .
q = Aq + wh Bu
mtn Ty e e ety Ty
14)

BUAE R — Wb FR A1 % 18 kAl p 5
FRAE B A RO R B A — 7 AR, B2 0 A
0 1 45 AT 2 2 2 4 T O B E 1) B w= o wi
Wy e, W AR AR [ 5 35 RF 3 3
5 — 41 )7 R RE NS 1S BIE RS A AR g F 9 —A

q¢= Aq+ w Bu (15)
oy

q= A q+ aw Bu+ aw Bu+t -+ a, w, Bu
(16)
RRAEE 2,25 BACS W 2 B A A AR RS A AT
o
arwi Bu+ a;w Bu+ - + a, w, Bu70 (17
XA T LAE RCR A1 E X

1

R?‘j ay 9a29"'9(lul )ﬁ{f%ﬁjk%%ﬁﬁatﬁ%

HA Y
biw  biw, - biw,
byw  biw, - biw,
D, =
b,wi  byw, <+ b,w,
B Bk I BT B

rank(D«Al) =n (20)
XRE A 22 A5 (200 W7 W) 75 2 A B 5 m
MR THETRBELR 0 B m=n, HERRZSG
AT AR TR REARE A Gi= 1. D
R L L DR, 2R R B o8 A Rl AR L A0 2
m == max{m n, *** n} @20
I, E FAHIE,
1.4 SHREZAEENLESRY
I 2OLEFM)  WRARGRESHER A
TR IFERA LAERFAEE A G100, D
RN RRIEAE A PARECE R AR 0 e+
et =n, 0 HREAFRIEME A B LM EECH o,
R 2 #4258 (A, B) J& 58 4l #1009 , 451 ) A
HIBTEL m WY KT AT maxin rees nfs
JEH 2 BUERS  A e 4 BRI AL, K
UEBIIE . BEE A LUDNR 38 78 3 25 A4 (9 30E B vh 2 fi
28 PRIGIE B k.

2 Seanl LR e A

2.1 EERGEEEVEENESES

B IS HRGEREHERE AZ5%E
HOIFHBEA (AFERAEE A G=1,-, D, Hh
BEAFREE A BARECEECH n TS o+ Ao
+ = n AR A GRS ) o A AR RE B R R B 5%



+ 1362 - THRXFFROCDF R) % 38 A
. RG (A B REETHER, 4 J A1
i meiEm At 4+ (222 1 A
(k= 1. lim = 0) I= { ]' )
ff g A
W,lb: g,ai:j9n1+ja"‘an1+112+”‘+n11+j (26)
' 0,17 jom +jgorecsm +m+ o+ £ % HL J = WAV 27)

(22b)
XH g Gi=jomtjeesm g+t no +) AL
RIEBAEFHE HD j=1.2,.m,

AR B3 SR ST Y L PR aE i 2 (2220 A
2 (22b) Y ZESR LAY 42 1 ) 43 A FF - B RE 98 1
PR QDS RN, Ll € L 2 ARG
(A.B) A%,

2.2 SHERSZEAEMENREIFH

BB AGEFME) ERGERESHERE AT
Py I HEA LAEREE A =1, D, Hrp
FEFFAEE A AARECEECH n S o+ £
+m=n,JF HAEDRAEE X B LT EECR r 8
LR i =1C=1,, D IFEE G m=1
A BT R A

wiB#£0 (23
(G=msm +msom+nm++ni.n0
WAL (A B SERT R rnGi=1, -, DIFAR
FRAE T 1, pf Al 7 A B B 2K m=max{nr
ryeee v o I HLAR BT 91 SR 0k BCHE ] ) 3 A1 B
B, U AT LU A% R 48 (A, B) 524 Al 5,
X =1, LR =18 423K
w, b1 # 0 24)
MR v > 1 WA T RAEE A A A
Jordan &, % n, (k=1 r,)) L7 B T HHAE(E
A BY5E kA Jordan By B8, T HUHE BE B i 2
AR AN A R TRRAE AR A XA ) SCHRR
fiE 1) £, BEK
wib; = 0, k= m + o 1 + n, e A n;,
(25a)
wib; = 0,j = 1,1 (25b)
@25 Y we S AHBE FHRAE(E A £ 3 (252)
Z A A R AR 1 i AT CRRAE T i, W R G
(A BRI,

