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ABSTRACT

A linear model is developed for the near-equatorial zone to estimate wind-driven convergences in the
near-surface viscous boundary layer. Using the winds observed during EASTROPAC, an attempt
is made to relate these convergences to the measured displacements of the tropical thermocline.
Between 4° and 15°N, the sign of the displacements is predicted; however, the amplitude is generally
underestimated. At the equator, extremely large values of the vertical eddy coefficients are necessary in
order to obtain agreement between predicted and observed changes. This probably indicates that some

essential physics has been neglected.

1. Introduction

In a recent paper, Meyers (1975) examines the
relationship between the seasonal variations in the
Pacific North Equatorial Current and the wind field.
He finds that between 10° and 25°N, most of the
temporal variations in the meridional slope of the
thermocline could be accounted for by meridional
variations in the Ekman pumping. The latter is the
vertical velocity that results from the divergence of
the horizontal Ekman transport after the mean
annual divergence is subtracted out. It is somewhat
surprising that such a model should work so well.
After all, fluctuating winds of these frequencies
should generate baroclinic and barotropic Rossby
waves. _

Some insight as to why the model possibly works
can be obtained from the paper of Anderson and
Gill (1975). They consider an initial value problem
in which a midlatitude ocean is spun up from rest. The
initial mid-ocean response in their model is the
Ekman pumping response. This continues until
Rossby waves from the eastern boundary arrive,
and then a steady Sverdrup balance is obtained.
Near the equator a similar situation occurs, except
that it is the Kelvin wave that propagates in from
the west that stops the initial Ekman pumping
response (Moore and Philander, 1977). However, if
these waves are eliminated or strongly modified by
dissipation, nonlinearities, bottom topography or
vertical shear in the horizontal currents, then the
local response might dominate.

As evidence against this, White (1977) presented
a model for the response of the tropical North
Pacific Ocean to wind forcing at the annual period.

He found that the response consisted of a locally
forced component (as did Meyers) and the baroclinic
long waves that propagate in from the eastern
boundary. The overall amplitude of the response
was determined by the amplitude of the local
response. White analyzed the bathythermograph
(BT) data files for the entire North Pacific Ocean
and appeared to find evidence for the baroclinic
long waves, which he calculated to propagate
zonally at a phase speed of 40 cm s~! at 11°N and
15 cm s7! at 18°N. In this model, the applied stress
was assumed to be independent of longitude.

An examination of the wind stress curl computa-
tions of Wyrtki and Meyers (1975) for the tropical
Pacific shows a zonal structure to the curl which
appears to propagate to the west. The propagation
speeds are those that White deduced from the BT
data. Thus, in our opinion, there is some question
as to whether the presence of the Rossby waves
has been demonstrated. With this in mind, an
attempt is made to extend the Ekman pumping
analysis to the equator. Within a couple of degrees
of the equator, the time response of the ocean is
extremely rapid (Moore and Philander, 1977). In
addition to Rossby waves, Kelvin and Yanai waves
are also present. Furthermore, the simple Ekman
dynamics that applies in higher latitudes must break
down (Robinson, 1966). Most likely nonlinear
effects become important. However, these are not
tractable in a simple model. Thus the model con-
sidered is linear and viscous with the understanding
that in the proximity of the equator the physic is
probably incorrectly modeled, and that the vertical
eddy coefficient might have to be varied as a
reflection of this inadequacy.



812

2. Model formulation

The near-surface layer of the tropical oceans is
characterized by a relatively thick [O(100 m)],
quasi-homogeneous upper layer, beneath which the
temperature very rapidly falls to its deep-water
value. We are concerned with predicting changes in
thickness of this upper layer. A two-layer ocean is
considered with an upper homogeneous layer of depth
D[O(100 m)]. Viscous effects are assumed to be
confined to this layer. Away from the equator, the
Ekman depth might be less than D; close to the
equator, viscous effects are important throughout
D. At the sea surface a wind stress is applied,
and at the bottom of this layer it is assumed that
the horizontal frictional velocities go to zero. There
can, however, be a vertical velocity at this level
which results from frictional convergences through-
out the whole layer. This causes the lower interface
to move up or down. In the model considered, the
mean annual Ekman convergence is subtracted out.
Away from the equator, this is balanced in the
mean by geostrophic convergence, i.e., the Sverdrup
balance holds. The model is concerned not with the
mean state, but with fluctuations about this state.

