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ABSTRACT By virtue of stereological approach and geometrical probability theory, this paper presents
3–dimensional reconstruction methodology of size distribution of air voids based on the information of
2–dimensional size distribution of intersecting circle on section plane of concrete. The validity of the
3–dimensional reconstruction technology was verified by a multi–size sphere packing model structure with
periodic boundaries. Then, the previous proposed analytical solution of the nearest surface spacing between
particles was employed to investigate the influence of air void fineness as well as air content on the
distribution of the nearest surface spacing between neighboring voids. The mean value of the nearest
surface spacing obtained based on the above mentioned analytical solution was compared with spacing
factor based on the traditional approach. The result demonstrates that the value of spacing factor derived
from traditional approach is 3–4 times the mean value of the nearest surface spacing at the same air void
content. Development of such framework provides a clue to quantify the spatial distribution of air voids
based on the information obtained from section plane of concrete.

KEY WORDS inorganic non–metallic materials, air–entrained concrete, spacing factor, air voids, size
distribution, 3-dimensional reconstruction
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411�>5?, @<=241)A1�6/��

Æ370 141567�B8,4�� !5-
[1,3,4]. $�C263)0&9��� !4�B3
88, 54-.%D0,:99-:%)5;1E#
���$����+ %) [5,6]. FG [7] &;:

2<;83��.18 !%)�4/, 5<��$

�3��=9%)'3�3*%2<>2<;;8
3��.18 !�%). ,03=���.,2
(area sampling)=1,2 (line sampling)=,+1,2
(point sampling) )/>2<;��3*%2 [8], >

FH&;C-.6�'9%)>+��'9%)�
)0, ?*@I?6J77)0�8@., 807)
0��;9��$���� !%).

1 9:�;<=>���?
1.1 @ABC

4::+K9�5;'(%), Wicksell[9,10] �

�:A;C-.16�'(%)>+6/+ �
9�'(%), 3=���-*L��<2AMN
[8,11]. $�, ==#���$���+ %)B �
��*> [12,13] �*, A;:+��;9'(%)M

N?O#CD?�$=. 5@, 6A,&;C-.6
�'9%)>+��'9%)�)0.

4)<CB, -.��$����C49;, ?

EA?F.: +PGD R ' D %B�E9 (6/+

 ) �89''9, QPGD r ' d %B�E-.6
(+/+ ) �89''9; f2d(r) �E-.689�
2D@AEF7B2 (number based probability den-

sity function), f3D(R) �E989�2D@AEF7

B2; f2d(d) ' f3D(D) %B�E-.6'9'9'
9�2D@AEF7B2.

5<R 1, 0FBG.-+894 R �9, H:
+;894 r �-.6�AE f2d(r) 4

f2d(r)dr =

⎧⎨
⎩

dz/R for r ≤ R

0 for r > R
(1)

54 z(r) =
√

R2 − r2, 4@6

dz

dr
=

−r√
R2 − r2

(2)

C/ (1) '/ (2) >&

f2d(r)dr =

⎧⎨
⎩

r
R
√

R2−r2 dr for r ≤ R

0 for r > R
(3)

� 1 H�GI
Fig.1 Sphere and Sectioning Circle

� 2 JGHICIKJCDSKT, dz ILDUJ z

VMEFE
Fig.2 Range dz varies with z if circle radius class dr

is kept constant

FG/ (3) �GH, �4:H7AE4N. C/

(3) >L;, -.6�AEF7%MO9�89 R 6

=, IO-6�89 r 6=.