ERl EHAEFZEEA I NERIEEN RS,
Forp g A R AR AR O B B LT AL i =1Ci=1,
<L D IXRE R ]8R R S8 B 1T LS R Jordan
FrRfE Rl By e 20, b HEZI A | A Jordan i, ix 46
Jordan R 4EE SR msny e sy, B

= 1aar

T SCRRE ) & A HES N R S5 =0 () Fn8) —HE, X
FERZS T FETT LAG AR T SRR AL b R T B K

q= Jq+WBu (28
HOEH T A TR AL
¢ =Aq +q + wBu
q = ;\1(12+Q3+W2TBW
<
qrxl 1 = )\1 qul 1 + qnl + w;[z‘l 1Bu
qul - )\1 Q111 + Wzl Bu
Q1 = X Qo + Qny+2 + WLL Bu
1y, = Az Gny 1 n, + W},] I, Bu
qnl+ """" y 1 +1 - )\anl*'“7n[71+l + (11114*'“771[7172 +
Wh o 1Bu
) _ T
Qg Aoy = }\/qu]+-"+n,7|7nl + W7,1+--~—,,17,—;,1Bu
29

5 T L 7 9 A2 9 30 4 6 R 9 2 565 0
i (20 B 7R 6. SURHAE A8 7 R R 10 72 5 9
AT AR ARG . I EL T b
0 F AP T FATAF AL &= 1= 1o, DO T 58
BRI RERE . 2 — At % 1 XY T 5 E (8 A
BT 5 55 OF L — A 3 B A

q

A hY 1 q W—lr b

@ w1 ¢ W' b,
) = + T
Qo2 A 1 Q2 Wy, —2 b
. bR T I et wi, 1 b
qny 1

) AT wi, b
Q,
30

u



% 6

WERLF . ERLEM T « 1363 -

ALK FEEOHT B R R X

:1: Jig+bw 3D
FRA S S 145 T F ] 45 5 B
¢ = [Ih T)lJl"'THJI’] l] (32)

HIRRAE T m W ERRAEE A XTI+ R T H
IRAE AT Sfe B0 E 8 ) PR AR BRI, |
TR AT FE PR R R R B R
A det(€)) , 18 i 4k 7] 15 )
wi b, wib, - wib w, b
Wo b, wib e ow, by 0
det(¥,) = : : 0

T o
wn] —1 bl wn] bl

W, b 0 = 0 0

n(nt3)—4

(— D™ (W] bpn (33)
R 38 5 e 0 8 AR Cwy b 0, PRI
detCo) 70, X AEFLIE ] 7 AH N THRRAEME A 097
ARG TR . T8 B, W] DLUE B $c BEOE 345 1 R
WO AR AE 7 R G AR 2 45 1. =t B
o BF — P A AR R 5 X T b Y 5 R 40 1 e
B AT LAl Bk i B S — 8 0 14 I B R E B
1 AR B DT 2 0 BEATHIE

3 BE BB

AN A A T AR TE Matlab2006b R248
e

BI1CERE 3 ZEaE 1 s By -1 T R
IR IFERG . m=2, k=3,

1 FEHMERNGEEE RS

Fig. 1 Mass-spring system with planar tiny vibration
Fogh Jy s il I #e ok

My + Ky = Fu

K

[2 O} [3 O} [1’1}
M = s K= 3y = ;

F o P T3 50 A F 5 w il ) 1)

%&z[ﬁL#%MﬁﬁwﬁMfﬂL%ﬁ

y
R B ) T BRI B S 2R
P£+ 0z = Gu
A

0 —M O 0
el o) o wom )