We consider an ocean with an upper homogeneous
layer of depth D that is unbounded in the horizontal
direction. The coordinate x is positive eastward,
y positive northward and z positive upward. The
origin is at the sea surface. The respective velocity
components are ¥, v and w. Horizontal pressure
gradients are ignored. This is not to say that they are
unimportant. Studies have shown that in the mean
state, the east-west wind stress balances the
vertically integrated zonal pressure gradient (Katz,
1977). 1t is assumed that in this model the pressure
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gradients are not important in the dynamics of the
frictional boundary layer (this is the usual assump-
tion in Ekman-layer theory). However, the frictional
convergences do redistribute the mass in the upper
ocean and thereby create pressure gradients. These
in turn are balanced away from the equator by
geostrophic velocities. In this paper there is no
discussion about these geostrophic velocities. The
motion is also assumed to occur on a time scale
longer than that required to set up the frictional
boundary layer. Under these assumptions the equa-
tions of motion are

ou
u.l‘=—7

etc.,
ox

Ju=y0., —fo=yup, 1)
where f = 2Q) sin¢ is the Coriolis parameter and
v is the vertical eddy viscosity.

The boundary conditions are

v,=1Y/y (at z = 0)
(at z = —D)

u, = 7%y,
Y ] @

u=v=20

where 7% and 7¥ are the horizontal components of
wind stress at the sea surface. Vanishing of the
horizontal velocities at the base of the mixed layer
applies only to the frictional velocities. The geo-
strophic velocities probably do not vanish.

As in classical theory (Ekman, 1905), the solutions
to (1) are assumed to be of the form

u = Ae*{cos(kz + C,)] + Be **[cos(kz + C5)] ]’ 3)
v = Ae*{sin(kz + C,)] — Be*{sin(kz + C;)]
where A, B, C, and C, are constants; and

k= (f/2y)*2.

After solving for A, B, C, and C,, the solutions for « and v are
u = 2ky)™' | (7 + 7¥)(sinh kz)(cos kz) + (7% — 7¥)(cosh kz)(sin kz) ,
[ + (M7* + Nt¥)(cosh kz)(cos kz) + (N7 — Mr¥)(sink kz)(sin kz)] @
v = Qky)™? [(#* + t¥)(cosh kz)(sin kz) — (v — TY)(sinh kz)(cos kz)
[ + (M7* + Nv¥)(sinh kz)(sin kz) — (N — M7¥)(cosh kz)(cos kz)

where
sinh 2kD + sin 2kD

- cosh 2kD + cos 2kD’

_ sinh 2kD — sin 2kD
cosh 2kD + cos 2kD

With the boundary condition (w),-, = 0, the continuity equation

Uy + v, +w,=90

)

can be vertically integrated fromz = 0 to z = —D, i.e.,

0
W_p = J
-D

(uy + v,)dz.

©

Inserting (4) into (6), performing the indicated differentiation and integration with the further assumption
that f = By, the following solution for Ekman pumping is obtained:
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(= + Tg)( sink kD sin kD )

cosh 2kD + cos 2kD
1 B cosh kD cos kD )
2  cosh2kD + cos 2kD

van (2

+rt =)

cosh kD cos kD

813

sinh kD sin kD

(el G-

[ sin kD cos? kD cosh kD
75
+ | —
vky

— cos kD sinh kD cosh? kD
— sin? kD cos kD sinh kD

| — sin kD sinh® kD cosh kD |
[ sin kD cos? kD cosh kD

+ cos kD sinh kD cosh? kD
+ sin? kD cos kD sinh kD

— sin kD sinh? kD cosh kD | .

( )
+

(cosh 2kD + cos 2kD)72,

cosh 2kD + cos 2kD) -7 (cosh 2kD + cos 2kD)]

(cosh 2kD + cos 2kD)™2

M

where

Ekman spiral is found,

1/2
= (3)
2y
and terms containing D, and D, are neglected as
they can be shown to be small. Asymptotic forms
of Eq. (7) turn out to be useful. Near the equator
(limit kD — 0), (7) reduces to

D? 5 D

3. Model results

a. East-west wind stress

regime far away from the equator where the classical

and the transition zone

between these two regimes.

