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ELECTROSTATIC VIEWS OF STEIN-TYPE
ESTIMATION OF LOCATION VECTORS

Toshio Ohnishi* and Takemi Yanagimoto*

Stein-type estimation of location vectors is discussed with the aid of the theory
of electrostatics. We consider a class of estimating functions and assess the superiority
of an estimating equation by its mean squared norm. The Coulomb potential function
leads to a Pythagorean relationship with respect to this norm. By making full use of
the Pythagorean relationship, we improve upon the likelihood estimating function.
A further improvement is shown to be feasible under a certain condition which is
described. We pursue possible strong relationships between the superiority over the
likelihood estimating function and physical quantities appearing in the theory of
electrostatics.

Key words and phrases: Coulomb potential function, electrostatics, estimating func-
tion, Green’s formula, James-Stein estimator, James-Stein positive-part estimator,
Pythagorean relationship.

1. Introduction

A number of works have been devoted to elucidating the reason why the
James-Stein estimator (James and Stein, 1961) or its modifiers perform well.
The role of the Stein phenomenon is still increasing in the statistical theory due
to the recent methodological progress in a statistical model containing a high-
dimensional parameter. Since Efron and Morris (1973) pointed out the close re-
lationship between the James-Stein estimator and the empirical Bayes method,
justifications of the reason have been proposed from the Bayes and the empirical
Bayes viewpoints; reviews are found in Lehmann and Casella (1998, Chapter 4)
and Robert (2001, Sections 2.8 and 8.5). Furthermore, decision-theoretic ap-
proaches have been employed by many authors, including Brown (1966), Berger
(1975), Hudson (1978), Shinozaki (1984), George (1986), Brandwein and
Strawderman (1991) and Yanagimoto (1994, 2000).

The aim of this paper is to discuss the Stein-type estimation of location
vectors in terms of estimating functions and to give interpretations from the
viewpoint of electrostatics, a branch of physics. Although Liang and Waclawiw
(1990) pointed out some merits of discussing the Stein phenomenon in terms of
estimating functions in place of estimators, it would appear that there has been
no other work since. Let a p-dimensional random vector € RP be distributed
according to a location family f(ax— ) where f(+) is a known density function on
RP and p € RP. As noted in Godambe and Kale (1991), the likelihood estimating
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function
0
(L.1) - log f(@ — ) = ~Vlog f(z — p)
I
with V = (6/ ox1,...,0/ 83:p)T is optimum among unbiased estimating func-

tions with respect to the trace optimality criterion. With respect to a formally
extended version of this criterion, we attempt to improve upon the likelihood es-
timating function. The equality (1.1), characteristic of a location family, is one of
the motivations to focus on the location family case. Another motivation is that
the density function is defined on R? and is invariant under the transformation

r—x+xg and p— p+ xo,

where x( is an arbitrary point in RP. This property will facilitate our physical
interpretations.

A Stein-type estimator is expected to be obtained from an estimating func-
tion of the form

(1.2) —Vlog f(x — p) + Vlogu(x)

by choosing a suitable function u(ax). When f(x — p) is the density function
of a normal distribution N, (p, I,) with I, being the p x p identity matrix, the
estimator induced from (1.2) has the form x + V log u(x), which was studied by
Stein (1981). In the Bayesian context, the estimating function (1.2) is closely
related to the posterior mean. See Theorem 3.2 in Lehmann and Cassella (1998,
Chapter 4).

If we regard the two functions of @, f(x—p) and u(x), as potential functions,
then the two vector fields, —V f(x—p) and —Vu(x), can be looked upon as forces.
We will use the term ‘relative force’ for such vector fields as —Vlog f(x — p)
and —Vlogu(x). It should be noted that the estimating function (1.2) is the
difference between the two relative forces induced from f(x — p) and u(x).

Our primary objective is to find a potential function w.(x) satisfying the
equality

F@ = 1o (o | —
] -] -

Note that this equality implies that E[[|Vlog{f(x — p)/u.(x)}||*] is less than
E[||Vlog f(x—m)||*] unless E[ ||V log u.(x)||* | vanishes. If we assess the superi-
ority of an estimating function by its mean squared norm, then the equality (1.3)
implies that the estimating function —Vlog f(x — p) + Vlogu.(x) dominates
the likelihood estimating function. As noted by Stein (1981) in the N, (p, Ip)
case, the estimating function —V log f(x — p) + V log u,(x) has a mild optimum
property in the sense that the following function of a € R

E [HV]ogf(a: —p) — aVIogu*(a})HQ}

=(a—1)*E [HVlogu*(a:)HZ} +FE [HVlogf(w - u)”2 - HVIogu*(a:)Hz}

(1.3) FE HVlogf(a:—u)H2— HVIog
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is minimized at a = 1.

There are two advantages in our approach. One is to enable us to apply
techniques developed in electrostatics to the theory of estimation. Actually, the
potential function which we use to derive the Stein-type estimator is the well-
known Coulomb potential function, uc(z — m) = ||z — m|?> P with m € RP.
A generalized version of the James-Stein positive-part estimator is obtained by
modifying the relative force induced from the Coulomb potential function. In
this paper, the Stein identity (Stein, 1981) is replaced by Green’s formula, which
simplifies mathematical handling of the singular point of the Coulomb potential
function. Interpretations from the viewpoints of electrostatics lead us to flexible
treatments to the present problem and also provide us with a new insight of the
Stein-type estimator.

The other advantage is that our approach is applicable to a wide range of
distributions. This is a striking feature of the discussions in terms of estimating
functions, as pointed out by Liang and Waclawiw (1990). One example concerns
estimation of the location vector of a mutually independent Cauchy distribution.
The mean squared error for the maximum likelihood estimator (MLE) is infinite.
Instead, the quantity E[||Vlog f(x — w)||?] is finite for the Cauchy distribution
since the Fisher information matrix exists. Recall that the Cauchy distribution is
becoming familiar in applications such as the financial engineering. See Nagahara
(1999) for example.

