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A Potential Model for Cylindrical Pores*
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Abstract An analytical potential for cylindrical pores has been derived by introducing a variational method into
the integration for the calculation of the interaction energy between the wall molecules and a test molecule, all
of which are represented by Lennard-Jones potential. The model proposed gives good fit to the results from the
cylindrical surface model and the pseudoatom model. To test the potential proposed rigorously, we have carried out
grand canonical ensemble Monte Carlo(GCMC) simulation of nitrogen in the MCM-41 pore at 77K, and compared
the simulated adsorption isotherm with the experimental data reported in the literature. The simulated isotherm
from our model is in almost qualitative agreement with experiment. Consequently, the model proposed provides
an explicit and accurate description of cylindrical pores represented by the Lennard-Jones potential. Moreover, the
model can be easily applied to a variety of cylindrical pores, ranging from cylindrical surface to finite thickness
walls, in both theoretical studies and computer simulations.
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1 INTRODUCTION

Microporous and mesoporous materials, such as
zeolites, aluminosilicates, activated carbon, and pil-
lared clays, have a wide range of industrial appli-
cations, including heterogeneous catalysis, purifica-
tion of gases and water streams, and storage of
gaseous fuels. Computer simulation plays an im-
portant role in studying equilibrium and transport
properties of confined fluids, and many studies have
been reported with Monte Carlo (MC) or molecular
dynamic (MD) methods. In most cases, slit pores
are used to describe the graphite surface or activate
carbon. The interaction between the slit walls and
molecules in pores are represent by the Steele’s 10-
4-3 potential model(l:?, and the potential has been
used extensivelyl®~1°/, The discovery of novel ma-
terials with cylindrical pores, such as MCM-41[11:12]
and Buckytube!!3~1%] has drawn much attention in re-
cent years. However, the lack of a simple, analytical
potential model for the description of the interaction
between cylindrical wall and molecules in the pore in-
curs some inconveniences and difficulties in theoretical
studies and computer simulations('¢~22],

At present, there are four potential models avail-
able for cylindrical pores. (1) A potential function
proposed by Tjatjopoulos et al.[23). This model is de-
rived for cylindrical surface. Therefore, it is incon-
venient to use it for a pore with finite wall thick-
ness. Besides, the hypergeometric function with in-
finite terms is needed in the potential expression. (2)
The potential model as the analog of 10-4-3 for pla-
nar graphite surfacel!®!. However, this simple analog
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has not been refined. (3) The pseudoatom model pro-
posed by Nicholson and Gubbins!?4). In this model, a
cylindrical pore is assembled from close-packed atoms.
The pore-fluid potential is calculated by the summa-
tion of pairwise atom-atom interactions between all
atoms within the wall and a fluid atom. This model
reflects the nature of the adsorbent, but it costs great
computer time, and is unable to be used for theoretical
study, for example in the density functional method.
(4) The model proposed by Peterson et al.[?5) and used
by Gelb et al?6l, In this model the pore-fluid po-
tential is given by an expression, in which there are
integral terms. Unfortunately, the terms can only be
solved numerically®’, and this model has not been
widely used yet.

This work aims at proposing a simple, analyti-
cal potential model for a cylindrical pore, in which
the interactions between wall molecules and the test
molecule in the pore are represented by the Lennard-
Jones potential. This paper is organized as follows.
First, we derive the potential model by using a vari-
ational approximation method to solve the integra-
tion for the expression of the interaction between the
cylindrical wall with infinite or finite thickness and a
molecule in the pore. Then, we compare our model
with the model of Tjatjopoulos et al. for cylindrical
surface, and the pseudoatom model for the cylindrical
pore with finite wall thickness. Finally, to verify the
model proposed, we use it for grand canonical ensem-
ble Monte Carlo (GCMC) simulation of the adsorption
of nitrogen in the adsorbent MCM-41, and compare
our results with experimental data in the literature.
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2 INTERACTION POTENTIAL
2.1 Potential model

The potential energy of interaction between a test
fluid molecule and a single molecule (or an atom)
within the wall is assumed to be given by the Lennard-
Jones (LJ) expression

=@ @] w

where 7’ is the intermolecular separation, ¢ is the col-
lision diameter, and ¢ is the depth of the potential
well. Assuming that the atoms of the wall are dis-
tributed continuously and uniformly within the whole
region of the wall, we obtain the interaction energy,
U, of the test molecule with a unit volume of the wall,
V', having the number density n of the wall molecules,
in cylindrical coordinates

