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CHARACTERIZATION OF BALANCED FRACTIONAL
2m FACTORIAL DESIGNS OF RESOLUTION R*({1}|3)
AND GA-OPTIMAL DESIGNS

Masahide Kuwada*, Yoshifumi Hyodo** and Dong Han***

In this paper, based on the assumption that the four-factor and higher-order
interactions are to be negligible, we consider a balanced fractional 2" factorial de-
sign derived from a simple array such that all the main effects are estimable, i.e.,
resolution R*({1}|3). In this situation, using the algebraic structure of the triangular
multidimensional partially balanced association scheme and a matrix equation, we
can get designs of four types of resolutions: the first is of resolution R({1}|3), the sec-
ond is of resolution R({0, 1}|3), the third is of resolution R({1,2}|3), i.e., resolution
VI, and the last is of resolution R({0, 1,2}|3), i.e., resolution VI. This paper gives the
characterization of designs mentioned above, and also it gives optimal designs with
respect to the generalized A-optimality criterion for 6 < m < 8 when the number of
assemblies is less than the number of non-negligible factorial effects.

Key words and phrases: ~ Association algebra, BFF designs, estimable parametric
functions, GA-optimality criterion, resolution, simple arrays.

1. Introduction

The concept of a balanced array (B-array) was first introduced by Chakravarti
(1956) as a generalization of an orthogonal array. Under certain conditions, a
B-array of strength 2¢ and two symbols turns out to be a balanced fractional
2™ factorial (2™-BFF) design of resolution 2¢ 4+ 1 (e.g., Srivastava (1970), and
Yamamoto et al. (1975)), where 2¢ < m. The characteristic roots of the infor-
mation matrix of a 2™-BFF design of resolution V (i.e., £ = 2) were obtained by
Srivastava and Chopra (1971). By applying the algebraic structure of the trian-
gular multidimensional partially balanced (TMDPB) association scheme, their
results were extended to 2™-BFF designs of resolution 2¢ + 1 by Yamamoto et
al. (1976).

As the extension of the concept of resolution, Yamamoto and Hyodo (1984)
discussed the extended concept of resolution for 2™ fractions.

DEFINITION 1.1. Under the assumption that the (¢ + 1)-factor and higher-
order interactions are to be negligible, if the p1-factor, the pa-factor, ..., and the
pr-factor interactions are estimable, where 0 < p1 < py < --- < py < /L, then a
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design is said to be of resolution R*({p1,p2,... ,pr}l), and in addition, if the
remaining factorial effects are confounded with each other, then a design is said to
be of resolution R({p1, p2, ..., p}l). In particular, when p; =i—1(1 <i < f)
and f =€+ 1, it is of resolution 20 + 1, and when p; =i —1(1 < i < f) and
f=lorpi=i(1<i<f)andf=40—1, it is of resolution 2(.

Note that if a design is of resolution R*({p1,p2,... ,ps}[¢), then it is also
of resolution R({q1,q2,...,q4}¢), where 0 < ¢ < @2 < -+ < g4 < £ and
{a1,92,.-- a4} D {p1,p2,...,ps}. For example, a resolution R*({1}[3) de-
sign is of resolution R({1}|3),R({0,1}|3),R({1,2}|3),R({1,3}|3),R({0,1,2}|3),
R({0,1,3}]3),R({1,2,3}|3) or R({0,1,2,3}|3). Here a resolution R({0,1,2}|3)
or R({1,2}|3) design is of resolution VI, and a resolution R({0,1,2,3}|3) one is
of resolution VII.