The organization of this paper is as follows. In Section 2, we will formulate
a criterion for assessing the superiority of an estimating function. A justification
of the criterion will be given based on the theory of estimating functions. In Sec-
tion 3, we will derive a Pythagorean relationship playing a fundamental role in
subsequent sections. In Section 4, a location family with spherical symmetry will
be discussed. We will use the Pythagorean relationship to derive an estimating
function superior to the likelihood estimating function. Under a certain condi-
tion, we will also obtain another estimating function superior to the derived one
above. In Section 5, a location family with mutual independence will be dealt
with, and discussions similar to those in Section 4 will be made. In Section 6,
we will give electrostatic views to the results in Sections 3 and 4. Some technical
lemmas necessary for proving propositions in Sections 4 and 5 will be given in
Appendix.

2. Formulation of a criterion

The dimension p is assumed to be an integer equal to or larger than three.
Suppose that = (z1,...,2,)7 has the density function f(z — p) with p =
(p1, -+, p1p)T being a location vector. The function f(-) is assumed to be of class
C'. We consider an estimating function of the form

(2.1) —Vlog f(x — p) —Ul(x),

where U(x) is a vector field. The estimator fi is given as the parameter value
which makes the two vector fields —V log f(x — p) and U (x) balance. If we set
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U(x) =0 in (2.1), then (2.1) coincides with the likelihood estimating function.
As will be seen later, we will put a special emphasis on the case where U(x) is
given as the relative force of a potential function u(x), i.e., U(x) = —V log u(x).

The criterion which we adopt in this paper is that we assess the superiority
of the estimating function (2.1) by the following quantity

(2.2) E[HVlogf(x—u)—i-U(:c)HZ},
which is expressed also as
B||Viog f(z - ) — Viog f(a — )| .

This can be regarded as the risk for fi. When U (x) = —V logu(x), the criterion
(2.2) is the mean squared norm of the difference between the two relative forces,
—Vlog f(x — p) and —Vlogu(x). The estimating function (2.1) is biased in
general. Setting b(n) = E[-Vlog f(x — p) — U(x)] = E[-U(x)], we can
decompose (2.2) into the following two terms,

[b()|* + B[ |V 1og (@ — 1) + U(@) + b(u)||* .

Therefore, it seems relevant to use (2.2) as a criterion for the estimating function
(2.1). Similar criterions for biased estimating functions are found in the existing
literature such as Liang and Waclawiw (1990) and Yanagimoto and Yamamoto
(1993).

It can be easily verified that the criterion (2.2) for the likelihood estimating
function is the trace of the Fisher information matrix. As will be clarified by
Theorem 3.2 in the next section, we will be able to employ the unified discussion
for the location families having finite Fisher information matrices. This is one
of the merits of our formulation. Note that the risk for the MLE happens to be
infinite in the traditional formulation where simultaneous estimation is discussed
directly in terms of estimators with the squared error as loss.

The criterion (2.2) can be obtained also as a formal extension of the trace
optimality criterion presented in Godambe and Kale (1991). To show this, set
two matrices A and B as

- 8 T

A=E _%{VIng(a:—u)JrU(w)} ]
- 52

=F _—W Ing(m_“)]

and

B=F :{Vlogf(:c—u)+U(:n)} {Vlogf(m—pj)—FU(m)}T} .

The trace optimality criterion assesses the superiority of (2.1), if unbiased, by
the quantity tr A=!BA~!. We will deal with the two cases where f(x — p) is
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expressed as f(||z — p||) and as [T5_; f(z; — pi) in Sections 4 and 5, respectively.
In these cases the Fisher information matrix A of f(x —p) has the form agl, with
ag being positive and independent of p. Then A~'BA~! = ag 2B, and a formally
extended version of the trace optimality criterion reduces to the criterion (2.2).
Note that we take biased estimating functions into consideration.

3. A Pythagorean relationship

In this section we will derive a Pythagorean relationship under certain con-
ditions. This relationship will be used as a basic tool of improving upon the
likelihood estimating function in the subsequent sections. We will apply Green’s
formula for the Laplacian A = Y"?_, % /022 instead of the Stein identity (Stein,
1981). The Coulomb potential function uc(-) introduced in Section 1 plays a key
role.

First, let us consider a somewhat general situation. Assume that a function
of class C!, g : RP — RY, satisfies

(3.1) /RPH Vlog g(x) H2g(w) dx < oo
and
(32 [ o= ml @) iz < .

where m is a point in RP. The function g(-) is not necessarily a density function.
The condition (3.2) is equivalent to

/R | Viog uc(x —m) HQg(w) dx < oo,
P

and the Schwarz inequality gives

2

g(x)

/Rp Vlog (@ —m) g(x) dx < oo.
A little calculation leads to the equality
2 gx) |
/RpHngg(m)H g(x) dar:—/Rp Vlogm g(x)dx

—/ HVIoguc(m—m)H2g(a3)da:
Rp

o f v 9=

R m Vuc(a: —m) dx.

In order to evaluate the right-hand side of this equality, we apply Green’s formula.
Note that Green’s formula is obtained from the divergence theorem, which was
used by Brandwein and Strawderman (1991) in the setting different from ours. In
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the following two theorems and their proofs, the dot indicates the scalar product,
and the symbols dS and n stand for the surface element and the unit exterior
normal vector, respectively.

THEOREM 3.1.  In addition to (3.1) and (3.2), assume that

r—m

(3.3) lim -ndS = 0.

g\x) 5
K—00 J||zl|=K |2 — m||?

