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ABSTRACT

Model calculations and current meter observations are analyzed in the spectral domain and in the time
domain to investigate effects of topographic waves on the response of nearshore currents to wind. The spectral
response is computed for a shelf forced by a progressive atmospheric wave, and effects of friction and
alongshore depth variations are considered. Comparisons are made with results for standing atmospheric
waves and with the response of closed basins forced by winds uniform in space and periodic in time. It is
found that coastline curvature is rather unimportant for the scales under consideration, and that the along-
shore wind component represents the crucial forcing. Spectral model results are then compared with current
meter spectra to show the resonant topographic wave character of the response of currents to wind.

Time series of observed and computed nearshore currents are compared, and the alongshore momentum
balances are considered for models with and without topographic wave effect. It is found that simple models
may produce results which seem comparable to those obtained from more complete models, but it is
concluded that such simple models are basically erroneous in concept.

1. Introduction

Observed current fluctuations in homogeneous
coastal waters are often strikingly similar to shore-
based wind measurements. This would suggest that
the response to wind may, in first approximation, be
modeled by a simple momentum balance between
alongshore current accelerations, wind stress, bottom
friction and, perhaps, a quasi-steady pressure gradient
caused by surface set-up. The apparent success of this
type of model has led some authors to conclude that
observed fluctuations in nearshore currents are es-
sentially consistent with forcing by local wind (Hickey,
1981). Indeed, statistical analysis of time series of in-
dividual terms in the alongshore momentum equa-
tion confirms that velocity fluctuations as well as pres-
sure gradients are significantly correlated with the lo-
cal wind stress (Allen and Smith, 1981). On the other
hand, analysis of such currents in the frequency do-
main usually produces energy spectra and coherences
consistent with the presence of continental shelf
waves recently reviewed by Mysak (1980).

Similar observations and model results for closed
basins have been reviewed by Simons (1980). Veri-
fication of numerical models of Lake Ontario and the
Baltic Sea clearly demonstrate the significant response
of nearshore currents to variations in local winds.
However, during periods of calm weather, and par-
ticularly after a strong wind impulse, the same studies
show important effects of topographic modes of os-
cillation with corresponding reversals of alongshore
currents. Again, a spectral analysis of current meter
data confirms the prominent contributions from such
topographic modes (Saylor et al., 1980).
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It follows that observed nearshore current fluctu-
ations cannot be modeled satisfactorily by either a
simple momentum balance without wave effects, or
a free wave model without wind forcing. Just like the
familiar storm surge problem, the response of near-
shore currents to wind is a combination of a directly-
forced and a free response and hence resonance must
occur at forcing frequencies corresponding to any one
of the normal modes. This is, of course, clearly dem-
onstrated by a normal mode decomposition of the
forced problem as done by Gill and Schumann
(1974). Such forced-wave models can explain peaks
in current spectra at frequencies different from those
in the wind spectra and time lags between response
and forcing depending on frequency (see, e.g., Clarke,
1977). It should be noted, however, that differences
in the results from forced-wave models and simple
momentum-balance models may be much less spec-
tacular in the time domain than in the frequency
domain. In fact, it may be possible to adjust the model
parameters in a simple momentum balance such that
the correlations between observed and computed cur-
rents are not significantly lower than those obtained
from the forced-wave model, and hence one might
obtain the right answer for the wrong reasons.

The present study is an attempt to clarify the var-
ious effects entering into the response of barotropic
nearshore currents to varying wind stress. The inves-
tigation is based on observations in Lake Ontario
where the forcing and other environmental condi-
tions may be considered simpler, or in any case, more
precisely known, than on the continental shelves.
Before proceeding to actual model verification, some
idealized model experiments are described to illus-
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trate effects of friction and alongshore depth varia-
tions on forced topographic waves. Comparisons of
model results with observations are made in the spec-
tral domain and in the time domain, and the along-
shore momentum balances of modeis with and with-
out topographic waves are compared.

2. Equations

The governing equations are the linearized, hydro-
static, vertically-integrated equations for homoge-
neous water without horizontal diffusion and with
constant Coriolis parameter f. The scale length L is
assumed to be sufficiently smaller than C,/f, where
C, is the free surface wave speed, for the rigid-lid
approximation to be valid, thus allowing the transport
components to be written in terms of a streamfunc-
tion. The resulting vorticity equation for the verti-
cally-averaged flow is then

V- (HVY) — IH, )+ V- (599)

= curld'rp7"), (1)

where ¢ is time, x and y are the horizontal coordinates
with the x-axis directed alongshore and the y-axis
offshore, ¢ the streamfunction, H the depth, b a
depth-dependent bottom friction coefficient, 7, the
wind stress vector, p the water density, V the hori-
zontal gradient operator and J the Jacobian.