Some estimable parametric functions of the interesting factorial effects have
been studied by several authors (e.g., Hyodo (1989), and Kuwada and Yanai
(1998)). Especially using the properties of the TMDPB association algebra and
a matrix equation, Ghosh and Kuwada (2001) obtained some estimable para-
metric functions for 2™-BFF designs. As a generalization of the A-optimality
criterion, Kuwada et al. (2002) have introduced the generalized A-optimality
(GA-optimality) criterion and they have also given GA-optimal 2™-BFF designs
of resolution R*({0,1}|3) derived from simple arrays for 6 < m < 8. Here a
simple array is a B-array of full strength and index set {\; | 0 < i < m}, ie., a
B-array of strength m and size N having m constraints, two symbols and index
set {\;}, and it is written as SA(m;{\;}) for brevity. A necessary and suffi-
cient condition for a B-array of strength 2¢ to be a 2"-BFF design of resolution
R({1,...,£—1}|¢), i.e., resolution 2/, was given by Shirakura (1980).

In this paper, using the properties of the TMDPB association algebra and
the matrix equation, we characterize 2™-BFF designs of resolution R*({1}|3)
derived from simple arrays, and we give optimal designs with respect to the GA-
optimality criterion for 6 < m < 8 when the number of assemblies (or treatment
combinations) is less than the number of non-negligible factorial effects.

2. Preliminaries

Consider a fractional 2™ factorial design, T', say, with N assemblies, where
the four-factor and higher-order interactions are assumed to be negligible and
m > 6. Then the 1 x v3 vector of non-negligible factorial effects is given by @' =
(6); 67; 05; 0%), where A’ is the transpose of a matrix A, v = dy + dq + da + ds,
dy = (1), 05 = {05}, 61 = {0 | L <t <m}, 0y = {b, | 1 < t1 <12 <}
and 05 = {0,115 | 1 < t1 < to <tz < m}. Here 04, 0, 01,4, and 6;,4,4, are the
general mean, the main effect of the ¢-th factor, the two-factor interaction of the
t1-th and to-th ones, and the three-factor one of the ¢1-th, to-th and ¢3-th ones,
respectively. Thus the linear model based on T is given by

ely(T)) = Br®,  Varly(T)] = o”Iy,
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where y(T'), Er and I, are an N x 1 vector of observations based on T, the design
matrix of size N X v3 whose elements are either 1 or —1 and the identity matrix
of order p, respectively. Here e]y] denotes the expected value of a random vector
y, and o2 may or may not be known. Then the normal equations for estimating
© are given by

(2.1) Mr® = Epy(T),

where My (= El.Er) is the information matrix of order vs.

Let A((Xu’v) and D,(X"’U) (¢ <u, v <3; 0<a < 3) be the d, x d, local
association matrices and the v3 x v3 ordered association matrices of the TMDPB
association scheme, respectively. Further let Aﬁ(u’v) and Dgt(u’v) (B <u, v<
3; 0 < 8 < 3) be respectively the matrices of size d,, x d,, and of order v3, where
the relationship between A((Xu’v) and AEE(U’U), and D((xu’v) and DZE(%U) are given by

(2.2a)
A&u,v) (_ A(vu ) Z g;’v)A#(u V) Déu,v) (: Dgu’“)/) _ u Zg;v)D;/:(u,v)
3=0 =0
for a<u<v<3 and 0<a <3,
(2.2b)
u,v vu)’ u,v v,
A5 (2 A =3 A, D (o) =St e

for f<u<wv<3 and 0§ﬂ§3,

2 -E{or (7))
O/
for u<w,
R [ R
(2.3)

o= ()= (")

(see Shirakura and Kuwada (1976)), and Yamamoto et al. (1976)). The proper-
ties of Ag(u’v)’s and Dgé(u’v)’s are cited in the following:
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(2.4)

ZAZ#(u,u) ~ I, A?(u,w)A#(w,v) _ 5ﬂ7AZiﬁ(u,v)7 rank {A?(u,v)} _ ¢/8’

ZZD#““ =Ly, DFUIDEC) 6,085, D, rank { DF ) = 0
u=0 =0

(see Yamamoto et al (1976)), where 0,4 is the Kronecker delta.