Then the following Pythagorean relationship holds :

2 B g(x)
/R [V iogg(@)]* o) do = /R p @)

Vlog o (@ —m)
+/]R HVloguc(m—m)HQg(a:)d:c.

g(x) dx

PROOF. Let B(xo; r) denote the open ball with center @y and radius r,
S(zo; r) the boundary of B(xo; r), and B(xo; ) the closure of B(xo; r). And let
K and ¢ be positive numbers satisfying K > ||m||+e¢ so that B(0; K) D B(m,; ¢).
An application of Green’s formula yields the equality

g9(x) 9®) G — ) da

:/ &Vuc(w—m) -ndS
s(0: ) uc(T —m)

_ / _I®) Gy —m) - nas,
S

(mye) uc(x —m)

where V' = B(0; K)\ B(m; €). The former term in the left-hand side in (3.4)
is zero since uc(x — m) is harmonic on V. The condition (3.3) implies that the
former term in the right-hand side in (3.4) vanishes as K — oo. In order to
complete the proof, it is sufficient to show that the latter term in the right-hand
side in (3.4) vanishes as ¢ — +0. This is shown as follows:

/ _ @) Vuc(x —m) - ndS
S(m;e) UC(m - m)

r—m

:—p—2/ g(x) ———5 - ndS
©=2) o mey 7 T = m?
——(p—z)/ _9@) g

S(mye) Has—mH

P 2 / g(x)dS
€ S(m;e)

=0 (5”*2) : O
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Now, we are to apply this theorem to a density function f(x — p) such that
f:RP — Rt is of class C'. Define two vector-valued functions of p as

(3.5) Gu(p; x) = —Vlog f(z — p)
and
(3.6) Gs(p; ) = —Vlog f(x — p) + Vleguc(z — m)

p—2 r—m
— vl - .
8@~ 1)~ Tl Te—m]

The following theorem implies that the three vectors Gy(pu; ), Gs(p; ) and
G (p; ) —Gs(p; o) form on the average a right triangle with G/ (p; «) being
its hypotenuse.

THEOREM 3.2.  Assume that the Fisher information matriz of f(x — w)
exists. Then the following Pythagorean relationship holds :

37) B[] Gy @) |* - || Gs(p: 2) | = || Gas(ss @) — Gspas @) [*] =0

PRrROOF. All we need to do is to show that the three conditions (3.1)—(3.3)
with g(x) = f(x — p) are satisfied. The existence of the Fisher information
matrix implies that f(x — p) satisfies (3.1). By transforming to the spherical
coordinates around m, we see that the contribution of the singular point € = m
to the integral (3.2) is zero when p > 3. Thus f(x — p) satisfies (3.2). Let K be
a positive number larger than ||m/||. Note that

/ BN LL T
o] = K HCL' m||?
S/ i
=K ||iL‘—mH ||m—m|| |37H
S/ f(m—ds
||:1:|| i llz—m|

_ — ds.
SK- ||m|r /m:K =

Since f(x — p) is a density function on RP, we see that

s

lim flx—p)dS =0.
K=o0 J|a|=K

Thus (3.3) is satisfied. O

This theorem makes it clear that the unified discussion is applicable to all the
location families having finite Fisher information matrices, which is one of the
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advantages of our formulation over the traditional one. We present an illustrative
example.

Ezxample 3.1.  Consider a p-variate spherical ¢ distribution having the den-
sity function

(3.8) fle—p) =

I ((¢o +p)/2) M (¢0+p)/2
ot (+ as)

with ¢g being a known positive constant. The mean squared norm of the likeli-
hood estimating function

p(p + ¢o)

Viog f(o ] = 2H 00
exists for any ¢g > 0 although the mean squared error for the MLE fips

Bl — nlf | = 22

does not exist if ¢g < 2.

Here we note mathematical handling of the case when the observation x
equals m. As shown by the proof of Theorem 3.2, the contribution of the singular
point & = m to the expectation in (3.7) is zero. Therefore we will formally
discard the case = m in the subsequent sections. If the equation with respect
to u, Gs(p; ) = 0, has a solution for & # m, then we can regard Gg(p; ) as an
estimating function. Otherwise, we introduce an estimating function Gg(p; @),
a modification of Gg(p; x), whose explicit form will be given in Sections 4 and
5.

Electrostatic views of the results in this section will be discussed further in
Section 6. In addition, two corollaries to Theorems 3.1 and 3.2 will be obtained
there.

4. Spherically symmetric case

In the following two sections, we will discuss the two cases, the spherically
symmetric and the mutually independent cases. Further improvements on both
Gs(p; ) and its modification Gg(p; ) will be shown to be possible under
certain conditions. We begin with the former case in this section.

The likelihood estimating function (3.5) is expressed as

L fle ) @ p
Gt ) = = Flz =) Te —ull

We focus on the case where the density function of @ is in the family

So— {f(llw—u\l)

f'(r) <0onRY and hquo f'(r)y=0 }
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so that the MLE fips is obtained as @ from the equation G/(p; ) = 0.
The function Gg(p; ) in (3.6) reduces to be of the form

Sl —pl) 2—p  p-2 x-m
flle—=pl) llo—pll lle—m||z—m|

(41)  Gslw @) =

Suppose that  # m. Then a necessary and sufficient condition for the existence
of the solution to the equation Gg(p; ) = 0 is that the function —f/(r)/f(r) is
not bounded to the above. In order to simplify later discussions, we introduce
two subfamilies of Sy as

Y
S = {f(\w —ul) € So ch((;) is not bounded to the above }
r
and
_ _f,('l") . . . . +
So =2 f(l|lz—pl]) € So ) attains its maximum in R™ 3.
r

When f(||x — p|]) € S1 or f(||x — p||) € Sa2, Theorem 3.2 can be applied to
improving upon Gy (p; @). If the equation —f/(r)/f(r) = ¢ has solutions, we
set the least one as rg(c) for our later use. Electrostatic views of the estimating
functions introduced in Subsections 4.1 and 4.2 will be given in Section 6.

4.1. The case of the subfamily S;
Applying Theorem 3.2 gives the following proposition.

PROPOSITION 4.1. The estimating function Gs(p; x) is superior to the
likelihood estimating function Gpr(p; ).