The vertically-integrated transport components are
related to the streamfunction as

_w

ay ax’

The bottom friction is a slightly simplified version
of the familiar Ekman formulation for quasi-steady
motion in water of finite depth (see, e.g., Simons,
1980),

2

_ af/A
S+ (- B2 )

where A is an Ekman depth defined as A = (v/2f)"/?,
where v is the vertical eddy viscosity, § = H/A and

sinhd + sind

sinhd — sind _
coshé + cosé

a = R
coshd + coséd

For large water depth, this formulation reduces to the
well-known deep-ocean value, b = fA/H? = (vf/
2)'2H2, but for shallow water the coefficient be-
comes b = 6fA2H 3 = 3vH 3, thus substantially in-
creasing the drag when the depth becomes of the same
order as the Ekman depth.

For the case of a straight shore, the wind is taken
to be uniform across the shelf, periodic along the
shore and blowing parallel to the shoreline. For the
case of a closed basin, the wind is uniform over the
whole basin. For the computations in the spectral
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domain, the wind stress and the streamfunction are
written in the form

¥ = Wx, e, (4)

Ts = ;‘:S(x)e—ial,
and Eq. (1) becomes
V.[(b— icH VY] — fJH, §)

=curl(H '%7"). (5)

This equation can be represented by a system of fi-
nite-difference equations on a spatial grid and then
solved by matrix inversion or relaxation. Once the
streamfunction has been determined, the alongshore
current follows from (2). The frequency response has
an amplitude and a phase. The amplitude is expressed
in units of current (m s™') divided by wind stress (N
m~2). The phase is converted to the lag of the current
behind the wind in units of the forcing period.

Solutions will be discussed for the following cases.
First, effects of bottom friction will be illustrated for
an infinitely long, uniform shelf forced by a progres-
sive atmospheric wave. Next, effects of alongshore
depth variation are included in this problem, thus
requiring a two-dimensional numerical discretization
of Eq. (5). Then, the progressive wave forcing in the
uniform shelf problem is replaced by a standing at-
mospheric wave and the results are compared with
a circular basin forced by a wind uniform in space
and periodic in time. In the final idealized example,
the above effects are combined by obtaining two-di-
mensional numerical solutions for an elongated basin
with asymmetric bottom profiles.

The above results are then compared with obser-
vations by using a two-dimensional numerical model
of Lake Ontario. Comparisons are made in the spec-
tral domain and in the time domain. The alongshore
momentum balance is also considered and compared

with simpler models.

3. Bottom friction

For an infinitely long uniform shelf and in the ab-
sence of wind and bottom friction, the solutions to
(5) are the familiar shelf waves propagating in positive
x-direction, i.e., with the shore on the right. A peri-
odic wind which is uniform across the shelf and blows
alongshore will, in principle, generate all the cross-
shore shelf wave modes of the same alongshore wave-
number as the wind. The amplitude equation for each
mode may be found by expanding the forcing in
terms of these normal modes (Gill and Schumann,
1974). Whenever the forcing frequency becomes
equal to one of the normal mode frequencies, reso-
nance occurs and the phase of the response shifts by
half a period such that the nearshore current lags
behind the wind for higher frequencies and is ahead
of the wind for lower frequencies (see also, Allen,
1980).



514

While the sea-level response is primarily deter-
mined by the first few modes (Gill and Schumann,
1974), the same does not hold for the alongshore ve-
locity in the presence of realistic depth profiles near
the coast. For example, the solution for a circular
basin with parabolic depth (Birchfield and Hickie,
1977) requires a great many radial modes to represent
the current in response to wind. However, effects of
friction become more important with increasing pe-
riod and decreasing depth as seen from the first term
of (5) where the coefficient b is inversely proportional
to the third power of the depth. This is the reason
why the higher modes with their longer periods and
large nearshore amplitudes contribute less to the over-
all response than the first cross-shore mode and hence
are less likely to show up in the current spectra.

The foregoing may be illustrated by the example
of an exponential shelf coupled to a linear depth vari-
ation nearshore without discontinuities in depth or
slope:

for
for

H/H, = exp(ay/L),
H/H, = (ay/L) exp(1),

where L is taken to be 100 km, H, is set equal to 100
m, and a = 3, which approximates the Oregon shelf.
The wind stress is taken to have the form of a pro-
gressive wave, moving in positive x-direction, with
a wavelength of 3000 km which corresponds to at-
mospheric cyclone scales. The resulting one-dimen-
sional form of Eq. (5) is solved by numerical methods
with a gridmesh of 1 km and inversion of the tri-
diagonal matrix.

1>y/L> a“}
yL<a™’ ©)

Fig. 1 shows the response of the alongshore current-

as a function of frequency and distance offshore for
Ekman depths of 5 m (left) and 10 m (right), respec-
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F1G. 1. Response of alongshore current to progressive wind forc-
ing for shelf given by Eq. (6), wavelength 3000 km and Ekman
depths of 5 m (left) and 10 m (right).
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F1G. 2. Idealized shelf with periodic alongshore depth variation
in coastal zone of width L and constant depth in shaded area.

tively. For periods shorter than the first normal mode
period (~9 days), offshore currents lag behind near-
shore currents and the amplitude response gradually
increases with period while the phase lag decreases.
The peak of the amplitude response shows a shift
from longer to shorter periods when approaching the
shore. Beyond the first mode period, the currents are
ahead of the forcing and the amplitudes decrease.
This corresponds to the phase shift of half a period
in the absence of friction. On approaching the second
mode period (~33 days), the nearshore current am-
plitude increases again if the friction is sufficiently
weak and its phase tends towards the positive lag of
the inviscid solution. In this frequency range, the off-
shore current is ahead of the nearshore current unlike
the solution presented by Brink and Allen (1978). In
the present context the important result is that the
response which is most likely to be observed is the
first mode resonance with: a slight phase lag of the
alongshore current behind the local wind.