Let A= [ | a<u,v<3;0<a<3|, where [Dg (. U)] denotes the algebra
generated by the linear closure of these matrices 1nd1cated in the bracket [ .
Note that A is called the TMDPB association algebra. Then from (2.2a,b), we
get A = [D#uv | B <u, v<3; 0<pg<3]. Further let Ag = [D?(u’v) | B <
u, v < 3 for 0 < B < 3. Then the following is a special case due to Yamamoto
et al. (1976):

ProrosiTION 2.1.  (I) The TMDPB association algebra A generated by
D?(um(ﬁ <wu, v <3 0< B <3) is semisimple and completely reducible
matriz algebra containing I,,.

(II) Ag are the minimal two-sided ideals of A.

(IIT) A is decomposed into the direct sum of four two-sided ideals Ag of A.

(IV) Ag have D?(u’v) as their bases, and each ideal Ag is isomorphic to the
complete (4 — B) x (4 — B) matriz algebra with multiplicity ¢g.

Let T be a 2™-BFF design derived from an SA(m;{\;}). Then N =

Yoo ( ))\l, and the information matrix My associated with T is given by

3 mll’l U, U min u,v

3 3
MT—ZZ Z Yw— uH—Qa ZZ Kfu b BD#(UU)
u=0v=

u=0v=0 a=0 B=0

where

1 m—1
7.22 E _117()(‘ , ))\- for 0<17 <6,
% jzopzo( ) P j—i+p J
B+u
Kg’v( ) Z :’71) u+2azﬂi+u ) for 0<u<v<3-p

(see Yamamoto et al. (1976)). Here the relationship between #5"’s and \;’s are
given in Appendix A. Thus from Proposition 2.1, Mt associated with T is isomor-
phic to || k" || (= Kg, say) of order (4—f3) for 0 < 8 < 3, i.e., there exists an or-
thogonal matrlx Q of order v3 such that Q' MrQ = diag[Ko; K1, ..., K1; Ko, ...,
Ky; K3, ..., K3], where the multiplicities of Kz are ¢g. The matrices Kz are
called the irreducible representations of M7 with respect to the ideals Ag.
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Remark 2.1. The first, the second, ... , and the last rows (and columns) of
Kp(0 < B < 3) correspond to the g-factor interactions, the (3 + 1)-factor ones,
, and the three-factor ones, respectively.

PROPOSITION 2.2 (see Hyodo (1989)).  Let T be an SA(m;{\;}). Then
(I) rank{K g} = r3(0 < 8 < 3) if and only if exactly rg of the indices X\i(5 <
i <m — [3) are nonzero, where rzg < 4 — 3,
(IT) if rank{Kg} = r3(< 4 — f3), then the first rg rows (and columns) of Kz are
linearly independent.

From Proposition 2.1, we have the following (see Yamamoto et al. (1976)):

PROPOSITION 2.3. Let T be an SA(m;{\;}). Then the information matriz
My associated with T is nonsingular, i.e., T is of resolution VII, if and only if
every Kg(0 < 8 < 3) are positive definite.

The following is due to Shirakura and Kuwada (1975):

PROPOSITION 2.4. Let T be an SA(m;{\;}), and further let T be the com-
plementary array of T, i.e., T is the SA(m; {\;}), where \; = Ay for 0 < i < m.
Then we have Kﬁ = A/gKgAg for 0 < B <3, where Kg are the irreducible rep-
resentations of My with respect to the ideals Ag and Ag are the (4— ) x (4— ()
diagonal matrices whose (i,1) elements are (—1)* for 0 <i <3 — 3.