Next, we will show that Gg(p; @) can be improved upon under the condition

_f! gt
(4.2) ) is non-increasing on R* and lim Sr)
rf(r) r—+0 7f(r)

exists.

In the expression (4.1) of Gg(u; x), the quantity (p —2)/||x — m/|| becomes large
when x is close to m. As suggested in Berger and Bock (1976), it is expected that
eliminating the singularity will lead us to better estimation. So let us consider
the following estimating function

Sl —pl) z—p
flz = pl) llz = pl

. p—2 rT—m
—minholle —mll, = e

(4.3) Gé(p; z) =

where hy = lim,_yo{—f'(r)}/{rf(r)}.

PROPOSITION 4.2. Under the condition (4.2), the estimating function
G;C(u; x) is superior to the estimating function Gs(p; x).
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PrROOF. Let B = B(m; rg) stand for the open ball with center m and
radius ro = {(p — 2)/ho}'/?. Noting that G (w; x) differs from Gg(p; x) only
for x € B, we see that

Bl||Gs(u: 2)[| - B[ |GE (s )] |
2

_ _f’(”w—lle) T—p p—2 r—m . i

_/B fllz = pl) lz—pl  z—-m| ||z-m] flllz = pl) d
I N
Lol - ety o =g ~tot@=m)| e~ sy do

The proof is completed by applying Lemma 2 in Appendix with y =  — m,
a=p—m,w(r)=—f(r)/{rf(r)}, wa(r) = f(r)and w3(r) = (p—2)r~2. O

Let us derive expressions of the two estimators ftg and ﬂg, which are induced
from Gg(p; ) and Gg(u; x), respectively. When an estimating function yields
multiple estimators, we choose the one closest to the MLE. This choice will be
applied also in subsequent sections. Note that choice of an estimator is not
essential in our approach. For various approaches for multiple root problems see
Small et al. (2000). The expressions we obtain are

—9 —
(1.4) ﬂszm—w< P ) - m
| —m[| ) [l —m]|
and
. . p—2 rT—m
(4.5) al=x—rg (mm{hoﬂm—m”, }) .
5 J& —m| ]/ |l —m]

The condition (4.2) together with the definition of rg(-) yields that

rs(hoc)

4. li =1.
( 6) c—lg-l() C
Therefore, it follows that
g —m| =o(l|lz—m|),  as|z—m|]—+0.

This favorable property of ;ljgr is consistent with Proposition 4.2, which shows
the superiority of G;(u; x) over Gg(p; ). The following example shows that
the estimator ﬂg is a generalization of the James-Stein positive-part estimator
to a location family f(||z — p||) € S satisfying the condition (4.2).

Example 4.1.  Consider the N, (i, Ip) case where (4.2) is satisfied. The
estimators (4.4) and (4.5) are respectively the James-Stein estimator and the
James-Stein positive-part estimator,

fg = p—2 r—m

| —m]| [ —m]
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and

.y . p—2 r—m
il =x —minq ||z —m|, .
| —m[ ] [l —m]

4.2. The case of the subfamily S,

Set ¢ = max{—f'(r)/f(r)} and r1 = (p — 2)/c1. Treatments parallel to
those in the previous subsection can be used in this subsection, except for the
fact that the equation Gg(u; ) = 0 does not always have any solution. It does
not have any solution if || —m|| < ri. By truncating the factor (p—2)/||jx —m||
in Gg(p; x) at the value ¢1, we define the estimating function as

L Pl pl) e { P2 } z—m
4.7) G = — _ 7 ]
WD Gl ) =~ Flz=ul) Te =l ~ ™™\ T —mlJ Tlo—m]

The following proposition is fundamental in proving the superiority of G‘S(u;
x) over Gy(p; ). In fact, the superiority is obtained as a corollary of the
proposition and Theorem 3.2.

PROPOSITION 4.3. The estimating function Gs(w; ) satisfies the in-
equality

1Gs (s 2)||” < || Gs (s )|
for any € € R and p € R.

PROOF. It is clear for & & B(m; r1) that Gs(p; ) = Gg(u; ). A simple
calculation shows for € B(m; r1) that

2
|G (s @)]|* — [|Gs (s )]
) ) (|l — - -
(22 o) {2 s e o o)
|z —m| |z —m| fle = pl) llz—pl |lo—m|
—2 -2 / —_
R T R
|z —m| |z —m| Sl — pl])
> 0. O
COROLLARY 4.1. The estimating function Gg(u; x) is superior to the

likelihood estimating function G p(p; ).

We can derive an estimating function superior to G’S(u; ) under the con-
dition (4.2) in Subsection 4.1.

PROPOSITION 4.4.  Under the condition (4.2), the estimating function

S ) @ —p

(e @
(4.8) Gs(m; [l = pl) llz—pll

p—2 } T —m

‘mm{m*”‘m””“uw—nm le—m]
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is superior to the estimating function Gs(w; &), where hg = lim,_ o{—f'(r)}/
{rf(r)}.

PROOF. Set w(r) = min{ecy, (p—2)r~'} and B = B(m; ry) with ry being
the unique solution to hor = w(r). It is shown that min{hor, c1, (p —2)r1} =
hor if 7 < rg and that min{hor, c1, (p — 2)r~'} = w(r) otherwise. Noting that
é;f(u; z) = Gg(p; z) for ¢ B, we have

Bl||Gs(u: @) | - B|[|GE (s )] |
2

S 2 e P O R P

= [\ e Te—ag e~ =g | S0
- _f/(||$—u|]) TR r—m : T — T
e i) oy~ o= m| sl - wiha

The proof is completed by applying Lemma 2 in Appendix with y = © — m,
a=p—m,w(r)=—f(r)/{rf(r)}, wa(r) = f(r), and ws(r) = w(r)/r. O

Let fig and ﬂg denote the two estimators induced from é’g(u; x) and
G; (p; x), respectively. They are expressed as

. . p—2 T —m
=X —7T min C
Hs s Yz—ml[) o —m]|

and

.+ . p*2 r—m
ff =x —rg | min< hollz —m|, c1, .
l& —m| ]/ |z —m]|

Again, the equality (4.6) gives that
|6 —m| =o(l|lz—m|),  as|z—m|]— +0.