4. Alongshore depth variation

When trying to match observed peaks in current
spectra to shelf wave dispersion curves, the choice of
bottom profile is generally not a simple matter be-
cause natural basins or shelves tend to show consid-
erable alongshore depth variations. The effects of such
variations on free shelf waves have been discussed by
Wang (1980) and others (see, e.g., Mysak, 1980). The
corresponding effects on the resonant response to
wind forcing will be considered here.

It is assumed that both the forcing and the depth
variations are periodic in alongshore direction over
the interval A, thus giving rise to cyclic boundary con-
ditions. In the particular case to be presented here,
the wind consists of a progressive wave moving in
positive x-direction and having the same wavelength
as the alongshore variation of the shelf width L il-
lustrated in Fig. 2. In view of subsequent comparisons
with closed basin, the exponential shelf profile of the
foregoing example is replaced by a parabolic profile.
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FI1G. 3. Response of alongshore current to progressive wind forc-
ing for coastal zone with parabolic depth variation. Left: one-di-
mensional models with uniform coastal widths of 40 km (solid
line) and 20 km (dashed), respectively. Right: results from two-
dimensional model of Fig. 2 at location of maximum (solid line)
and minimum (dashed) coastal width. Wavelength 400 km, max-
imum depth 150 m, Ekman depth 1 m, offshore distance 10 km.

H/Hy=1—-(1—y/LY, for y/L<1, (7)

where the width of the shore zone L and the depth -

of the deep water region H,, are periodic functions
of the alongshore coordinate with wavelength A. The
model parameters are assigned values applicable to
the Great Lakes with Hy = 150 m and L varying
between 20 and 40 km. The wavelength applicable
to a closed basin is determined by the circumference
of the basin rather than the scale of the atmospheric
forcing. The value selected here is A = 400 km. The
Ekman depth is taken to be 1 m.

In order to properly evaluate effects of alongshore

depth variations it is necessary to first compute re-

sponse curves for corresponding shelves with uniform
profiles. In the present case such computations are
done for constant coastal widths L, equal to 40 and
20 km, respectively. The resulting alongshore cur-
rents at 10 km offshore are shown on the left of Fig.
3 with the solid curves representing the wide coastal
zone and the dashed curves representing the narrow
coastal width. The corresponding normal mode pe-
riods may be estimated from Ball’s (1967) solution
for a similar profile which shows that the periods are
much longer for the narrow zone than for the wide
zone. With regard to the amplitudes it may be noted
that streamfunctions for the inviscid case are inde-
pendent of the scale depth Hj, while the velocities
are inversely proportional to depth. Since the same
value, Hy = 150 m, is used in both cases, the velocities
at a fixed distance offshore are greater for the wide
coastal zone (solid lines). If the scale depth for the
narrow shore zone is reduced to H, = 90 m so as to
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produce the same depth at 10 km offshore as the wide
zone with Hy, = 150 m, the inviscid current will in-
crease in magnitude but the increase is mostly can-
celed again by increasing friction in shallow water.
In either case, therefore, the amplitude response is
smaller for the narrow coastal zone than for the
wide one.

The solutions for periodic alongshore depth vari-
ation are illustrated on the right of Fig. 3. The solid
curves refer to the location where the coastal zone
reaches its maximum width, the dashed curves apply
to the location of minimum width. As before, the
phase lag refers to the local wind. The numerical so-
lutions were obtained on a two-dimensional grid with
a mesh size of 4 km. For the one-dimensional case
on the left of Fig. 3 such coarse-grid solutions were
compared with results from a 1-km mesh and found
to be in reasonable agreement.

By comparing the left side of Fig. 3 with the rhs,
it is seen that the resonance periods tend to shift to-
ward one another in the presence of alongshore depth
variations. This result can, of course, be interpreted
in terms of a two-dimensional normal mode for this
particular topography. A detailed illustration of the
response as a function of alongshore distance is pro-
vided by Fig. 4 for three forcing periods near the res-
onant response, 7 = 10, 15 and 20 days, respectively.
On the basis of these results, one must expect some
alongshore variation of resonance frequencies for
coastal zones with alongshore depth variations. Also,
at a given forcing frequency, it is indicated that the
phase lag will vary alongshore and hence the forced
shelf wave will appear to propagate with non-uniform
speed. However, both variations in resonance periods
and in phase lags would be considerably smaller than
expected from calculations for a range of shelves with
different depth profiles but, in each case, uniform in
alongshore direction.
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FIG. 4. Alongshore variation of alongshore current for periodic
wind forcing with forcing periods 7. Model of Fig. 2 with model
parameters of Fig. 3.
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5. Forcing by standing wave

It is known that meteorological disturbances at
middle latitudes tend to progress from west to east
rather than from south to north. It is therefore sug-
gested that the response to wind of continental shelves
oriented in a north-south direction may be profitably
analyzed on the basis of standing rather than pro-
gressive atmospheric waves.