3. Estimable parametric functions

In this section, attention is focused on obtaining 2-BFF designs of resolution
R*({1}|3), which are derived from simple arrays. A parametric function C@ of
@O is estimable for some matrix C of order v3 if and only if there exists a matrix
X of order v3 such that XMp = C (e.g., Yamamoto and Hyodo (1984)). If
CO is estimable, then its unbiased estimator is given by C@, and Var[CO] =
02X Mr X', where @ is a solution of the equations (2.1). Furthermore since My
belongs to A, we impose some restrictions on C such that it belongs to .4, and
hence X also belongs to A, i.e.,

C - 0 OD# (0,0) i Z ( D#(o u) gg’OD#(“’O)) + Dgs(m) 1 D?&(m)
u=2

3 min(u,v)

3
u B,u—PB ry#(u,v)
+ Dg
u=2v=2 [=

3m(uv

:i Z U Byv— BD#(UU)

where gg’v’s and xg’v’s are some constants. Then from Proposition 2.1, C' and
X are isomorphic to || gg’v | (= Ig, say) and || x"’” H (= xp, say), respectively,
where gé’l = 9(1)’0 =1 and gg’l = g(l)’u = g?’ = g1 =0 for u = 0,2,3 and
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v = 1,2, and both Iz and xg are of order (4 — ) for 0 < § < 3. Hence
X M7 = C'is isomorphic to xgKg = I'g. Thus in this paper, one of the aim is to
choose the constants g;*’s of I3 under some restrictions on the estimability of
non-negligible factorial effects.

At the beginning, we consider a matrix equation ZL = H with parameter
matrix Z of order n, where L =|| L;; || and H =|| H;; || (4,7 = 1,2,3) are

the positive semidefinite matrix of order n with rank{L} = rank { ( iy Lo ) } =
21 22

n1 + n2(> 1) and some matrix of order n with Hyy = Ip,,, Hi2 = H); = Op,xny
and Hiz = Hj; = Op,xn,, respectively. Here L;; and H;j are of size n; x nj,
n1+ng +n3 = n, and Oy, is the zero matrix of size p x ¢. The matrix equation
ZL = H has a solution if and only if rank{L'} = rank{L’; H'}. Thus we have
the following (see Ghosh and Kuwada (2001)):

LEMMA 3.1. The matriz equation ZL = H has a solution if and only if
(I) n3 =0, where Hag is arbitrary, or
(IT1) n3 > 1 and in addition
(i) when ng =0, L33 = Opgxng, and furthermore Hzz = Opgxng,
(ii) when ne > 1, there exists a matrix W of size ng X ny such that (Ls1; Lso;
Ls3) = W(Lai; Lag; Log), and furthermore Hyy = W Hb, and Hs = W HY,,
where Hoo and Hso are arbitrary.

In Lemma 3.1, the matrix equation ZL = H has a solution Z such that
Lt Zis

Z = HL™! for (1),
0 Zs3

> for (II)(i), where Z;3 (i = 1,3) are arbitrary,

and 0 Hoo 0 ZosW | 5| Zog for (IT)(ii), where
0 Hso 0 ZssW Z33

Zis (i = 1,2,3) are arbitrary. Since rank{L} = ny + no, Hy1 = I, Hi2 =
H) = Onyxny, and Hig = Hjy = Oy, xng, we have n; < rank{H} < nj + na.
Furthermore, since Hay (if ng > 1) is arbitrary, we can get Hag with rank{Has} =
ng, and hence rank{H} = n; + ng. Thus if ng > 1 and ng > 1, then there exists
a matrix U of size ng X ng such that Hss = UHsy. While from Lemma 3.1,
if rank{K3} = 4 — 3 for some § (0 < B < 3), then we put Iz = I4_g, and if
rank{K(} = 3, then we put 98’2 = gg’o = 0, where gg’o # 0 and 93’2 # 0.

I,, 0O -1 0 Z13W Z
1 (Lu L12> B 13 13

1
Let K5 = PKoP' and K3 = K, (1 <~ < 3), where P = diag [( > ;Iz] .

B <3)
X~ and

_ O
A S

Then applying Lemma 3.1 to the matrix equations xj5K3 = I (0
with parameter matrices xj, where x5 = PxoF”, Iy = PIoP', X}
FW* =17, (1 <~ < 3), we have the following:

LEMMA 3.2. Let T be an SA(m;{\;}). Then a necessary condition for the
main effects to be estimable is that at least three of \; (0 < i < m) are nonzero
and in addition at least two of these suffizes are greater than or equal to 1 and
less than or equal to m — 1.
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The proof will be given in Appendix B.