Such a desirable property of [Lg is consistent with Proposition 4.4.

Ezample 4.2.  Suppose that  has the density function (3.8) of a spherical ¢

distribution. Note that (3.8) satisfies the condition (4.2). Setting r; = 2(;5(1)/2 (p—
2)/(p + ¢o), we obtain an expression of fis as

x—m
x — /o Tz —m] if x € B(m; 1),

ns =

T — /%o {1—\/1—7"%H:B—mH_2} r—m otherwise.

™
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When ¢ < 3p — 8, we set ro = ¢(1)/2/2 and obtain

_ r—m .
33—27"% {1—\/1—7“22H:1:—m|]2} W if H$—m” < T,

r—m

n+

T — 2r9 if rg < |l —m| <rp,

| —m]

2
x—ﬂ {1—\/1—7“%\\113—171\_2} (x —m) otherwise.
1

When ¢y > 3p — 8, we set 73 = {po(p — 2)/(p + ¢0)}'/? and obtain

T —m .
SO T @ mP) e m <

| — m|?

=
ot

{1 - \/1 — (4r3/d0) ||l — m|~ 2} m ;2m otherwise.
2

5. Mutually independent case

We proceed with the case where the density function of x is a member of the
family

Io_{Hf

Fortunately, arguments similar to those in the previous section can be employed
also in this section. In fact, Theorem 3.2 will be again used to improve upon the
likelihood estimating function. A difference lies in the fact that component-wise
inequalities are obtained in this section.

The MLE is given as fip; = @ — tg1 with £y being the unique solution to
f'(t)=0and 1 = (1,...,1)"7 € RP. It is obtained from the likelihood estimating
function Gps(p; ) in (3.5), whose i-th component has the form

f (@i — i)
f(@i — i)
The i-th component of Gg(p; ) in (3.6) is of the form

floi—pw)  p—2 x—m,
flei—pi)  [le—m| |z —m]

and f(t) attains its maximum at this point

the equation f’(¢) = 0 has a unique solution }

Gy (s x) = —

Gs,i(p; ) = —

Suppose that & # m. Then a necessary and sufficient condition for the
existence of the solution to the equation Gg; (u; ) = 0 is that the range of
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f(t)/f(t) is R. We will focus on the two subfamilies of Zj,

p
{Hf Mz EI()

/
the range of — ) is R }

11 1)
and
—f'(t) . ,
H f(z; — p;) € Iy | the range of 0 is a bounded closed interval ;.

In place of rg(c) in Section 4, we define tg(c) as the solution to the equation
()] f(t) + ¢ = 0 which is the closest to t.

5.1. The case of the subfamily 7;
Theorem 3.2 gives the following proposition.

PROPOSITION 5.1.  The estimating function Gg(w; x) is superior to the
likelihood estimating function Gpr(p; ).

To improve upon Gg(u; x), we assume the following condition

—f(t —f'(t
', is non-increasing on R*, and lim r't)

tf(t) =0 tf(t)
which is the counterpart of the condition (4.2) in Section 4. This condition
implies that f’(0) = 0 and therefore that fip; = .

(5.1)  f(t) is even,

exists,

PROPOSITION 5.2.  Under the condition (5.1), define G{(p; ) as

Gl )= (G4, (w ). .. G, (i)

G, (s ) = - E

where ho = limy_.o{—f'(t)} /{tf(t)}. Then the estimating function G¥(p; )
is superior to the estimating function Gg(w; x). Especially, it holds for each
i€{l,...,p} and for any p € R that

[{GsZ w; x )}2] <E [{GS,i (5 m)}z] :

PROOF. Set B = B(m; 1) with 7o = {(p — 2)/ho}/?. Since G;i (p; x)
differs from Gg; (p; ) only for € B, we have

B {Gs: (s o)} | - B {6, (m: >}2}
:/ f@wi—pw)  p—2 @
B

—9 o
_mm&mM—mW P }‘% i

[ —m]|

Hf

ﬂm—m)ym—mum_
(e Em e P e — ) de
/B fxi — ;) ol i) Hf(ﬂ py) de.

j=1
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Here note that {—f/(t)} /{tf(t)} is even since f(¢) is even. In order to prove
the latter part, we have only to apply Lemma 4 in Appendix with y; = z; — m,,
a; = i —mg, wi(s) = —f'(s) / {sf(s)}, wa(s) = f(s), and ws(s, r) = (p—2) r~ 2.
The former part follows from the latter. O

The latter part of Proposition 5.2 shows that G (; ) dominates Gg(p; )
component-wisely. This is a stronger and more general version of the result in
Efron and Morris (1973, Section 2). We will obtain a similar proposition in
Subsection 5.2.

Let fis and f[g be induced from Gg(p; ) and G; (p; @), respectively. The
i-th components of these estimators are expressed as

p—2 mi_mi>
J& —m| |z —m|

(5.2) fis; = x; —tg (

and
(5.3) [ﬁA:x~%5<mm{hMm—nw p—2 } “‘”“)
S Hz—m| ] [z —m|
The condition (5.1) and the definition of tg(-) yield the equality
ts(h

(5.4) 1mﬁQQ:L

c—0 C
which implies that

’,&g’i—mi‘ :0(\xi—mi|), as ||z —m| — +0 (1 <i<p).