A> dr HI%G, H5<R 2 >&KL�J7

dz 4

dz = z(r − dr) − z(r) (4)

54 z(r) =
√

R2 − r2, z(r − dr) =√
R2 − (r − dr)2, 4@6

dz =
√

R2 − (r − dr)2 −
√

R2 − r2 (5)

C/ (1) '/ (5) &

f2d(r)dr =

⎧⎨
⎩

1
R [

√
R2 − (r − dr)2 −√

R2 − r2] for r ≤ R

0 for r > R
(6)
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8/ (3) '/ (6) &

√
R2 − (r − dr)2 −

√
R2 − r2 =

r√
R2 − r2

dr (7)

C=��'9;=-(2��O1�:N�, #

���$����YZ>@L,B/('7%)�
9;=-3Y. -.P<3*1)3;20Æ6NV1

/894 R1 �93, ,0-.%D0-+1)3Q

P<.*-.14-=-�2D4 NA1,H5<3=
�PR>&++0 �=Y4 [8]

NA1 = NV1 · 2R1 (8)

=�,( NV1 /894 R1 �P<3*1)3�P<

.*-.1-6894 r �2D4

NA1(r) = NA1f2d(r)dr

= NV1 · 2R1 · { 1
R1

[
√

R2
1 − (r − dr)2 − √

R2
1 − r2]}

= NV1 · 2 · [√R2
1 − (r − dr)2 − √

R2
1 − r2]

(9)

(O6 NV2 /894 R2 �9�P<1)3�,

5</ (8)>&P<.*-.14-=-�2DNA2

4

NA2 = NV2 · 2R2 (10)

=�,([<2/1)3�P<.*-.1-6
894 r �2D4

NA2(r) = NA2f2d(r)dr

= NV2 · 2 · [√R2
2 − (r − dr)2 − √

R2
2 − r2]

(11)

9@, 2=Q6/RO NV3 894 R3 �P<3

*1)36

NA3 = NV3 · 2R3 (12)

NA3(r) = NA3f2d(r)dr

= NV3 · 2 · [√R2
3 − (r − dr)2 − √

R2
3 − r2]

(13)

06A9�(BCÆ99B/P<3*�1)
3�, H(2/1)3�93�Q2D4

NV = NV1 + NV2 + NV3 =
∑

NVi (14)

S� NV 4P<3*20Æ93�2D. =�, [<

7P<3*1)3�F\-.1P<-..*1-

&�=-�2D4

NA = NA1 + NA2 + NA3 =
∑

NAi (15)

S� NA 4P<.*-.1-6�2D. 7P<.*

-.1-689( [r − dr, r] �2D4

NA(r) = NA1(r) + NA2(r) + NA3(r) (16)

29'6,089�T %UPH, Q ΔR =

Δr, H989>@�E4
Rj = j · ΔR = j · Δr (17)

9@, 689L>@�O4
ri = i · Δr (18)

22, 2B/('79;=-3Y&*�P<3
*1)3, 5</ (9) 46894 Rj �92P<.

*-.1894 [ri − Δr, ri] �-6�2DRG4
NAj(ri) =

NVj · 2 · [
√

R2
j − (ri − dr)2 −

√
R2

j − r2
i ]

(19)

S� NVj 4P<3*1)3�894 Rj �9�2

D; NAj(ri)4P<.*-.1C894 Rj �94-

+�894 [ri − Δr, ri] �-6�2D.

0/ (19) SV/ (16), >>&$'79;=-
2P<.*-.1894 (ri, ri −Δr) �-62D�
RG, 5446 Rj < ri 2894 ri -6�O6R
G�, ,0/ (16) 23BA-62D>'R<QA
]H7 Rj ≥ ri. 5@, S/P<.*-.1894
[ri − Δr, ri] �2D4

NA(ri) =
m∑

j=i

NAj(ri)

=
m∑

j=i

2NVj[
√

R2
j − (ri − dr)2 −

√
R2

j − r2
i ]

(20)

S� m = Rmax/ΔR, i = ri/ΔR = ri/Δr, Rmax 4S
/3Y�1+9�89.