Before using observed wind stress data, several

w_p = - (G + 1) — — — 7. (8) examples are shown using ideal stresses to demon-
Y 4 U (cm/sec)

The product kD may be written as kD = w(D/Dy), 02 =80 ___ =100
where Dj; is the classical ideal Ekman depth as N / //_
given by N J

Dy = w(2y/ )2 )] - : I°N .
When the Ekman depth is small compared to the 50: j

depth of the mixed-layer (kD > ), Eq. (7) reducesto

DEPTH (m)

1 1
R ff)+(—)r”. (10)
w ( ) T 7. Byz

By

T*=: ~ldyne/cm?
Y =100 gm/cm-sec |

Computations of (4) and (7) were made on a 100

Hewlett-Packard 9815-A programable calculator.

In classical Ekman theory for a finite-depth Y
ocean (Ekman, 1905), the nature of the flow is
governed by the ratio of the ocean depth H to the
ideal Ekman depth Dy [Eq. (9)]. When the ratio
H/Dg < 0.1, the resultant flow is couette-like and
the velocity profile is approximately linear in z. As
the ratio increases, the classical Ekman spiral
emerges.

The u and v fields as given by (4) adhere to the

50

DEPTH (m)

1 ) T T T T T

T*=~1dyne/cm?
Y =100gm/cm-sec |

1 | 1 1 1 1 L

classical Ekman flow for a finite depth (Fig. 1). For
discussion purposes, the Ekman pumping model will
be divided into three regimes: the regime near the
equator where the resultant flow is couette-like, the and+v = 0.

100 1

Fi1G. 1. The horizontal velocity field as computed by Eq. (4)
for various latitudes with D = 100 m, 7 = —1 dyn cm™
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FicG. 2. Vertical velocity (w_p) within 300 km of the equator (a)
as computed by (7) for various eddy viscosities (g cm™! s7!) as
a function of y, with 7 = —1 dyn cm™%, and vertical velocity
beyond 400 km of the equator (b). The circled points were
computed using Eq. (10).

strate the properties of (7). For a constant wind
stress from the east (¥* = —1 dyn cm™2), Eq. (7)
indicates a strong divergence (positive w_p) in the
couette regime (Fig. 2a). Proceeding northward, the
w_, field becomes convergent (negative w_j;) as
the Ekman spiral regime is encountered. The di-
vergence at the equator is proportional to the inverse
square of the eddy viscosity [Eq. (8)], whereas the
width of the divergence region is directly propor-
tional to the eddy viscosity.

Fig. 2b indicates the w_j fields for various eddy
viscosities. As y increases, the w_, fields approach
the ideal Ekman solution as given by Eq. (10). For
a particular eddy viscosity and with y = (y/5) x 107
cm, the values of w_, as computed by (7) and
(10) are within 5% of each other.

b. North-south wind stress

A constant wind stress from the south (¥ = 1dyn
cm~2) produces the w_, field shown in Fig. 3a. At
the equator, w_, is zero [Eq. (8)]. Proceeding
northward, a very strong convergence is predicted
in the transition zone between the couette and
Ekman regimes. The maximum vertical velocity of
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the convergence is proportional to the inverse square
of the eddy viscosity. The northward location of
the maximum convergence is directly proportional
to the eddy viscosity. The vertical velocity field
south of the equator is the negative of that shown,
i.e., there is a strong divergence. A qualitative
description of the preceeding is to be found in
Cromwell (1953).

The w_p field for various eddy viscosities is
shown in Fig. 3b. When D, for a particular vy be-
comes less than D, a divergence occurs as shown
by the v = 25 curve fory > 3 X 107 cm.

c. The wind stress curl and gradient

Fig. 4 is presented to illustrate the relative
importance of each term in Eq. (7). The stress
derivative terms are assumed to have a magnitude of
1078 dyn cm—3, while the stress terms are assigned
a value of 0.1 dyn cm™%. These are typical values
for the tropics. At the equator, the contribution
from the wind stress curl terms is zero, whereas
the wind stress gradient terms produce a vertical
velocity as given by Eq. (8). Proceeding northward,
the wind stress gradient terms become increasingly
less important, while the wind stress curl terms go
through a maximum, then slowly decrease in im-
portance. In the Ekman spiral regime, the wind
stress curl terms dominate, and the contribution

Y (x107cm)

St 3

200

100 TY=1dyne/cm? j
D=10%m
(a) .

1 1

W_p (x107>cm/sec)

Y (x107cm)
2 3 4 5 6 7 8 9

T T I T T T
P

100 v
T =1dyne/cm?