Ezample 5.1.  Suppose that x is distributed according to the generalized
inverse Gaussian distribution having the density function

p

1 . .
1 xixo—lexp{_@ (n_+w_>}
i1 QT]Z» OK)\O (7’0) 2 T i

where 79 and \g are known positive constants and K(-) is the modified Bessel
function of the third kind. The density function for y; = logz; is given by
f(yi — wi), where p; = logn; and f(y) = exp(Aoy — 7o coshy) / {2K,(70)}. The
transformed density function belongs to Z;. Theorem 3.2 can be applied to
obtaining a Pythagorean relationship

» 2
To (X N (p — 2)(log z; — my)
_E No— (T
Z{ °T 2 (Th‘ xz) +Z§:1(logﬂfj*mj)2
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We obtain an expression of the estimator g = (g1, ... ,7757p)T as

775,@'2{ a?(x, m)+1 — ai(x, m)} r,  (1<i<p),

where

%@JMZL{M+@—mmwfwm}

"1 (log w; —m;)?

5.2. The case of the subfamily 7,

Set ¢; = max{—f'(t)/ f(t)} and di = min{—f'(¢t)/ f(t)}. The equation
Gs,i(p; ) = 0 does not have any solution unless di < (p — 2)(x; — m;) /|| —
m||? < ¢;. In this subsection we will use the notation

a if ¢(x) < a,
Tiop(c(®)) =< b if ¢(x) > b,
c(x) otherwise,

where a and b are real numbers such that a < b and ¢(x) is a function on RP.
Define a new estimating function as

(%ﬂu;w)::(ng(u;w%---,ésp(u;w)>T,

~ (i — i -2 zm—my
Gs,i(p; ©) = i) Tiay,eq] ( P ) .

fi = ) | —m| |z —m]|

Then we obtain the following proposition and its corollary.

PropoOSITION 5.3. The estimating function Gg(w; ©) satisfies the in-
equality

|Gs(w; 2)|]” < ||Gs(p; @)

for any x € R and p € R. Especially, it holds for each i € {1,...,p} and for
any x € R and p € R that

{Csi (s @)} < {Gsi (ms )}

ProOOF. Note that

-2 xi—my
Gs,i(p; @) = — e b — L LT
’ | —m| |z —m]|

(2 — u)
(20— 1u)
oy~ e Tl )

x —ml| [lz —m]

Hence we obtain the latter part, from which the former follows. O
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COROLLARY 5.1. The estimating function Gg(p; ) is superior to the

likelihood estimating function Gpr(p; ).

A further improvement can be made on Gg(p; «) under the condition (5.1)

in Subsection 5.1. Since d; = —cy, it follows that

~ (xz Nz) < p—2 Ty — My >
Gsi(psx)=—"——=< T ¢
¢ @) = =5 ~eal\ o —m] o — ml

i — i)
- f/(xz ,uz) . { Cle_mH p—2 } Ly — My
= — min , .
Flwi— i) lzi —my| e —m| | |lz—m]|

PROPOSITION 5.4.  Under the condition (5.1), define ég(u; x) as

Gl )= (%, (). ... Gl ()

5t D) = f/(% 14i)
G5l ) = = =)

~ min { hollz — m| calle—m| p-—2 T —my
Dzl le —m| ]z —m]|’

where hg = lim; . o{—f'(t)} /{tf(t)}. Then the estimating function é;(u; x)
is superior to the estimating function Gg(w; x). Especially, it holds for each

ie{l,...,p} and for any p € R that

E [{GL (; w)}g} <E [{GS,Z' (ks w)}z} :

j=1

ProoF.  Setting w(s, r) = min{eir/s, (p — 2)/r} and B = {z € B
holle — m|| < w(|z; —mil, [l —m|)}, we see that
E [{és,i (m; w)}z] [{Gs@ (1; )}2}
- /B ‘H = w (g = mil, o —ml) 2 j]jlﬂxj ) d
B /B _% ~ holwi —mi) 2 ﬁf(l’j — 115) d.

The latter part is obtained by applying Lemma 4 in Appendix with y; = z; —m,,

a; = pi —mi, wi(s) = —f'(s) /{sf(s)}, wa(s) = f(s), and ws(s, r) = w(s, r)/r.
The former part follows from the latter. O

Let fig and 1 denote the estimators induced from Gs(p; x) and é’; (p; x),
respectively. The i-th components of these estimators are of the form
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S < : {Cle—mH p—2 }%—W)
fisi = x; —tg [ min

|zi = mi| " e —m| ] [lz—m]|

and

cflx —m|  p-2 } Hfi—mi)

~ 4+ o 3
fig; = xi — ts <mln{ho||m—m||, lz; —m;| |z —m| [ ||z —m]|

Just as in Subsection 5.1, the equality (5.4) gives an intuitively good property of
ot
Hg:

ﬂg’i—mi’ = o(|z; — myl), as [l —m| — +0 (1 <i<p).

Ezxample 5.2. Consider the case where x is distributed according to a
mutually independent ¢ distribution having the density function

p 1 (fi—ﬂi)2 —(¢o+1)/2
1 750002 1/2>{1+ 0 }

)

where ¢¢ is a known positive constant. Note that this density function satisfies
the condition (5.1). The density function with small ¢g is useful in the field of the
financial engineering (Nagahara, 1999). Especially when ¢ = 1, it is the density
function of a mutually independent Cauchy distribution. The solution ¢y to
f(t) = 0is zero, and f'(t)/f(t) +¢ = 0 has two solutions for |c| < (¢0+1)/2¢(1)/2 .

The one closer to tg = 0 is given as

2¢OC
¢o + 1+ /(o + 1)2 — dgpoc?

The i-th component of fig is expressed as

ts(c) =

o e P=2)(xi—mi) _ o+ 1
w= Vo T e mE ” ave

fisi = 4 i+ /%0 g P=2@i—mi) _ do+1

—2)(x; —m; :
r; —tg <(p (@i —m )> otherwise.