C=894 Rj �9�2D@AEF7B2>@

�O4

f3D(Rj) =
NV j

NV
(21)

A>-.P<.*-.1-6�2D4 NA, H
894 ri �-6�2D@AEF7B24

f2d(ri) =
NA(ri)

NA
(22)

5<3=�@P [8], 2=('7%)�9;=-3
Y, P<.*-.1-6�2D (NA) OP<3*Æ
93�2D (NV) 0 �=Y4

NA = NV · 2R (23)

S� R =
∫ Rmax

Rmin
Rf3D(R)dR, Rmax ' Rmin %B4

3Y�=-�1+'1Q89, ^W Rmax=rmax. =
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f2d(ri) = NA(ri)
NA

= 2
m∑

j=i

NVj[
√

R2
j − (ri − dr)2 −

√
R2

j − r2
i ]

2RNV

= 1

R

m∑
j=i

NVj

NV
[
√

R2
j − (ri − dr)2 −

√
R2

j − r2
i ]

= 1

R

m∑
j=i

f3D(Rj)[
√

R2
j − (ri − dr)2 −

√
R2

j − r2
i ]

(24)

S��>'<T]H7 Rj ≥ ri.

0/ (7) SV/ (24) &

f2d(r)dr =
1
R

∫ Rmax

r

f3D(R) · r · dr√
R2 − r2

dR (25.a)

=�-.689�2D@AEF7%)B2>
@�E4

f2d(r) =
r

R

∫ Rmax

r

f3D(R) · dR√
R2 − r2

(25.b)

,

f2d(d) =
d

D

∫ Dmax

d

f3D(D) · dD√
D2 − d2

(25.c)

S� D =
∫ Dmax

Dmin
Df3D(D)dD, Dmax ' Dmin %B4

3Y�=-�1+'1Q'9, Dmax=dmax.

.0/ (25.c), >C93'92D@AEF7B
2>&-.6'9�2D@AEF7B2. (_P9
3'(%)�>5?2/4/SU60, QA Zheng

:0 (25.c) ��3��3V`aTb [14], Stroeven

:��Rc�WX7'YXS9�YT.MN [15].

Td, Zheng :(_PZ[=9%)�>5?0/
(25.c)��:/3O3�0 Z\7.<[T�J7
MN [16]. $�[U&9����-.6�'(%)
B2 f2d(d), U���'(%)B2 f3D(D) �\>

D. =�e,2/ (25.c) UfGV.

5< Gorenflo :�]^ [17], 2= 0 < x <

b, Abel *% g(x) =
∫ b

x
u(t)dt√
t2−x2 �V4 u(x) =

− 2
π

d
dx

∫ b

x
tg(t)dt√
t2−x2 , 0 < x < b. =�/ (25.c) >@G

V4

f3D(D) = −2D

π

d
dD

∫ Dmax

D

f2d(d)√
d2 − D2

dd (26)

@1&9��-6'9�2D@AEF7B2, /

(26) ��93G2'9�OP�.

54

D
∫ dmax

0
f2d(d)

d dd

=
∫ dmax

0

∫ Dmax

d
f3D(D)√
D2−d2 dDdd

=
∫ Dmax

Dmin
dD

∫ D

0
f3D(D)√
D2−d2 dd

= π
2

∫ Dmax

Dmin
f3D(D)dD = π

2

(27)

4@

D =
π

2
∫ dmax

0
f2d(d)

d dd
=

π

2
∫ Dmax

0
f2d(d)

d dd
(28)

?8/ (26) ' (28)>C+/-.6'9�2D@A
EF7B2:&3Y�;993'9�2D@AE
F7B2, 23)0]493'9�6/$6W_.

1.2 U@�>��
4J71^6/$6@I�8@., >W?*B

/364 30 mm �V`37�1)3ab, WX0

B.3*�=9Tb4 0.125–5 mm �9;=-,
0cY)/0/.^+9Q�dg_Uab�,?*

�?6@I�=-�2D4 348589, Z8�3*%

24 58.7976%, @I?6#[4 Fuller0.125–5–30–

58.7976. @I?6�=9%)?>(R 3 �&;.

R 3 &;:3*@X2AE%)Y1, U/

(25) '/ (26) �2D@AEF7B2. Td, 5<

Bertolini :�?> [18], #���$����'(Q
= 1 mm, '(+���O9\/]Y [4], UZ+`

%��'(4 10–100 μm[4]. 2[@I?6��=
-'(Tb4 0.125–5 mm, O;9���'(Tb
%G, $�93'(�Z2W2J7?>O6;Xh
i.