D=10%cm .

W_p (x107*cm/sec)

90 (b) ]
—90 1 1 1 I 1 1 | E—

FiG. 3. Vertical velocity (w_p) within 300 km of the equator (a)
as computed by (7) for various eddy viscosities as a function of
y, with 7 = 1 dyn c¢m~2, and vertical velocity beyond 200 km
of the equator (b).
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from the wind stress gradient terms becomes in-
significant.

4, Comparison with observed data

The ability of this model to reproduce fluctuations
in the depth of the thermocline was examined
along meridian 119°W, between 1° and 15°N. The
effects of Ekman pumping at the equator were
examined separately at 119° and 98°W.

During the EASTROPAC Experiment, a hydro-
graphic section was taken approximately every
two months along 119°W. The depth of the 20°C
isotherm, as given in the EASTROPAC Atlases
(Love, 1971, 1972a,b, 1973, 1975), was chosen to
represent the top of the thermocline. Ekman
pumping was used in an attempt to predict the depth
fluctuations of this isotherm between consecutive
surveys.

The necessary wind stresses for the model were
obtained from the bimonthly average wind field
charts presented in the EASTROPAC Atlases. From
the bimonthly wind velocities, the annual mean wind
velocities [as computed over 2° latitude x 10°
longitude quadrangles for the experimental area by
Wyrtki and Meyers (1975)] were subtracted out to
eliminate the mean annual divergence of Ekman
transport. The wind stresses were then determined
using

T = p, CWW,

¥ = p,CWW, |’
where p, = 1.2 kg m™3 is the density of the at-
mosphere, C = 1.5 X 1072, and W is the wind speed

in meters per second (Malkus, 1962; Wyrtki and
Meyers, 1975).

(11)

Y (x107cm)
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F1G. 4. The relative effects of the various wind stresses
on the w_j field (7) as a function of y.
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FiG. 5. Comparison between the actual depth fluctuations
during the EASTROPAC Experiment of the 20°C isotherm along
meridian 119°W, and the predicted depth fluctuations as com-
puted for various eddy viscosities by Eq. (12). The model depth
D was chosen to be 100 m. See text for further explanation.

Assuming that the calculated wind stresses were
constant over the bi-monthly wind periods, the pre-
dicted depth of the 20°C isotherm was determined

using
t
2= J
to

where z, is the depth of the isotherm at the
initial time #,. The model depth D was chosen to
be 10* cm. This is approximately the mean depth
of the 20°C isotherm.

w_pdt + z,, (12)

a. Ekman pumping along 119°W

Fig. 5 presents the comparison between the
predicted thermocline topography for various eddy
coefficients and the actual depth fluctuations of the
20°C isotherm. The initial topography of the 20°C
isotherm is shown by the solid line; the one several
months later is shown by the dashed line; i.e., it is
the dashed line that we are attempting to predict.

At 1°N the smaller eddy coefficients (25, 100)
greatly overestimate the thermocline displacements
in both cases, whereas the larger coefficients (400,
1000) predict movement of more reasonable ampli-
tude in the wrong direction.
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F1G. 6. Comparison between the actual depth fluctuations
at the equator (February 1967-March 1968) of the 20°C and
15°C isotherms, and the predicted depth fluctuations as given
by Eq. (12). The depth of the 20°C isotherm is given on the
left-hand side of the graph, while the depth of the 15°C isotherm
is given on the right-hand side. See text for further explanation.

In Fig. 5a, the eddy coefficients of 25 and 100
produce better predictions north of 9°N. However,
the magnitudes of the downward predictions are
approximately one-half of the actual deepening of
the 20°C isotherm. At 5°N, good predictions oc-
curred with y = 25, 100, 400. In general the smaller
eddy coefficients predict the correct sign for the
displacements and reasonable magnitudes.