A similar situation arises when a lake or inland sea
is subjected to meteorological forcing which is gen-
erally of such a large scale that it can be treated as
uniform over the basin. For the nearshore zone
around the perimeter of the basin, the uniform forc-
ing translates into forcing by a standing wave with
wavelength equal to the circumference of the basin,
i.e., the first azimuthal wavenumber. It is therefore
of interest to compare the response to such forcings
with the foregoing response to progressive atmo-
spheric waves.

A standing wave may be represented by the sum
of two progressive waves with equal amplitudes and
moving in opposite directions. Since resonance oc-
curs only for the force moving in the same direction
as the shelf wave, the resonant response will be similar
to that considered before, but the amplitude will be
reduced by one half. The phase lag between the re-
sponse and the local forcing, however, now depends
on the alongshore position even for a uniform shelf
profile. It is, in general, similar to the foregoing at the
location where the force reaches its maximum and
it increases alongshore in the direction of shelf-wave
propagation. ,

To illustrate shelf wave response to standing at-
mospheric waves while at the same time allowing a
direct comparison with the response of closed basins
to wind, we consider an infinitely long, uniform chan-
nel with parabolic depth variation. The channel is
symmetric such that the width of the coastal zone L,
defined in (7), is equal to half the width of the chan-
nel. The channel width is taken to be 80 km which
makes L equal to 40 km, the maximum depth H,
equals 150 m, the Ekman depth again equals 1 m,
. and the wavelength of the forcing is 400 km. The
response of the alongshore current is presented on the
left side of Fig. 5. The alongshore location is the point
where the wind reaches its maximum; the offshore
locations are at 2, 6, and 10 km from the shore, rep-
resented by dashed, dash-dot and solid curves, re-
spectively.

Let us compare this with a circular basin with depth
varying with radius only and forced by a wind stress
uniform in space and periodic in time. In polar co-
ordinates, the corresponding form of Eq. (1) is quite
similar to the equation for a straight shelf forced by
a standing atmospheric wave of the form 7, = 7o
sina? sind where § = 27xA\~! with x measuring the
alongshore distance in counterclockwise direction
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FIG. 5. Alongshore current at location of maximum alongshore
component of standing wind forcing. Left: symmetric channel with
parabolic depth variation and width of 80 km forced by standing
atmospheric wave with wavelength of 400 km. Right: circular basin
with radius of 65 km and parabolic depth variation in coastal zone
of 40 km, subjected to wind uniform in space and periodic in time.
Maximum depth 150 m, Ekman depth | m.

from the upwind end of the basin and '\ being the
circumference of the basin. It follows that the only
normal modes which are excited are those corre-
sponding to the first azimuthal wavenumber. For a
circular basin with parabolic depth variation for
which the rigid lid approximation is valid, these nor-
mal modes have periods equal to 2n(n 4+ 2) + 1 times
the inertial period, where 7 is the radial mode number

. (see, e.g., Birchfield and Hickie, 1977). Saylor et al.

(1980) have discussed effects of different depth pro-
files but their discussion is restricted to the first radial
wavenumber. '

In the present example, the depth is taken to have
the parabolic form (7) in the shore zones and to be
constant in the interior. Note that the area of constant
depth tends to increase the normal mode periods as
compared to the above values for the basin with par-
abolic depth. The width of the shore zone L is equal
to 40 km and the total radius is 65 km, which makes
the circumference a little more than 400 km, equiv-
alent to the wavelength in the above example. The
maximum depth is Hy = 150 m, the Ekman depth

. is 1 m, and the numerical solution is obtained on a

radial finite-difference grid with a mesh size of 1 km.
The response of the alongshore current to a wind
uniform in space and periodic in time is shown on
the rhs of Fig. 5. The alongshore location is the point
where the alongshore component of the wind reaches
its maximum, i.c., # = w/2. The offshore locations
are the same as those on the lhs of Fig. 5. The response
curves on the left and right of Fig. 5 are seen to be
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F1G. 6. Alongshore variation of alongshore current in circular
basin at forcing period of 7 days. Alongshore distance measured
counterclockwise from upwind shore. Model parameters of Fig. 5;
A = circumference.

quite similar, but the resonance period in the circular
configuration is somewhat shorter because the effec-
tive wavelength is shorter than the circumference of
the basin. This shows that coastline curvature is rather
unimportant and that the alongshore wind compo-
nent is the crucial forcing (see also, Clarke, 1977).