Note that from Lemma 3.2, if T' is of resolution R*({1}|3), then rank{ K} >
3 and rank{K;} > 2. While from Proposition 2.2 and Appendix A, if T is
of resolution R*({3}|3), then at least one of \; (3 < i < m — 3) is nonzero,
and hence rank{Kj} = 1 and rank{K3} > 1. Furthermore if rank{K35} = 1,
then from Lemma 3.1, the three-factor interactions are confounded with the two-
factor ones. Thus we have rank{K3} = 2 and rank{K]} > 2. Moreover, if
rank{ K7} = 2, then the three-factor interactions are confounded with the main
effects and the two-factor ones, and hence rank{K]} = 3 and rank{KJ} > 3.
Similarly if rank{Kj} = 3, then the three-factor interactions are confounded
with the general mean, the main effects and the two-factor ones, and hence
rank{ K} = 4. Therefore from Proposition 2.3, if T is of resolution R*({3}|3),
then it is of resolution VII. This implies that if T is of resolution R(S U {3}|3),
where S C {0,1,2}, then it is of resolution VII. Thus from Proposition 2.3,
a resolution R*({1}(3) design with det(Mr) = 0, i.e., det(Kj}) = 0 for some
B (0 < B <3),is of resolution R({1}|3), R({0,1}|3),R({1,2}|3) or R({0, 1,2}|3).

LEMMA 3.3. LetT be an SA(m;{\;}) with det(Mrp) = 0. Then a necessary
condition for T' to be a 2™-BFF design of resolution R*({1}|3) is the following:

(I) if rank{ K} = 3, then there exist \; # 0 (i =p,q,r; 0 <p < g<r <m)
such that (m—2p)(m —2q) + (m—2q)(m —2r) + (m—2r)(m —2p) + (3m—2)(=
Wo, say) =0, and \j = 0(j # p,q,7; 0 < j < m), and furthermore the last row
of K is expressed by the sum of —{(m — 2p)(m — 2q)(m — 2r) + m(3m — 2p —
2q —2r)}/\/6m(m — 1)(m — 2)( wo, say) times the second one of K§ and of

—(3m —2p —2q —2r)/\/3(m — 2)(= wf, say) times the third,

(IT) ifrank{ K7} = 2, then there e:mst)\ #0(i=s,t;1 <s <t<m—1) such that
(m—2s)(m—2t)+(m—2)(= w1, say) =0, and A\; =0 (j # s,£; 1 < j <m—1),
and furthermore the last row of K is expressed by —(m —s—t)\/2/(m — 3)(=
wy, say) times the second one of Kf,

(III) rank{ K5} > 1, and if rank{K3} = 1, then there exists A\, # 0 (2 < u <
m—2) and \j =0 (j # u; 2 < j <m—2), and furthermore the last row of K3
is expressed by —(m — 2u)/v/m — 4(= w2, say) times the first one of K;.

The proof will be given in Appendix C.

It follows from (2.2b) and (2.4) that (a) every element of A# (wu)g,, (0 <
u < 3) represents the average of the w-factor interactions, (b) the elements
of AZjé (u’u)Ou (1 < v < u < 3) represent the contrasts among these effects,
(c) any two contrasts Ag(u’u)Ou and Aﬁ(“’“)eu 1<p#v<u 2<u<3
are orthogonal and (d) there exist ¢3 independent parametric functions of 6, in

Ag(u’u)ﬂu (0 < B <u < 3). Thus from (2.4), Proposition 2.3 and Lemmas 3.1
and 3.3, the following yields:

LEMMA 3.4. Let T be a 2™-BFF design of resolution R*({1}|3) with
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det(Mr) = 0, and furthermore
(I) if det(K3) # 0 for some 3 (0 < 8 < 3), then

B+l
A?(ﬁ-ﬁ-l B+ )05+17

)

