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ABSTRACT A new elastoplastic constitutive model is presented in the framework of irreversible
thermodynamics. There are three internal variables in this model, i.e. plastic strain εP , isotropic damage
variable D and strain gradient ∇ε which describes the nonlocal character of damage, thus this is a gradient-
dependent model. The new constitutive relations strictly meet the basic formulations of thermodynamically
consistent theory. Results obtained by gradient-dependent nonlocal damage model are more reasonable
than the existing results obtained by convetional damamge model coupled with plasticity for concrete.
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I, �2
∫ ∫

Ω

∫
1
θ
[(σ − ρ

∂u

∂ε
) : ε̇ + ρ(θ − ∂u

∂s
)ṡ−

ρ
∂u

∂εp
: ε̇p − ρ

∂u

∂D
Ḋ − ρ

∂u

∂(∇ε)
(∇ε̇)]dΩ ≥ 0 (1)

%\'�MV�>
ε = εe + εp (2)

ε̇ = ε̇e + ε̇p (3)

u = Ψ + θs (4)

∂u

∂ε
= − ∂u

∂εp
(5)

�- Ψ / Helmholtz dL�NC, I (1) �id/
∫ ∫

Ω

∫
1
θ
[(σ − ρ

∂u

∂ε
) : ε̇ + ρ(θ − ∂u

∂s
)ṡ−

ρ
∂u

∂εp
: ε̇p − ρ

∂u

∂D
Ḋ − ρ

∂u

∂(∇ε)
(∇ε̇)]dΩ ≥ 0 (6)

^(��,�`T#�A>KT

Y = −ρ
∂Ψ
∂D

(7)

Ψ = Ψlocal(D, ε) + Ψgrad(∇ε) (8)

L= ρΨlocal + ρΨgrad />��I [9]

ρΨlocal =
E(1 − D)
2(1 + ν)

×

[
v

1 − 2v
(trεe)2 + (εe)2] +

1
2
Qr̃2 (9)

ρΨgrad =
1
2
(1 − D)(∇ε) ·P · (∇ε) (10)
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*, v /fjY,

Pij = c2δij (11)

r̃ =
√

1 − Dr (12)

r /KkL";'. !�

Y = −ρ
∂Ψ
∂D

= ρ{1
2

E

(1 + v)
[

v

1 − 2v
(trεe)2I + (εe)2]+

1
2
Qr2 +

1
2
(1 − D)(∇ε) · P · (∇ε)} (13)

�- I /<Pmh.

L (1) + (9) 2:

σ =
E(1 − D)

1 + v
(

v

1 − 2v
trεeI + εe)

= 2(1 − D)μεe + (1 − D)λ(trεe)I (14)

R = Q̃r (15)

Q̃ = (1 − D)Q (16)

^(>��I���kNC F [9]:

F = Q̃ +
S

s + 1
(
Y

S
)s+1(1 − D)φ (17)

�- s, S, φ ���RC, D ���'*, Y ���

^U#, Q̃/>E;#��-KT�47"k�L"
5I [10]:

Q̃ = αQĨ1 + J̃2 − [k − k∞(1 − e−bμ)] (18)

�- αQ �48lU:ij-��mTC, k �gl

YV #TC, k∞ �mWn���;'O6o;, 1
o;5h!9EL";'n!no . RC b�%�

TC, �o�W+>XQZ,PK.

Ĩ1 = σ̃ii, J̃2 =
1
2
S̃ij S̃ij (19)

�- σ̃ii �>E;#�kJN+, J̃2 �>E;#p*
�iB8'*.

%>E;#��-L"��L&MV�KT/

f̃ = αF Ĩ1 + J̃
1
2
2 − [k + k∞(1 − e−bλ)] ≤ 0 (20)

L"��ZS λ̇ L�:�8*"MVH2:

f̃ = ˙̃f = 0 (21)

JI���lT�, %L& (4p&) ��-���
;#6l,j!TUGJ. � (20) I�.$�I, 2

df̃ =
∂f̃

∂σij
dσij +

∂f̃

∂D
dD +

∂f̃

∂λ
dλ (22)

∂f̃

∂σij
=

1
(1 − D)

(αF δij +
δii

2J
1
2
2

) (23)

∂f̃

∂D
=

αF

(1 − D)2
σii +

J
1
2
2

(1 − D)2
(24)

∂f̃

∂λ
= bk∞e−bλ (25)

LI (14) 2

σ̇ = (−2μεe − λtrεeI)Ḋ + 2(1 − D)με̇e + λ(1 − D)trε̇e

= (−2μεe − λtrεeI)Ḋ + 2(1 − D)μ(ε̇ − ε̇p) + λ(1 − D)I(trε̇ − trε̇p)
(26)