U= n/u(r)d‘/ :4nede [(%)12 - (5)6] (2)
v v

where 72 = 72 + 22 and z is the projection of 7' along
Z axis. The definition of the coordinate system and
notation used for integration are shown in Fig. 1.
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Figure 1 Definition of the coordinate system and

notation used for integration

Transforming all the variables into dimensionless
form, we get

u* zn*fu(r')dV‘
v

o [[] (s ) rerragas
r'* r'*
Ve (3)

where U* = Ule, r'* = r'Jo, r* = 1/, n* = no?,
dV* =dV/e®, and r*? = 7*% + 2*?

To simplify our description, we omit the super-
script asterisk (#) of the reduced variables in the

derivation hereafter, and unless pointed out, all the
variables are in reduced unit. Using notation of Fig. 1
and first integrating Eq. (3) over z from 0 to 400, we

get
637m f f —yrdrdy — Smn f [ —rdrdy
63mn 3mn
=T gk )
where
L= f[ —rdrdy (5)
and .
Ig:[ r—srdrdga (6)
S

In Egs.(5) and (6), S represents the cross sectional
area for integration, shown in Fig.2. The next inte-
gration is over r and . We divide the above integra-
tions into two regions. As is shown in Fig. 2, the first
region is an accentric ring, while the second region is
a homogeneous area up to infinite, represented by “I”
and “II”, respectively. For the two regions, I); and I,
are expressed as

R-p R+p
R+p R2 — 02 — 2\ 1
pe—=r
= arccos dr+
[ wweeos () 7o
o0
/ Pl (7)
Rip TV
R+.0 oo d
I = f Poar+ f o
R-p T R+p T
R+p R? _ a2 _ 2 1
——2[ arccos( P T ) —-gdr+
R-p 2?1"
[ 2n (8)
R+p T

2 _ 2 .2
where ¢ = 2 arccos (R_z%)

Avoiding difficulties in analytically solving integra-
tion of the above expressions, as an approximation, we
substitute arccos z with a polynomial, a + bz + cz?.
The variational method is used to determinate the
parameters a, b and ¢, and a = 7/2, b = —37/8,
¢ ='0. Therefore, we get

Rz_pz_rz R2~p2—?‘2
arccos (-—~—-2—5;-——-~——) ~a+b (-—-“?p—r———) (9)
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Figure 2 The region of integral

As illustration, a comparison between arccos x and
a + bz + cz? is given in Fig.3. It shows that the ap-
proximation is, in general, of good accuracy, except
that discrepancies appear in the vicinity of two limits,
¢ = —1 and z = 1. Substituting Eq. (9) into Egs. (7)
and (8), we obtain

63tn 3Inn
U(R,p) = 71'1 - —2—12 (10)
where
h=hB=p) - hR+9)+ G g (D)
2 1
Io= fa(R—p) = fa(R+p) + ERGETE (12)

In Egs.(11) and (12), functions f; and f are formu-
lated as

_m  3m(RP-p%)  3r
filz) = 929  80pzl® 64pz®

(13)

71' 3n(R?% - p?) 3n

fa(e) = 323 32pzt + 16 px2 (14)

If the wall thickness is finite, the interaction energy
of the test molecule encountered can be calculated by
U(R;,p) — U(Rz,p), where R; and R; are the inside
radius and outside radius of the cylindrical pore, re-
spectively.
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Figure 3 Comparison of arccosz with a + bz + cx?
— arccosT; - - - - a + bx + cx?

2.2 Comparison with other potential models
We test the model proposed against two exist-
ing models: the cylindrical surface model®?! and the
pseudoatom modell?!l. Parameters g, and o, repre-
senting the cylindrical pore, are from the simulation of
molecular sieve MCM-41 by Maddox et al.'¥). All of
the parameters in the comparisons are given in Table