@?,0Y\-.%D0 (serial sectional anal-

ysis approach) :+-.6'9�2D@AEF7B
2 f2d(d) %):

(1) e.-.6'94a�T Tb [dmin,

dmax];

(2) 0/ (29) 0S/-.6�'9T [dmin,

dmax] %* M /-T ;

� 3 fj]NE^IMN

Fig.3 Particle size distribution in model structures
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� 4 ^kPX�Nfj_bEfg]`��aMNY
_Ec`

Fig.4 Comparison of modeling result based on 3d re-

construction model and actual value (a) prob-

ability density curve, (b) accumulative proba-

bility curve

� 5 HbhGIZIEiJ^cabdMNjl
Fig.5 Number–based probability density distribu-

tion of intersecting circle diameter and sphere

diameter

di = (2i×( 5.0
M )−1.0)

dmax − dmin

(25.0 − 1.0)
+ dmin,

0 ≤ i ≤ M (29)

S� Δdi=di+1 − di, di ∈ [dmin, dmax], d0 = dmin,

dM = dmax = Dmax, i=0, 1, · · ·, M ; M �E-T 
�2D.

(3) (Y\-.%D0�ke46-.13/
-6'94l�-T [di, di+1], ?UfmEX2

Ni = Ni + 1. -.@I?6�Q�-62D4 N ,

H Ni/N c�El=-T [di, di+1] �T AE,

Ni/(Δdi × N) c�E7T 1nB1�mE. 4)

<CB, -.-T [di, di+1] 1�mE8:, 24

Ni/(Δdi × N). f M D?+Q, 2/-.�8@�.

a01^)0>&9-.6'9�2D@AE
F7B2 f2d(d) %). 01^364 30 mm �@I

?6K 30 g, ?0S/-.6'9Tb%* 100 d,

,01^<0&9-.6'9�2DAEF7Y1
'X2AE%)Y1. 85<Y\-.%D04&
9�-.6'9�%)'/ (25)– / (28), &993

'92D@AE%) (R 4).

&;AEF7Y1�[5�, AEF7Y1-X

2AEY1)edmh1E;\i�>e..4)<

CB, ]R 4�@=6/$6W_:&�93'9%
)?>4@o?>, U5<@I?6�3/9�'9
no4:&�?>*4@P?>. CR 4 >B, @o

Y1O@PY1)fghp8. 5@, 4,Pj:�
�$-G.1��6�'9%)pf, c>0��'
96/$6W_\i#���$����'9%).

W&]\��, 2D1h�-.6'9'(O2
D1+�93'9'(�i$k. Pigeon : [4] ]\
9, 0-.%D0&9���-.6'92DAEF
7Y1jW<^2a�'9-;9��'92DA
EF7Y1jW<^2a�'9Q. _2R 3 ��
@I20, R 5 &;:-.6'9�2D@AEF7
Y1';993'9�AEF7Y1?>. >@L

;,-.6'9%)Y1jW2a�'92W-93
'9%)Y1jW<^2g�'92WQ.

2 `a9:bc�ade<=
2=C('7%)�9;3�6*�@I��

$3Y, FG [7] &;:2<;83��.18 !
%)�VDV, ?J7:7VDV�>e. (R 6),

2/)0XhL0=��ql/3�i���=9
%)2i���m*F;7�hi [19]. >F.0F

G [7] &;�4/\i#���$�;8��18 
!�%).

2.1 `a9:bc�ade>@Af
5<FG [7], #���$�;8���.18

 !�AEF7B2 fP (x) >@�O4

fp(x) = fRmax
Rmin

hp(x + R)f3D(R)dR (30)

S� f3D(R)4#���$���89�2D@AE
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� 6 jkk�nHgk_lMN�aL�fg]`Y
_Ec` [7]

Fig.6 Comparison of modeling result with actual

value in the distribution of nearest surface

spacing between neighboring aggregates (re-

draw from Ref[7])

F7B2, R 4��89, x 4om=-�.O;8
=-�.�18 !, hp(x + R)= 2ϕS

D
[3a0(x+R

D
)2 +

2a1(x+R

D
) + a2]·exp {−2ϕS[a0

(x+R)3−R3

(D)3
+

a1
(x+R)2−R2

(D)2
+ a2

x

D
]}.