To illustrate the alongshore variation of the re-
sponse, Fig. 6 shows results for the circular basin for
a forcing period of 7 days, close to the resonant re-
sponse, with alongshore distance expressed in terms
of the circumference \. Similar results apply to the
case of a straight shore forced by a standing atmo-
spheric wave of wavelength A. It is apparent that the
offshore current is governed by resonant wave prop-
agation with constant amplitude and linear phase
change alongshore. On the other hand, the nearshore
response appears as a standing wave with a slight
counterclockwise shift of the current maxima similar
to the steady state solution (Birchfield, 1973). In
terms of alongshore phase propagation, the nearshore
current exhibits an alongshore variation somewhat
similar to the amplitude variation of the forcing with
large apparent phase speeds occurring at the location
of maximum alongshore wind. Hence, even at reso-
nance, the nearshore phase propagation observed un-
der conditions of standing atmospheric wave forcing,
cannot be related to free shelf wave propagation.

It is, perhaps, of interest to note here that the above
normal modes for a circular basin differ from typical
shelf waves in the sense that the associated currents
in deep water are here of the same order of magnitude
as in the shore zone. While this point has been em-
phasized by Saylor et al. (1980), it does not affect the
discussion of nearshore currents.
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6. Elongated asymmetric basin

As a final example, we consider an elongated basin
with either latitudinal or longitudinal asymmetry as
illustrated by Figs. 7a and b, respectively. The depth
variation is again parabolic in the coastal zones and
constant in the shaded areas. The wind is directed
along the axis of the basin and is uniform in space
and periodic in time. The radius of the end circle is
equal to 40 km and the trunk section has a length of
80 km, thus giving the basin a circumference of just
over 400 km. Again, the maximum depth is 150 m
and the Ekman depth is 1 m. The numerical solutions
were obtained on a two-dimensional grid with a mesh
size of 4 km as used in Section 4.

The computed alongshore currents will be shown
for points A and B of Fig. 7 which are located 10 km
from the shore. These results are depicted on the left
and right of Fig. 8, respectively. The solid curves refer
to a symmetric, elongated basin with the shaded area
of Fig. 7 going to zero, the dash—dot curves refer to
Fig. 7a and the short dashes refer to Fig. 7b.

For the symmetric basin (solid curves), the results
are similar to those for the circular basin (Figs. 5b
and 6). The amplitude in point A is smaller than in
point B due to the standing nature of the nearshore
response. As in Fig. 6, this effect becomes stronger
for shallower water or higher friction (not shown).
The phase difference between the two points is ~27%
of the forcing period for periods in the range of 5-15
days. Since the distance is only 20% of the circum-
ference, the wave spends proportionally more time
along the straight shores than along the end circles,
similar to the different resonance periods on the lhs
and rhs of Fig. 5. At 2 km offshore (not shown), the
phase difference near resonance is only half as large
as at 10 km and thus the response appears more like
a standing wave as seen in Fig. 6 for the same offshore
location.

@)

(b}

FiG. 7. Idealized elongated basins with latitudinal (a) and lon-
gitudinal (b) asymmetry. Depth is constant in shaded areas and
parabolic in coastal zones.
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FIG. 8. Alongshore current in points A (left) and B (right) of
basins of Fig. 7, subjected to wind from the left, uniform in space
and periodic in time. Solid line is for symmetric elongated basin
of Fig. 7 without shaded area, dash-dot line for basin of Fig. 7a
and dashed line for basin of Fig. 7b. Radius 40 km, maximum
depth 150 m, Ekman depth | m, offshore distance 10 km.

In case of latitudinal asymmetry (Fig. 7a, dash-dot
curves of Fig. 8), the resonance period shifts by one
day due to the effect of the narrower coastal zone at
the opposite shore and the correspondingly longer
normal mode period. The amplitude of the response
is reduced as noted previously when comparing the
solid curves of Figs. 3a and b. Furthermore, a sec-
ondary peak appears at approximately twice the res-
onance frequency, thus suggesting a wavelength equal
to half the circumference. The phase difference be-
tween points A and B is reduced to 21% of the forcing
period for periods longer than five days. This apparent
agreement with the distance being 20% of the cir-
cumference, is in fact, the result of two opposing de-
viations. As in the symmetric case (solid lines), the
wave moves slower along the straight parts of the
shoreline, but due to the asymmetry, the wave moves
faster over the wider coastal zone on the south side
and spends only 40% of the time in the southern half
of the basin.

The case of longitudinal asymmetry (Fig. 7b,
dashed curves of Fig. 8), is essentially the same as the
foregoing, but with the alongshore depth variation
shifted by a quarter of the wavelength. As in Fig. 3b

and 4, the amplitude response in the narrow coastal

zone (point B) is reduced as compared to the wide
coastal zone (point A). The resonance peaks shift to
longer periods than in the symmetric basin (solid
lines) similar to the shifts between the peaks of Fig.
3b and the solid line of Fig. 3a. Also, as in Fig. 3b,
the resonance peaks appear to be determined by the
average depth profile rather than the local bathymetry
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and hence tend to occur at more or less the same
frequency at both points A and B. As noted for the
shelf with alongshore depth variation, this result re--
flects a two-dimensional mode for this particular ba-
sin. The phase difference between points A and B is
about 32% of the forcing period near the resonance
frequency. This is greater than the corresponding
value in the symmetric case which again agrees with
Fig. 4 which shows that the phase lag increases be-
tween the wide and the narrow coastal zone and
hence the wave slows down over this distance.