1, where eg and og are the parameters for the fluid
Oss + O/ )

are the interaction energy and the collision diameter
between solid and fluid molecules, respectively. Mean-

while, the skeletal density is 27 T-sitesnm ™ for the
(19]

in the pore, and e and oy (Note: o5 =

solid alone

We first compare it with Tjatjopoulos’ model(?]
for cylindrical surface. By letting wall thickness
(Ry — R1), as small as possible, e.g. (R ~ R,) being
0.00001 here, the model proposed reduces to a model
for cylindrical surface, and its comparison with the
model of Tjatjopoulosi?®! is shown in Fig. 4.
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Figure 4 Comparison of the potential of cylindrical
surface of Tjatjopoulos and the potential proposed,
when R} — R} = 0.00001 and Ri= 4
— this potential; - - - - Tjatjopoulos’ potential

Table 1 LJ parameters representing fluid molecules and molecules within the wall of MCM-41

Case Oss, DM og, nm Ogf, DM esa/k, K eg/k, K esefk, K
in comparisons of cylindrical surface model(23]
and pseudoatom model(?4) with this work 0.265 0.375 0.32 329 95.2 177
in GCMC simulation of adsorption of nitrogen
in MCM-41, this work 0.265 0.375 0.32 236.3 95.2 150

November, 2001



A Potential Model for Cylindrical Pores 351

In the pseudoatom modell®¥), a cylindrical pore
is assembled from close-packed atoms, each of which
is characterized by the LJ parameters o, and e.
The adsorbate potential is calculated by a summa-
tion of pairwise atom-atom interactions with a probe
atom. In order to save computing time, Nicholson and
Gubbins(®¥ calculated the potential at about 1000 lo-
cations along the cylinder radius and the data were
stored for interpolation in the simulation program.
Because the LJ potential is short-ranged, we here di-
rectly sum up interactions between the test molecule
and all atoms inside the wall within the distance less
than 504 to obtain the pseudoatom potential, and
compare it with our potential. Fig.5 shows the com-
parison of the two potentials for the cylindrical pore
with the diameter of 4 nm, and the wall thickness of
2nm.
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Figure 5 Comparison of interaction energy of a test
atom in a cylindrical pores using pseudoatom
model!?* and the model proposed (The inside diameter
of the cylinder is 4 nm and the wall thickness is 2nm)
—— this potential; - - - - pseudoatomic potential

3 GCMC SIMULATION OF ADSORPTION
It is a critical test to use the potential proposed
for GCMC simulation of adsorption isotherms. There-
fore, we simulate the adsorption isotherm for nitrogen
in the MCM-41 pore at 77 K and compare it with ex-
perimental data.
3.1 Model
The interactions between nitrogen molecules, Ug,
are described by the cut and shifted LJ potential

r< T,

Up = { Ups(r) = ULs(re) (15)

0 2T

where 7 is the intermolecular distance, r. = 3ag, ULy
is the full LJ potential given by

U(r) = deg [("“)12—(55)“} (16)

T T

The LJ parameters for nitrogen are taken from the
literaturel!¥! shown in Table 1. The parameters for

the MCM-41 molecules, e, and the interaction en-
ergy parameter between a fluid molecule and the wall
molecule, g4, are also listed in Table 1. It is no-
ticed that, similar to the work of Maddox et al.19
and Nicholson and Gubbins(?Y), The parameters are
subject to adjustments to get good agreement with
experimental data. As a result, new parameters for
€ss and €4 in our GCMC simulation are used (see Ta-
ble 1).
3.2 GCMC simulation

In the GCMC simulation, the chemical potential
of the gas phase was specified in advance. At equilib-
rium, the chemical potential was related to the bulk
pressure in terms of an equation of state for spherical
LJ model®”). The relationship between the chemi-
cal potential and bulk pressure for LJ molecules can
be referred to our previous workl?8l. The initial con-
figuration was obtained by a random placement of a
few molecules in the cylindrical cell. Three types of
moves were carried out with equal chances to gen-
erate a Markov chain: moving a molecule, creat-
ing a molecule, and deleting a molecule. A detailed
description of the GCMC method can be obtained
elsewherel16-20:28] The jsotherms of nitrogen adsorp-
tion simulated and experimental data at 77 K by Mad-
dox et al.l*®) are shown in Fig.6. For a detailed com-
parison with their experimental results, it is necessary
to convert the number of nitrogen molecules adsorbed
in a fixed length of MCM-41 into mmol-g=1. We cal-
culated the conversion factor from the experimental
adsorption data in terms of the approach used by Mad-
dox et al.19,
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Figure 6 Adsorption isotherms for nitrogen at 77K
in MCM-41 with our model and experimental data by
Maddox et al.['® (pore diameter: 4 nm; thickness: 2nm)
—[J— this work; ——experimental results