M O 0 M F

3 R 752 B Ol

z=—P'Qz+ P 'Gu
4 A=—P 'Q.B=P 'G, 1%

2= Az - Bu
H
m o0 —1.5 0 7
00 0 —1.5
A=
1 0 0 0
01 o0 0
FLRRE 1 5
A =
0— 1.22474 0+ 01 0+ 01 0+ 01
0+ 01 0—1.22471 0+ 01 0+ 01
0+ 01 0+ 01 04 1.22471 0+ 01
0+ 01 0+ 01 0+ 01 0+ 1.22471
ZE FRAE ] 5 4 [
W =
0. 64554+ 01 0401 0—0.79061 0401
0401 — 0. 64554+ 01 0401 0+ 0.79061¢
0. 6455+ 01 0+ 01 04 0.79061 0+ 01
0401 — 0. 64554+ 01 0401 0—0.79061

AR R G B ERREE 0 2 & R G AR
FEH L, AL R A B R m Y R T AT 2,
{E%/THE m=2, g;zl aﬁﬂﬁﬁ*ﬁi?ﬁﬂﬁ*ﬁéﬂ

1 0 1. 5492 0

0 1| . 0 —1.5492
B WB= .15 B=

1 0 0 0

0 1 0 0

SR 5 SR P AT S 0E o0 i v OR AT s M
¢=[BAB A’BA°B]
BIFE N 4. L RS (A, B) e el §5 .
Bl 2 CGE L 4 fEE—EB4)



+ 1364 - FHRRFFROTFR) % 38 %

ZEWME 2 IR EEMERSE =1, m w0 u A,
:1561:4*2 E,CZZ 59(2:672 Eak1:369

ke =81, 4 2= H,%ﬁ{f‘ﬁuﬁf 4l My — My = 0. [%
. Cn y
L W— I — I L3 15 B R B 25 5
m 1 s
L F—— < I N PerQz, = gu
“ “ A,
2 SHURBREERS pe [0 M] _ [M 0} - m
Fig. 2 Defective mass-spring system M C 0 K’ I ’
ﬂt%ﬁ]%ébﬂ’jlﬁ]j}%fﬁrﬁjﬁ$%éﬂjﬂ iﬁ—%ﬁfkﬁﬁ?ﬁf/{kj‘*lﬂﬁﬁﬂﬁﬁ/T

=—P'Qz+P'gu

mlJlJrclJl*c(fo*Il)Jrklfl = fiu
{ /?\A:*l)ilQab]:Pilgaﬁj"?%

7)721‘2+C(172*1‘1)+C2(L‘2+k212:\[Zu .
FFal LUS icn g K ‘ 1= Az+ bu
Horp RGUE

My + Cy + Ky = Fu 4 2.8284 —36 0 7

1 0 4 —2 2 _ _
fttlsz=[ }C:[ J_}K: A 2.8284 6 0 81
0 1 —2 2 6 1 0 0 0
= ; | VAN
h SJ,y[@Jf L MERAAER
—2.5-+6.9101i 1 0 0
. 0 —2.5+6.91014 0 0
N 0 0 —2.5—6.9101i 1
0 0 0 —2.5—6.91014

J7 e R AL 1) R
0+0i 0.5347 —0.1508i —0.5123+0.4266i 2.8546 + 3.9814i

W 140i —0.0589+40.81447i 1.6667 4+ 4.6068i —8.6621 4 2.44311
0+0i 0.5347+0.1508i —0.5123—0.4266: 2.8546 — 3.98141
1—0i —0.0589—0.8144i 1.6667 —4.6068i —8.6621 —2.44311i
*Eﬁ%ﬁzli 4.4 b, L wi b 70 LUK wi b A0 1, I
ARG (A, b)) BRI, & wb=1,wb =1,
wi b =0, w by =0, KT F] )5 R4 . (D R G BERAEAE A ISL L 2R 48 5¢
0 1 %‘I#Eﬁ}%\z\%ﬁ AN Wby #Z0Ci=1,,n),
Wb, — 1 b 0 X R G PR R PR P, AR X R S D
0 0 U B — - o AT R RT S B 2R G 4
1 0 (OERGHAEHFFEE.HRERE TR
SR J I o A S AR A SR T A M ARG LB e 1, 50 &0
¢ =[b Ab, A’b, A’b, ] = FER 3,
n—4 —12 112 () #H RG &7 W X B P A g . O
0 2.8284 —28.2843 —93.3381 HREMIER rn=1G=1,-,D. 24 5%
0 1 —4 —12 AT FE 53 0 SR A S FE R D) 4 A 1 & by 5
0 0 2.8284  —28.2843 AW ZERHETT & wy oy, =1, DA