In Fig. Sb, the very strong deepening of the
isotherm between 4° and 9°N is again well pre-
dicted. North of 9°N, the direction of movement is
correctly ascertained. However, the calculated
magnitude of movement is at best a third of the
actual movement.

It seems that the model provides reasonable
results from about 4° to 15°N. In this region, the
midlatitude Ekman solution is still a close approxi-
mation to the total solution given by (7). In both
Figs. 5a and 5b there appears to be a general
underestimation in the calculated magnitude of
movement north of 9°N. This discrepancy may be
the result of underestimating the wind stress and
its curl. Evidence for this comes from Meyers
(1975). He predicts extremely well the seasonal
depth cycle of the thermocline at 10°N and 155°W

using essentially Eq. (10). In that area the winds

are steadier and there is more ship traffic providing
wind data. Thus, better estimates can be made of
the curl.
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From 1° to 4°N none of the solutions seem to do a
very good job. This is the transition region from the
Ekman spiral solution to the couette solution.

It should be noted that the functional dependence
of Eq. (7) on the magnitude of the eddy coefficient
v is somewhat complicated (Figs. 5a and 5b). This
dependence is better visualized in Figs. 2a and 2b,
3a and 3b with regards to the shifting of the
relative positions of the ideal curves for various
eddy viscosities.

b. Ekman pumping along the équator

To test (7) [or its asynoptotic limit (8)] at the
equator, the depth fluctuations of the 20 and 15°C
isotherms, as reported during the EASTROPAC
Experiment at 119° and 98°W, were utilized. The
necessary wind stresses were computed as in the
previous section except that monthly mean wind
velocities [as computed during the experiment for
2° latitude x 10° longitude quadrangles (Wyrtki and
Meyers, 1975)] were employed instead of the bi-
monthly winds as reported in the EASTROPAC
Atlases. The eddy viscosity used was 1000 g cm™!
s~! and the depth D was 10* cm. The higher eddy
viscosity was necessary in order to obtain reasonable
values for the Ekman pumping. As before, the
prediction of the thermocline depth was made
using (12).

At 119°W (Fig. 6a), the model predicts fairly well
the direction of movement of the 15°C isotherm
until about August. From that time on, the predicted
magnitude of movement is not large enough to match
the observed depth changes. At 98°W, the depth
changes as predicted coincide well, again until

" August, with the observed depth changes of the

20 and 15°C isotherms. During September, the
observed 20°C isotherm breaks the surface while
the 15°C isotherm deepens appreciably with respect
to the preceeding observation period. The model
during this time does predict a strong divergence —
strong enough to cause the isotherms to break the
surface.

5. Discussion

It should be emphasized that the main drawback
in doing this comparison was the difficulty in
estimating the spatial distribution of the wind
stress. In our opinion the quantity and quality of
the available data were marginal. Nevertheless,
between 4° and 15°N, reasonable agreement was
obtained between the predicted thermocline dis-
placements and the observed displacements, both
in terms of the magnitude of the displacement and
the direction. North of 4°N the resuits of our more
complicated solution were quite well reproduced by
the simpler midlatitude Ekman solution [Eq. (10)].
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This indicated that the more complicated formalism
in this region is unnecessary and that the solution
is more nearly independent of the eddy coefficients.

At the equator there was limited agreement be-
tween the model and the observations. These
results perhaps should not be taken too seriously
because the flow in this region is probably non-
linear. The thermal structure indicated that the
Equatorial Undercurrent was present during most
of the time period over which the comparison was
made. The agreement does indicate, however, that
the displacements are, perhaps, in some complicated
way, related to the wind stress. Between the couette
and Ekman spiral regimes, the agreement between
the model and the observations was poor, and a
more complicated dynamics must apply.

Horizontal pressure gradients are ignored in the
present model. To reiterate, this is not to say that
they are unimportant in the dynamics of the tropical
oceans. The present model is intended not to be
dynamically complete, but an attempt to model one
aspect of a very complicated system, i.e., to see
how well the redistribution of mass by Ekman
pumping could account for thermocline displace-
ments.
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