Ḋ = λ̇
∂F

∂Y
= λ̇

∂[Q̃ + S
s+1 (Y

S )s+1(1 − D)φ]
∂Y

= λ̇S(
Y

S
)s(1 − D)φ (27)

ε̇p = λ̇
∂F

∂σ
= λ̇

∂Q̃

∂σ
= λ̇

1
(1 − D)

(αQδij +
Sij

2
√

J2

) (28)

. (25)�(26)�(27) ?B (22), 2

f̃ = ∂f̃
∂σ : [(−2μεe − λtrεeI)Ḋ + 2(1 − D)μ(ε̇ − ε̇p) + λ(1 − D)I(trε̇ − trε̇p) + ∂f̃

∂D λ̇S(Y
S )s(1 − D)φ + ∂f̃

∂λ λ̇]

= ∂f̃
∂σ : {[(−2μεe − λtrεeI)λ̇S(Y

S )s(1 − D)φ + 2(1 − D)με̇ − 2(1 − D)μλ̇ 1
(1−D) (αQδij + Sij

2
√

J2
)

+λ(1 − D)trε̇I − λ(1 − D)tr[λ̇ 1
(1−D) (αQSij + Sij

2
√

J2
)]I} + ∂f̃

∂D λ̇S(Y
S )s(1 − D)φ + ∂f̃

∂λ λ̇ = 0
(29)

q

αQSij +
Sij

2
√

J2

= M ; (30)

S(
Y

S
)s(1 − D)φ = N (31)
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j (29) I�@6/

= −λ̇{∂f̃

∂σ
: [(2μεe + λtrεeI)N + 2μM + λtrMI] − ∂f̃

∂D
N − ∂f̃

∂λ
} +

∂f̃

∂σ
: [2(1 − D)με̇ + (1 − D)λtrε̇I] = 0 (32)

!�2
λ̇ =

∂f̃
∂σ : (1 − D)[2με̇ + λ(trε̇)I]

∂f̃
∂σ : {[2Mεe + λ(trεe)I]N + 2μM + λ(trM)I} − ∂f̃

∂DN − ∂f̃
∂λ

(33)

�- ∂f̃
∂σ , ∂f̃

∂D , ∂f̃
∂λ Ik/ (23), (24), (25) I.

. (33)I?B (27)I,W2 Ḋ:6*�,. (33)

I?B (28) I�2 ε̇p :6*�.

2 m!"`%&'(
/DXR%��>E", CTDF ���ÆV

qE*bflMn&��<b[r. %dkp,�
FEADP 7L"��>;[�r-�.CJCT, �

(DÆJqI (29)(30), 2EW 1 9EL";'(�
ImW+W 2/��(�ImW. co�RC/ c=–

500.0, d=5.0 mm, E=200000 MPa, v=0.3, σeq=329

MPa, Q=6580 MPa, b=20, S=1, s=1. W 1�2 JZ,

%��4:5G�+CRC=J� s�,23�:

5YVS�Pp+�9fÆ �.
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ABAQUS >;[XV;(s�+�J-ÆV�.D
��L"CJI=. oq ABAQUS �rAH [9,10],

%[r�@r;#9,����:6a�.C�+:
��IuB�.

�����L"%�^(D48l�L"U:
ij. L"kNC G ��I/ Drucker–Pragervt

tNC

G =
√

(∈ σt0tgΨ)2 + q2 − ptgΨ (36)

�- Ψ(θ, f1) /% p–q OG'Fpr#���mt,

<P/#F◦G; σt0(θ, fi)=σt|εpl
t =0, ε̇pl

t =0,/��pl

3Q4�<b[r;#J, �%CTNIeK�; R

C ∈ (θ, fi) �8-pwRC. ABAQUS - ∈ �(u
J/ ∈=0.1, L!^(D48lU:ij, ABAQUS

�!�u#h�4�q�. 9EL";'/

εp = εin − D

1 − D

σs

E
(37)

W 3e3D9EL";'(ImW, 9EL";
'(K�!)��YVS; W 4e3D��(�:5

6S�Pp+�9.

1x$OJZ, W 13QDZY9EL";'(
�YVS, W 2 Æ3QDZY���:56S; W 3

-K>3QZW 1 -nQ)��9EL";'(Y
VS, W 4 3QDav���(:56S. �b/�
W 1, 2 �L";'<���s*�I�8+, )W

3�4L";'<���$*�I�8+,/-3Q8
3�CJ$O. L-�w, ;(0#CA7L"4:
5��Æ%%�23�CJ$Od/ �.

) 1 _yfgtrsaxtz
Fig.1 Distribution of the εp filed

) 2 hisaxtz

Fig.2 Distribution of the D filed
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) 3 _yfgtrsaxtz
Fig.3 Distribution of the εp filed

) 4 hisaxtz

Fig.4 Distribution of the D filed
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