The i-th component of [Lgf is given as
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( (G0 + 1) (i —my)
(25 ¢> (020
0 b— 0

if 25 — mi| < Y20 and ||j& — m|)? < L2
it o~ mi| < Y2 and [l - m|* < L1
zi — /o
if ; —m; > %0 and (p— 2)(a: _Qmi) > ¢0+1,
Psi= 2 |z —m]| 2V 9o
zi + /o

(p—2)(wi—mi)  ¢o+1

if z; — m; < ——— and < = ,
' ) ' 2 & — m|? 2v/o
zi—tg (p—2)(zi —m;)
& —m|?
otherwise.

\

6. Electrostatic views

In this section we are to throw light on the arguments in Sections 3 and 4
from the viewpoint of electrostatics. Electrostatics is the theory of electricity
without time-dependency. In this theory, the dimension p is three, and things
are described by the Poisson differential equation

(6.1) Au(x) = —4mp(x),

where u(x) is an electrostatic potential function and p(x) is the corresponding
electric charge density, the amount of electric charge per unit volume. See Purcell
(1985, Section 2.10) for details. A naturally extended version of the equation (6.1)
to the p-dimensional case is

(6.2) Au(x) = —(p — 2)wpp(@)

with w, being the surface area of the p-dimensional unit ball.
Let 6,(-) denote the p-dimensional Dirac é-function. It should be noted that

Auc(x —m) = —(p— 2) wp 6p(x — m).

Since 6,(x — m) represents the electric charge density of a point-charge of mag-
nitude one and located at m, the function uc(x — m) is interpreted as the
electrostatic potential function produced by that point-charge.

Theorems 3.1 and 3.2 use the electrostatic potential function which one
point-charge produces. These are generalized in the following way. Suppose
that k positive point-charges of magnitude aq, ..., ax are located at k different
points my, ..., my, respectively. It can be easily verified from (6.2) that these
point-charges produce the electrostatic potential function Zle ajuc(xT — my).
This fact is well known as the principle of superposition in electrostatics. This
electrostatic potential function is used in the following two corollaries. Note that
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these corollaries are closely related to the notion of multiple shrinkage estimation
proposed by George (1986).

COROLLARY 6.1.  In addition to the condition (3.1), assume that

2

k
(6.3) / Vlogz ajuc(x —my;)|| glx)de < o
Re i=1
and that
k
6.4 lim x) < Vo auc(x —my;) p -ndS = 0.
(6.4) KHMm:Kg<>{ 8 aicl >}

Then the following Pythagorean relationship holds :

g(x)
Vlo dw:/ Vio x)dx
/ [V log g(x)|| (= - g2§21aiuc(w_mi)‘ 9(x)
5 2
+/ VlogZaiuc(as—mi) g(x) dx.
ke i=1

PRrROOF. The proof is similar to that of Theorem 3.1. Let € be a positive
number less than min,.; |[m; —m;||/2. And let K be a positive number larger
than max; ||m;|| +e. We apply Green’s formula to the following integral

k
9(z)
Vv -VE a;uc(x —m;) dx,
/ la ol )

uc(x —m;) P

where V = B(0; K)\ U§:1 B(my;e). The proof is completed by considering the
limit K — oo ande — +0. O

COROLLARY 6.2.  Assume that the Fisher information matriz of f(x —p)
exists. Then the following Pythagorean relationship holds :
‘2

flx—p)

S aquc(x —my)

[HVIogfm— H ] 'Vlog

2

k
V log Z ajuc (T —my;)
i=1

+FE

PROOF. Suffice it to say that the three conditions (3.1), (6.3) and (6.4)
with g(x) = f(x — p) are satisfied. The proof is parallel to that of Theorem 3.2
and is therefore omitted. O
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Next, we will give another representation of each of the three estimating
functions in Section 4, G (p; ), Gs(p; =) and G (p; x). Each representation
will enable us to interpret each of the estimating functions from the viewpoint of
an electrostatic potential function and the corresponding electric charge density.
We introduce three electrostatic potential functions as

2— .
(6.5) () = ro Pexp{ho (r§ — ||z|?) /2} if ||z| < ro,
. C - 27 .
||le||*~P otherwise,
2— .
P £ e CYR ) S R
||||>~P otherwise,
and
(6.7)
rf_p exp{e1 (r1 — r2) }exp{ho (r3 — ||z|?) /2} if ||| < 72,
ﬂg(a:) = r%fpexp{cl (r1 — H:L'H)} if ro < ||| < 71,

||||>~P otherwise,

where hg = lim, . o{—f(r)/rf(r)}, ro = {(p — 2)/ho}/?, c1 = max{—f'(r)/
f(r)}, r1=(p—2)/c1 and 1o = ¢1/hg as defined in Section 4. For simplicity, we
assume that (p — 2)hg > ¢? in (6.7) so that ro < r1. The graphs of uc(x) and
ul(x) as functions of r = ||z|| are presented in Figure 1, showing that uf(r) is
much smaller than uc(r) for small r, say, » < 0.3. Those of uc(x), tc(x) and
@ (x) as functions of r = ||z|| are drawn in Figure 2. We observe the inequalities
among the three potential functions, @j(r) < ac(r) < uc(r). In addition the
strict inequalities 45(r) < @c(r) < uc(r) hold for small values of 7. By using

these electrostatic potential functions, we find the following expressions:

G{(p; x) = —Viog f(||lz — pl|) + Viogul(x — m),

Gs(p; x) = —Vlog f(||lz — p|) + Viogic(x — m),
G (p; &) = =Vlog f(||x — pl) + Viogaf(z — m).

Recalling the equation (6.2), we obtain the electric charge densities corre-
sponding to the electrostatic potential functions (6.5)—(6.7) as

p—2 < p !wH2> + -
— us(x) if x| < ro,
po(x) = wprg \p—2 15 “
0 otherwise,
pP— 2 <p —1 1 ) ~ .
~ —1 | ac(x) if x| < rq,
po(x) = wpr? \p—2 |z

0 otherwise,
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0.00 L
0.0 1.0

Figure 1. The functions uc(r) in the dotted line and ug(r) in the solid line for p = 3 and ho = 1.