7. Comparison with observations

From 9 December 1973 to 18 March 1974, current
measurements were made in the coastal zone off the
city of Oshawa which is located on the northshore of
Lake Ontario ~ 100 km from the western end of the
lake. Currents were measured at 10 m below the sur-
face and just above the bottom with horizontal sep-
arations of 1.5 km over a 10 km shore zone. The
water depth varies more or less linearly from 15 m
at the nearshore station to 65 m at the deepest station.
Simultaneous wind observations are available from
Toronto Island, approximately 50 km to the west.
These winds were used to estimate stresses by the
conventional formulation with a drag coefficient of
1.2 X 1073 for wind speeds less than 10.m s, linearly
increasing to 2.4 X 1073 at speeds of 20 m s, and
equal to the latter value for higher wind speeds. The
stress vector, as well as the currents, were decomposed
into components along and normal to the local shore-
line. Energy spectra showed that low frequency cur-
rents in all stations were essentially parallel to the
shoreline. Experiments with two-dimensional models
of Lake Ontario showed that local currents induced
by winds normal to the local shore were small com-
pared to those induced by alongshore winds. This
study will therefore concern itself with the response
of alongshore currents to alongshore wind stress.

Although the bathymetry of Lake Ontario’s north
shore is quite uniform, the phase speeds of shelf waves
are so sensitive to small depth variations that along-
shore variations in wave speeds are substantial. This
is 1llustrated in Fig. 9 which shows dispersion curves
of topographic waves on the north shore of Lake
Ontario between 78 and 79°W. The wavenumber is
expressed in terms of the circumference of the lake,
approximately 600 km, which obviously represents
a long-wave cutoff for any shelf waves in Lake On-
tario. Since the Oshawa experiment was located near
78.8°W, the corresponding first mode period would
be greater than 10 days. However, as shown above,
the resonance frequencies tend to represent the in-
tegrated effect of alongshore depth variations and
hence resonance is expected to occur near 10 days.
This period will be reduced even further if the effec-
tive wavelength is smaller than the circumference of



MARCH 1983
Wavelength (km)
600 100 60 40 30 25 20
040 1 | 1 ! I 1
LAKE ONTARIO
NORTH SHORE -2
0357 SHELF WAVES ~ ..eees
0.30
25
B 025
= -3 -
< &
020 35 g
3 4 O
& 015 s &
—
W 16
010
-8
10
0.05- 15
25
0 T T T T T
01 5 10 15 20 25 30

Wavenumber (x600km/2 )

FiG. 9. Shelf wave dispersion curves for the north shore
of Lake Ontario.

\

the lake. Indeed, Hamblin’s (1972) numerical cal-
culation of the rotational mode of Lake Ontario cor-
responding to the cubic mode of an elliptic parabo-
loid, produced a period of 10 days. Rao and Schwab
(1976) found a mode with a similar period but sug-
gested that another mode with twice this period was,
by virtue of its spatial structure, more likely to be
important for the low-frequency response of the lake.
However, the period and the offshore structure of this
mode are more similar to those of the second-mode
shelf waves of Lake Ontario’s north shore (Fig. 9). In
any case, the results of numerical model verification
studies (see, Simons, 1980) as well as the following
model comparison, strongly suggest that the Hamblin
mode is the one most readily excited by the wind and
best suited to overcome effects of friction.

To compare the observations in Lake Ontario
with the foregoing results for the resonant response
of currents to wind, a two-dimensional, vertically-in-
tegrated model of Lake Ontario is employed. The
numerical grid has a mesh size of 5 km and is aligned
with the north shore. The wind is uniform in space
and the bottom friction is formulated according to
Ekman theory (3). Two versions of the model were
compared. The first one is a free surface model with
a single Richardson lattice, the second one is a rigid
lid model. Differences between the results were found
10 be much smaller than effects of friction discussed
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here, so the following presentation will confine itself
to the free surface model. The model results of in-
terest are the alongshore currents in the grid points
located 2, 7 and 12 km from the Oshawa shore with
water depths of 16, 48 and 78 m respectively.

For a general time history of wind forcing, the re-
sponse of the lake at a given location may be deter-
mined from a convolution integral involving the
wind-stress and the unit impulse response. The latter
is the response to a unit stress of 1 N m~2 applied
over a unit time interval, say 1 hour. If one is con-
cerned with model verification at a particular loca-
tion, this method of calculation offers certain advan-
tages since the complete two-dimensional model
needs to be used only for computing the impuise re-
sponse. The response of the alongshore current to a
unit stress impulse of 1-hour duration is shown by
the solid lines in Fig. 10 for the two model points
nearest to the Oshawa shore. To illustrate effects of
topographic waves, model results for the case of no
rotation are shown by the dashed curves. Inspection
of this figure shows that the most important effect of
topographic waves is to cause a strong current reversal
a few days after a wind impulse. It furthermore in-
dicates that the wave is rapidly damped out and hence
must be continually reinforced by wind impulses if
it is to overcome effects of bottom friction.