4 DISCUSSION AND CONCLUSIONS

A simple analytical potential for cylindrical pores
has been derived by introducing a variational method
into the integration for the calculation of the inter-
action energy between the wall molecules and a test
molecule, all of which are represented by LJ poten-
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tial. In the derivation, we use an approximation,
a + bz + cz?, to replace arccosz in Egs.(7) and (8)
to enable the integration solved analytically. The op-
timum values for a, b and ¢ are obtained in terms of
the variational method. Fig. 3 gives a comparison be-
tween the two functions mentioned above. It is found
that the approximation is, in general, of good accu-
racy, except that discrepancies appear in the vicinity
of two limits, z = —1 and z = 1. However, because the
integration spans a range from z = —1 and = = 1, the
error in the integration can be, to some extent, can-
celed, as seen in Fig.3. Consequently, Egs. (10—14)
form an explicit, simple potential model for cylindri-
cal pores represented by LJ potential. Moreover, the
model can be easily applied to diversified pores, rang-
ing from cylindrical surface to finite thickness walls in
both theoretical studies and computer simulations.
We have tested the potential proposed by com-
paring it with two existing models. Letting the wall
of a cylindrical pore as thin as possible, the poten-
tial proposed reduces to the cylindrical surface model
proposed by Tjatjopoulos et all®¥l. As shown in
Fig. 4, our model gives an excellent fit to the model
of Tjatjopoulos et al.[?3, when r* > 1.2, in particular.
But, it exhibits a slightly softer core and deeper well
depth, which is attributed in part to that the thick-
ness of the wall is 0.00001 in our model. Besides, the
hypergeometric function with infinite terms is used in
the potential expression of Tjatjopoulos et al.[23].
The pseudoatom model is expressed by a summa-
tion of pairwise atom-atom interactions with a test
atom. It is an accurate description of cylindrical
pores in nature, although it consumes great computing
time. A comparison between the pseudoatom model
by Nicholson and Gubbins!?* and our model is given
in Fig.5. Both models coincide very well in a wide
range of the reduced distance r* for the homogeneous
MCM-41 parameters suggested by Maddox et al.l19].
To test the potential proposed rigorously, we have
carried out GCMC simulation of nitrogen in the
MCM-41 pore at 77K, and compared the simulated
adsorption isotherm with the experimental data re-
ported in the literature(!® | shown in Fig.5. In Table
1, it is found that the interaction energy parameters
in the GCMC simulation for the wall molecules, &,
and wall-fluid molecules, €4, are subject to adjust-
ments for better fit to the experimental data. Be-
cause the simulated isotherm is from a highly ideal-
ized MCM-41, having the pore diameter of 4 nm, and
the wall thickness of 2nm, it shows a typical IUPAC
IV type performance with capillary condensation. In
our GCMC simulation, the parameters for the interac-
tions between oxygen atoms and that between oxygen
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atom and nitrogen molecule are chosen reasonably as
€es/k = 150K and e4/k = 236.3 K within the range
suggested by Maddox et al.l'®l. Obviously, the simu-
lated isotherm from our model gives almost qualitative
fit to experiment. Note that the real MCM-41 used
in the experiment is an adsorbent with rather compli-
cated structure. In the simulation, we simply used ho-
mogeneous model for the MCM-41 alone. In this case,
the result seems to be satisfactory. Further improve-

ment lies in taking account into the heterogenerity of
the MCM-410191,

NOMENCLATURE

k Boltzmann constant, J-K ™1

n number density of the wall molecules

o center of the cylindrical pore

O position of test molecule

P pressure, MPa

Po staturated pressure, MPa

R radius of the pore

Ry inside radius of the pore

R outside radius of the pore

the projection of ' on the cross section

distance from a molecule within the wall of

the pore to the test molecule

U interaction energy of the test molecule with a
unit volume of the wall

u(r) potential energy between two molecules

|4 volume

z the projection of r’ along Z axis

£ depth of the potential well

P distance from the center of the pore to the test

molecule

4 collision diameter

wo angle or radian
Superscripts

* reduced values
Subscripts

f adsorbed fluid

LJ Lennard-Jones potential model

s wall of adsorbent
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