0.00 L !
0.0 0.5 1.0

Figure 2. The functions uc(r) in the dotted line, @ (r) in the solid thin line and ﬂg (r) in the
solid thick line for p =3, ¢y = 1 and hg = 2.

and
p—2 P =Y -+ ;
— xr f x| < ’

Wp T172 <p—2 172 uc( ) i =] <

~+ _ -2 -1

po(x) =L P . (P o 1) il () if o < flz|| < 71,
wpri \p—2 |z
0 otherwise,

respectively. Note that the above functions are all non-negative. The behavior
of p/i(x) as a function of r = ||z|| is illustrated in Figure 3, indicating that pf(r)
is decreasing and has a point of discontinuity. Those of pc(z) and pf(z) as
functions of r = ||z|| are graphed in Figure 4. We learn that 5, (r) is bounded to
the above while the value of pc(r) becomes large as r approaches zero. We also
find that the two functions 5% (r) and pc(r) cross at some r less than 0.5.

Let us compute the total electric charge in each case. Integration by parts
gives that

/Rp pS(x) de = /Rp po(x) de = /Rp () da = 1.
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0.39 B

0.00 4
0.0 1.0

Figure 3. The function pg (r) for the same parameter setting as in Figure 1.

1.01

0.66

0.39

0.08

0.00 ! +
0.0 0.5 1.0

Figure 4. The functions gc(r) in the thin line and ﬁg (7) in the thick line for the same parameter
setting as in Figure 2.

This shows that in each case the total electric charge is the same as that due
to dp(x). The electric charge density 6,(x) is concentrated in the origin. In
comparison with §,(z), the electric charge density p/.(x) represents that of an
electrically charged ball with center 0 and radius ro. Similarly, po(x) and 5 (z)
are interpreted as those of electrically charged balls with center O and radius r;.
The difference between jc(x) and jf; () is restricted within the ball with center
0 and radius rs.

Appendix

Four technical lemmas are presented here. Lemma 1 is used to prove Lemma
2, which is essential to Propositions 4.2 and 4.4 in Section 4. Lemma 3 gives
Lemma 4, which is applied to proving Propositions 5.2 and 5.4 in Section 5.

LEMMA 1. Suppose thatwi(r) (r > 0) is non-increasing and that wa(r) (r >
0) satisfies the condition that B = {y € R? |wa(||y||) > 0} is not empty. Then,
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it holds for any a € RP that

/B a-yun(ly — al) wallly]) dy > 0,

when the left-hand side exists.

PrROOF. Let y be an arbitrary point in B. We have only to consider y # 0
since the integrand takes the value zero for y = 0. The point —y is also in B
because of the spherical symmetry of B. Note that ||y —a|| < |ly+a| ifa-y >0
and that |y — a|| > ||y + a|| otherwise. By evaluating the integrand for y and
—1vy, we find that

a-ywi(y —al) wa(llyl) + a- (—y) wi(l| —y — al]) wz(|| — yl)
=a -y {wi(lly — al)) —wi(lly + al)} wa(llyl])
> 0. O

LEMMA 2.  Suppose that wi(r) (r > 0) and wa(r) (r > 0) are both non-
increasing and also that wa(r) is non-negative. Suppose further that ws(r) (r > 0)
satisfies the condition that B = { y € R? |ws(||y|]) > w1(0) } is not empty. Then,
it holds for any a € RP that

[l = alh = @)~ wstlyl v | el — al) dy
> [ oty = al) (v = @) — w1y [ wallly — al) .
when both sides exist.
Proor. Note that
|y —al) (v — @)~ wslivly | || wrlly — al) (v~ @)~ wr(©) g |
= {ws(llyl) +w1(0) = 2w (lly — al) } {ws(llyl) — wi(0) } [yl
+2a-ywi(ly - all) {ws(lyl) - wi(0) }.

It is found for y € B that

Lus(ly]) +wi(0) — 2wn(lly — al) } {uws(lyl) —wi(©)} Iyl wa(lly ~al) > 0.

By replacing wi(r) with w;(r) we(r) and wa(r) with ws(r) —w;(0) in Lemma 1,
we have

[ yurlly - alwally - al) {us(lyl) - w0} dy = 0. 0
B
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LEMMA 3.  Suppose that wi(s) (s > 0) and wa(s) (s > 0) are both non-
increasing and also that wa(s) is non-negative. Suppose further that ws(s, r) (s >
0, r > 0) satisfies the condition that B; = {y € R?|ws(|yi|, |y||) > 0} is not
empty. Then, it holds for each i € {1,...,p} and for any a = (a1,...,a,)T € RP
that

p
/ aiyi w(lyi — ail) ws(lyil, 1yl H (Iy; — ajl) dy >0,

7 —

when the left-hand side exists.

PRrROOF. The proof is similar to that of Lemma 1. We have only to evaluate
the integrand for a pair of points, y = (y1,...,¥i,---,¥p). and g = (Y1, .-, Yi—1,
~Yir Vi1, Yp) . O

LEMMA 4.  Suppose that wi(s) (s > 0) and wa(s) (s > 0) are both non-
increasing and also that wa(s) is non-negative. Suppose further that ws(s, r) (s >
0, r > 0) satisfies the condition that B; = { y € R? |ws(|ys|, [ly]]) > w1(0) } is not
empty. Then, it holds for each i € {1,...,p} and for any a = (a1,...,a,)T € RP
that

2

> [ (= o) (=) — w0} jr:[lwguyj ~ajl) dy.

[ {wal = ) = a) = waluil. Tyl v} [T sty =y

when both sides exist.

PRrROOF. The proof is similar to that of Lemma 2. We use Lemma 3 instead
of Lemma 1. O
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