The spectral response of the observed current to
the observed wind forcing was estimated by taking
the square root of the spectral energy ratio between
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currents and wind, together with the spectral coher-
ence and phase between the wind and each individual
current meter record. The results, as a function of
frequency and distance from the Oshawa shore, are
shown on the left-hand side of Fig. 11. These results
refer to the bottom observations. Surface measure-
ments show nearly identical phase lags and amplitude
response shapes but the amplitudes are larger by as
much as 20-40%. Coherence between wind and cur-
rents in this frequency range is ~0.9, a little higher
for nearshore currents, a little lower for offshore cur-
rents.

The model response to wind, as a function of fre-
quency, may be obtained by solving Eq. (5) for the
basin of interest. However, since the impulse response
was available for simulations in the time domain, this
response was convoluted with periodic winds of the
desired frequency and the resulting amplitude and
phase response were determined by fitting a wave of
the proper period to the computed current. The re-
sults for finite-depth Ekman friction (3) with Ekman
depth of 2 m are shown in the middle panel of Fig.
11. The phase lags may be readily explained by re-
alizing that the location of Oshawa is comparable to
point B in the idealized basin of Fig. 7 with the cor-
responding results of Fig. 8b. The phase lags are thus
larger than they would be at the mid-point of the
north shore where the lag is expected to go to zero
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near the resonance period. The computed phase lags
agree quite well with the observed ones. The ampli-
tudes, however, increase towards the shore in contrast
to the observed variation. This could be due to the
lack of horizontal diffusion in the model or to an
underestimation of frictional effects in shallow water.

For the present Ekman depth of 2 m, the finite
depth formulation (3) is essentially similar to the
deep-water approximation in the model grid points
under consideration. In an effort to increase the near-
shore friction, the shallow-water approximation was
used with twice the Ekman depth. The results are
presented on the right of Fig. 11. This friction appears
to simulate the proper offshore variation of the cur-
rents although the overall damping appears overes-
timated. Another important discrepancy between the
model and the observations is the exaggerated shift
of the resonant response as a function of offshore
distance. The shift is much greater than found in the
foregoing idealized basins which is essentially due to
the larger friction used here.

8. Momentum balance

A comparison of observed and computed currents
in the time domain is shown in Fig. 12. The shallow-
water approximation of Ekman friction with an Ek-
man depth of 4 m is used here. While the local current
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FiG. 11. Relation between alongshore current and alongshore windstress as a
function of frequency. Left: observed in Lake Ontario coastal zone, 9 December
1973 to 3 March 1974. Middle: simulated by two-dimensional model with Ekman

_ depth of 2 m. Right: simulated with Ekman friction for shallow water and Ekman

depth of 4 m.
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simulations are, at times, in error, it is interesting to
note the satisfactory simulation of the offshore vari-
ation of alongshore currents. This would indicate
that much of the local error is due to erroneous
wind input.

If it is accepted that the two-dimensional model
of Lake Ontario reproduces the major characteristics
of the observed response of currents to wind, then the
model offers an interesting opportunity to analyze the
momentum balance associated with this response. In
the literature some examples may be found of this
type of momentum balance as calculated from ob-
served quantities, but it is doubtful whether such
terms as the pressure gradient and the Coriolis term
can be properly evaluated. The alongshore pressure
gradient is usually estimated by recourse to shore-
based sea-level gauges, while the Coriolis term is ob-
tained from the generally small deviation of the cur-
rent from the alongshore direction. Thus, in a recent
summary of such calculations, Allen and Smith
(1981) showed that a large fraction of the variance
of alongshore current accelerations and pressure gra-
dients along the Oregon Coast can be explained by
the wind but that the Coriolis term was not balanced
by other estimated terms.

The alongsore momentum balance for the model
results at the gridpoint closest to the shore is governed
by wind and bottom stress. For the solution at 2 km
shown in Fig. 12, the correlation between these two
stresses is found to be equal to 0.88. The correlation
of the alongshore pressure gradient with the wind is
equal to 0.66, but the pressure gradient does not play
an important role in this momentum balance since
it is multiplied by the shallow nearshore depth. On
the other hand, at the offshore station shown by the
solid line of Fig. 12, the bottom stress is negligible
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Lake Ontario coastal zone off Oshawa.
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F1G. 13. Momentum balance for two-dimensional model at dis-
tance of 12 km from the north shore of Lake Ontario.

and all other terms are of equal magnitude as shown
in Fig. 13. The pressure gradient is still correlated
with the wind, the correlation coeflicient being 0.57,
but more important is its correlation with the Coriolis
term which is as high as 0.74, while the correlation
between the Coriolis term and the wind is only 0.14.
In fact, as clearly seen in Fig. 13, the pressure gradient
is largely canceled by the Coriolis term, thus pointing
out the effects of topographic waves on the alongshore
momentum balance some distance offshore. This is
confirmed by comparing the alongshore pressure gra-
dient at the nearshore station with that in the offshore
station. The correlation coefficient is only 0.09, which
indicates that shore-based sea level measurements
may not be adequate to estimate the momentum bal-
ance in a station some 10 km offshore if topographic
waves are present.