7/3
Az‘;(ﬁ )gﬁ

are estimable,
(I) if rank{ K} = 3, then

gg,oA#(o 0)‘9 + 03A#(0 3)‘9 _ 80 (A#(00)00+ OA#(O 3)03)

A#(l’l)ela
98,2A#(2,2)02 i 2’3A#(2’3)03 _ (2),2 (A#(2’2)02 I wa‘A#(z’?’)%) 7

gg,oAge(s o)(9 i 32A#(3 2)0 4 33A#(3 3)93
_ <UOA6¢(3,0)> (g(o),oA;D#(o,O)eo +go,3A#(073)03>
+ (USAO#(?,,z)) <g(2)’2A#(2 2)‘9 tg 23A#(2 3)03>

are estimable, where woy, wy, uo and ug, are the constants such that (FLS 1, /ig 0,

3,2 3,3 0,1 0,0 0,2 2,1 20 22 23
Ko’ 7“0 )_MO(HO s 72“2() "“50 )“‘wo("fo a'goQ a"io Ko )s (g.%o 7983790 ) =
wo(ge”,0,95°) +wi(0, 952, g5°) and (95", 957 90”) = uo(ge”, 0, 9°°) + (0,
22 23 wu _
95°,90°), and gy (u = 0,2) are arbitrary,
(III) if rank{ K7} = 2, then
Afé(l’l)a]_,
g}’lA#(272)02 + 1’2A#(2’3)93 _ gi71(Ai¥(212)02 + 1A#(273)03)
g%lA:f/:(?) 2)0 +g2 QA#(?) 5)93 _ (ulAi%(?),Q))( 1 1A#(2 2)0 + 12A#(2 3)03)
20 21 2
1

are estimable, where w1 and uy are the constants such that (f@1 VKR

1,0 1,1 1,2 1,1
wl(’ﬁ a"’ﬁ s Ky ), (91 791 ) =w (91 ,91 ) and (91 791 ):Ul(gl g

and g1 s arbitrary,
(IV) if rank{K3} = 1, then

go,oA#(z 2)¢9 + g2 A#(Q 3)0 00 (A#(2,2)02 +w2A#(2’3)03> 7
10A#(32)0 tg 111434&(3:3)‘9 _ (u A#(32)) < 0014;@&(22)‘9 i 01A#(23)03)

2:
17
9,

are estimable, where wy and uz are the constants such that (H%O,m;’l) =

0,0 0,1 01 1,1y, 0,0 1,0 1,0 1,1\ 0,1
w2(“2 R )y (927,92 ) = walgy 957 ) and (957, 957) = u2(92 ,92 ), and
92 s arbitrary.

and A#(I’I)Afé(l’l) =

Note that from (2.4), we have A#(l’l) + Aqf(l’l) =1,
A?(I’I)A#(l’l) Thus 6 is estimable if and only if A#(l’l)el and

Afé(l’l)el are estimable. The following can be easily proved:

= Om><m-
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LEMMA 3.5. (I) Let x and y be integer variables of the homogeneous linear
equation (HLE) or the homogeneous system of linear equations (HSLEs), where
0 <z <y<m and m(> 6) is an integer, then we have the following :

(i) m(m—2z)+(m—2z)(m—2y)+m(m—2y)+(3m—2) = 0 and (m—2z)(m—
2y) + (m —2) = 0 have x = (k* — k +2)/2 and y = (k* + k + 2)/2, where
m = k*+1(k > 3), and hence m(m —2x)(m — 2y) + m(3m — 2z — 2y) = 0.

(ii)) (m—2z)(m —2y)+ (m—2) =0 has (a) y =n+ 1 when x = 1, where
m=2n+1(n>3), (b) z =n wheny =m—1, wherem =2n+1(n > 3),
(c) y =4 when x = 2, where m = 6, (d) v = 2 when y = m — 2, where
m =26, and () y = (m+1)/2+(x—1)/(m—2zx) when3 <z <y <m-—3,
where y is an integer, x < m/2 <y and m —x —y # 0.