S� ϕ 4#���$���3*%2, D 4�

��2DG2'9, D=
∫ Dmax

Dmin
Df3D(D)dD, S=D2

D3
D,

D2 4��2DG2'9� 2 n[1o, D2 =∫ Dmax

Dmin
D2f3D(D)dD, D3 4��2DG2'9�

3 n[1o, D3=
∫ Dmax

Dmin
D3f3D(D)dD, a0=[4B(1 −

ϕ)(1 − ϕ + 3ϕS) + 4Aϕ2S2]/(1 − ϕ)3 (A=0 Q4

Percus–Yevick(P–Y) 88 [20], A=2 Q4 Carnahan–

Starling(C–S)88 [21], A=3 4 Scaled–Particle(S–P)

88 [22]), a1=[6B(1−ϕ)+9ϕS]/(1−ϕ)2, a2=3/(1−
ϕ); B = (D)2/(D2).

5@,4,_P��'9�2D@AEF7B2
@l��$�O�D, c>.0/ (30) 2<;8�

��.18 !�%). U;8���.18 !
�G2W lP >@�O4

lP =
∫ xmax

0

xfp(x)dx (31)

� 7 ^kpqpiMNmibqEMOCIcabd

jl

Fig.7 Probability density curves of air void radius

distribution based on zeroth–order logarithm

S� xmax 4>)�1+�. !, >0q<0&9.

2.2 Æ�hi
54>0rn22%) (zeroth–order logarith-

mic distribution) �E#���$����892D
@AEF7B2 [2,23,24], >F@7%)B2h��

#���$��;8���.18 !�%)MN.

rn22AEF7B2�;/4

f3D(R) =
exp[− 1

2 ( ln(R/R0)
σ0

)2]√
2πσ0R0exp(σ2

0/2)
(32)

S� f3D(R) 4��89�2D@AEF7B2, R0

4AEF7Y1�jW89 (modal radius), σ0 4#

jr (standard deviation of the logarithms).

R 7 &;: 4 /o2%9���89AEF7

%)B2;Q. 4)<CB, >F22 4 3@I%)
2<:���-�.* (0��-�.*.r4��

�Q�.*s@���Q3*), ?>\=� 1.

CR 7 �Y1'� 1>@L;, Y1jW2a�
nk#2WlQ, ��'(lQ, ���-�.*L

l+t(jW2ank#2W8[�>5?, #jr
lQ, ��-�.*l+.

5@,(HI@I��$��O�D89�rs
?, ����m72;8���.18 !%)�h
i; L>@(H7��'(%)o.�rs?, ��

#���$O�D2;8���.18 !%)�
hi. 5< Marchand :sp2< [1], #���$�
�O�D[U4 1.5%–8%. qT14:H7��$
�""., Bu+O�D4 4%–6%. >F+O�D4

5%(ϕ=5%), ����m72;8���.18 !
%)�hi. CR 8 >B, Y1�jW42a�;8
���.18 !2Wcm��m7�nrUsQ,
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o 1 JsMJt 5% ELN�pMOudpjkMOnHgk_lstLEvw
Table 1 Influence of air void fineness on mean value of the nearest surface spacing between neighboring

voids in model air–entrained concrete with air content of 5% by volume of concrete

Value of parameters of Specific surface area Mean value of the

zeroth–order logarithm of air void nearest surface spacing

R0/mm σ0 /mm−1 /mm

0.010 0.7362 45.03 0.0507

0.030 0.7362 15.46 0.1494

0.050 0.7362 10.03 0.2355

0.050 0.6294 15.15 0.1586

� 8 sMJt 5% EfjLN�pMOudpjkM
OnHgk_lMNEvw

Fig.8 Influence of air void fineness on the distribu-

tion of the nearest surface spacing between

neighboring air voids in model concrete with

air void content of 5%
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Fig.9 Influence of air void content on mean value

of the nearest surface spacing between neigh-

boring voids in model concrete with different

fineness of air voids
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