The cancelation of the pressure gradient by the
Coriolis force may partly explain the apparent success
of simple momentum balance models in simulating
observed nearshore currents (e.g., Hickey, 1981). An
example of a rather simple model of this kind is the
one-dimensional channel model where the wind and
bottom stress, integrated over the width of the chan-
nel, are balanced by an alongshore pressure gradient
(Bennett, 1974). This model is known to produce
good results for a closed basin when considering the
short-term response to wind forcing, that is, before
effects of topographic waves can become important.
In this model, the cross-shore transport vanishes by
virtue of the continuity equation and the boundary
conditions, thus eliminating the Coriolis term from
the alongshore momentum equation. Furthermore,
since the averaged bottom stress tends to be small
because of current reversals between opposing shores,
the momentum equation takes on the approximate
form

aU H
()

at a ®
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where the overbar denotes an average over the chan-
nel and b is the bottom stress coefficient defined by
(3), which is approximated by the value b = fAH 2
in deep water and b = 6fA*H* in shallow water,
where A is an Ekman depth defined as A = (¢/2f)'.
While an equation such as (8) can never reproduce
observed spectral current variations as shown in Fig.
11, it is of interest to test its performance in the time-
domain. For this purpose, an equation of the form

aU

E = QTsx — BU,

9

was integrated in time for a matrix of values of the
coeflicients o and 8. For each of the observed current
records, the pair of coeflicients was found which min-
imized the rms difference between the solution and
this observation. For the nearshore station with a
depth of 16 m, the coeficients are « = 0.7 and 8
=3 X 107°s7!, which is in reasonable agreement with
(8) for an Ekman depth of 3-5 m. The solution in
this case is nearly identical to the solution of the two-
dimensional model shown in Fig. 12. However, for
increasing distance offshore, the coefficient a ap-
proaches the value « = 1.0 instead of decreasing ac-
cording to (8) and the bottom friction decreases much
slower with increasing H than suggested by the fore-
going two-dimensional model verification. Although
this result may at first seem surprising, it is consistent
with the momentum balance of Fig. 13 as shown by
the following experiment.

The solid line at the top of Fig. 14 shows computed
currents at a distance of 12 km from the shore and
at a depth of 78 m, as obtained from the two-dimen-
sional model and as shown previously in Fig. 12, The
dashed line at the top of Fig. 14 shows the solution
of the channel model with the same bottom friction
and with the pressure gradient opposing the wind
stress in accordance with (8). This solution lacks the
current reversals due to shelf waves and, as such, com-
pares poorly with the observations shown in Fig. 12.
The dashed line at the bottom of Fig. 12 shows the
channel solution for the same bottom friction but
without the effect of the pressure gradient which is
equivalent to setting « = 1 in (9). Finally, the solid
line at the bottom of Fig. 12 is obtained from (8) or
(9) without the pressure effect but with the bottom
friction increased by a factor of four. It is seen that
the last solution is remarkably similar to the first one.
In summary, then, since the pressure gradient tends
to be cancelled by the Coriolis term in the presence
of shelf waves, a simple model without pressure gra-
dients can give better results than the more complete
model (8), if the bottom friction is manipulated to
obtain the best fit to local observations.

The foregoing may also be illustrated by comparing
the frequency response of the channel model with
that of the two-dimensional model. The solid curve
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FI1G. 14. Comparison of model currents, 12 km off Oshawa:
(above, solid line) two-dimensional model of Fig. 12; (above,
dashed) one-dimensional channel model equivalent to no-rotation;
(below, dashed) model without rotation and without pressure gra-
dient; (below, solid) same but four times greater Ekman depth.

of Fig. 15 is the response to wind at a distance of 12
km from the Oshawa shore as computed by the two-
dimensional model and shown previously in Fig. 11.
The short dashes in Fig. 15 represent the solution of
the same model without rotation which may be ver-
ified to be quite similar to the analytical solution of
the channel equation (8). The dash-dot curves in Fig.
15 are solutions of the same equation without pres-
sure effects which effectively increases the forcing by
a factor of H/(H — H) = 4.5. For periods near the
resonance frequency, the response of the last model
is remarkably similar to that of the two-dimensional
model, both in amplitude and in phase. It must be
concluded, however, that if the simple model in this
case appears to produce acceptable solutions, this is
the result of cancellation of opposing errors. Besides,
for a closed basin, this model violates mass conser-
vation principles. '

9. Conclusions

The foregoing comparison of model results and
observations indicates that topographic wave effects
play an essential role in the barotropic response of
nearshore currents to wind forcing. Analysis of along-
shore momentum budgets shows that the alongshore
pressure gradient, some distance offshore, tends to be
cancelled by the Coriolis force and is poorly corre-
lated with the nearshore pressure gradient. As a result,
simple momentum balance models without topo-
graphic wave effects may appear to produce accept-
able results if the pressure gradients are discarded and
if the bottom stress is manipulated to obtain the best
fit to local observations. It is concluded that such
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F1G. 15. Computed response of alongshore current to periodic
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model simulations are basically erroneous in concept.
It is also suggested that shore-based water level gauges
may give a poor estimate of the pressure gradient in
the alongshore momentum balance some distance
offshore.
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