BIER S5 2Ry 4. I RS (AL b)) R SE TR SH PR 2% 9 R A S 708 B 5 @ 4 2R Gt Y L AT i 4K



% 6

WERLF . ERLEM T « 1365 -

rG=1,  DIFAERET 1,84 R G5 4l 12
B 06 B A R S E B 2, TR S E T 4,

() HBE R 3Ry ik A B3k g i ) 4 A
HE B B, AT o] 2k PR IR AR 22 Ge AR Y = v HE Y

(5) R T i SL e rh + oy B8, H
T 35 B 253 W] DK B S i R e o0 4 AT 2 R
H AT 75 B A EL

XFF &G0 WA, 7T LA A Kalman (1) %)
18y BRAT B ALY 2538 .

SE 3k

[ 1] Kalman R E. A new approach to linear filtering and
prediction problems[]]. J Basic Eng, 1960, 85: 34-
35.

[ 2 ] SyrmosV L, Abdallah C T, Dorato P, et al. Static
output feedback—A survey[ J]. Automatica, 1997,
33(2):125-137.

[ 3] Mottershead ] E, Ram Y M. Inverse ecigenvalue
problems in vibration absorption: passive modifica-
tion and active control[ J]. Mechanical Systems and
Signal Processing, 2006,20:5-44.

[ 4 ] FranklinGene F. David Powell J. Abbas Emami-
Naeini. Feedback Control of Dynamic Systems(5th
edition) [ M]. Upper Saddle River, NJ: Pearson
Prentice Hall, 2005.

[ 5] Preumont A. Vibration control of active structures:
An introduction(2nd edition) [ M ]. London: Kluwer
Academic Publishers, 2002.

[ 6 ] Kimura H. Pole assignment by gain output feedback
[J]. IEEE Transactions on Automatic Control,
1975, Ac-20:509-516.

[ 7 ] Moore B. On the flexibility offered by state feedback
in multivariable control[ ]J]. IEEE Transactions on
Automatic Control, 1976, Ac-21:689-692.

[ 8 ] Kautsky J, Nichols N K, Dooren P Van. Robust

pole assignment in linear state feedback[ ] ]. Interna-
tional Journal of Control, 1985,41(5):1129-1155.

[ 9 ] Magni J F. Robust Modal Control with a Toolbox
for Use with Matlab[ M]. New York: Kluwer Aca-
demic/Plenum Publishers, 2002.

[10] Magni J F. Exact pole assignment by output feedback
part 3[J]. International Journal of Control, 1987,45
(6):2021-2033.

[11] Wonham W M. On pole assignment in multi-input
controllable linear system[]]. IEEE Transactions on
Automatic Control, 1967, Ac-12:660-665.

[12] Davison E J. On pole assignment in linear system
with incomplete state feedback[ J]. IEEE Transac-
tions on Automatic Control, 1970, Ac-15.:348-351.

[13] LiuZS, Wang D J, Hu H C,et al. Measure of mo-
dal controllability and observability in vibration con-
trol of flexible structures[J]. Journal of Guidance,
Control and Dynamics, 1994, 17, 1377-1380

[14] Chen Y D, Chen S H, Liu Z S. Quantitative meas-
ures of modal controllability and observability in vi-
bration control of defective and near-defective sys-
tems[ ] |. Journal of Sound and Vibration, 2001, 248
(3):413-426.

[15] Lancaster Peter, Tismenetsky Miron. The Theory of
Matrices] M |. Elsevier, 1985.

[16] Friswell M 1, Prells U, Garvey S D. Low-rank
damping modifications and defective systems [ ]].
Journal of Sound and Vibration, 2005, 279: 757-
774.

[17] Mottershead J E. Complex and defective zeros in
cross receptances[ J]. Journal of sound and vibra-
tion, 2001,246(1): 190-197.

[18] Yao G F,Chen S H. Modal control algorithm on op-
timal control of intelligent structure[ ]J]. Structural

Engineering and Mechanics, 2003, 15(4) :451-462.