(iii) (m—2z)(m—2y)+(m—2)=0and m —x —y =0 have (a) z =2 and
y =4 when m =6, and (b) x = (k2 —k+2)/2 and y = (k* + k + 2)/2
when m > 7, and hence 3 <z <y <m — 3, wherem:k2+2(/~c23).

(IT) Let z, y and z be integer variables of the HLE or the HSLEs, where 0 < x <

y <z <m and m(> 6) is an integer, then we have the following :

(i) (m—2z)(m—2y)+ (m—2y)(m—2z)+ (m—2z)(m—2z)+(3m—2) =0
has (a) z =5 when m =6, . =1 and y = 2, (b) 2z = 7 when m = 9,
x =1 and y = 2, (c) no solution when m # 6,9, x = 1 and y = 2,
(d) z=Bm—-y+2)/4—y(y—>5)/{4(m—y—1)} when z = 1, where z is an
integer, m > T and 3 <y < z < m—3, (m—2z)(m—2y)(m—2z)+m(3m—
20 —2y—2z) #0 and 3m —2x —2y — 2z # 0, (e) y = 2(< 3) when m =9,
x=1and z=m — 2, (f) no solution when m #9, x =1 and z =m — 2,
(g)y=3 whenx=1and z=m—1, wherem =6 and 3 <y <m—3, and
hence (m—2z)(m—2y)(m—2z)+m(3m—2x—2y—22) =0, (h) z = (3m—
y+1)/4—y(y—"T7)/{4(m —y—2)} when x = 2, where z is an integer, m >
7, 3<y<z<m-3, (m—2x)(m—2y)(m—22)+m(3m—2x—2y—2z) #0
and 3m —2x —2y —22 #0, (i) y = 3,4,5 or 6 when x =2 and z = m — 2,
where m = 9, and hence (m—2z)(m—2y)(m—2z)+m(3m—2x—2y—2z) # 0
and 3m —2x—2y—22#0, (j)z=(k—1)(k—2)/6, y = (k+1)(k+2)/6
and z is arbitrary when 3 <x <y<z<m-—3 and m —x —y =0, where
m=(k>+2)/3, y<z<(k*-7)/3 and k = 3h+1 or 3h +2 (h > 2),
and hence (m — 2x)(m — 2y)(m — 2z) + m(3m — 2x — 2y — 2z) # 0 and
3m —2x — 2y — 22 # 0, and (k) z = m/2 4+ {(m — 2z)(m — 2y) + (3m —
) /{dm—x—y)} when3 <z <y <z<m-—3 and m—x—y # 0, where z
is an integer, m > 8, (m—2z)(m—2y)(m—2z)+m(3m—2x—2y—2z) # 0
and 3m — 2x — 2y — 2z # 0.

(ii) (m—2x)(m—2y)+(m—2y)(m—2z)+(m—2z)(m—2z)+(3m—2) = 0 and
(m —2z)(m — 2y)(m —2z) + m(3m — 2z — 2y — 22) = 0 have (a) y = (k? —
k+2)/2 and z = (K +k+2)/2 when x = 0, where m = k*>+1(k > 3), and
hence 3m—2x—2y—2z # 0, (m—2y)(m—2z)+(m—2) = 0 and m—y—=z # 0,
(b) 2 =k(k—1)/2 and y = k(k+1)/2 when z = m, where m = k?+1(k >
3), and hence 3m — 2x — 2y — 2z # 0, (m —2z)(m —2y) + (m —2) =0
andm—xz—y #0, (c) y =3 and z =5 when m =6 and x = 1, and
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hence 3m —2x —2y —2z =0, (d) y=(m+1)/24+ (2—- f)/{2(m —4)} and
z = (m+1)/2+(2+f)/{2(m—4)} whenm > 7 and v = 1, where y and z are
integers and f = \/(m — 2)2 + m(m — 4)(m — 6) is a positive integer, and
hence 3m—2x—2y—22z #0, (e) x = 1 andy = 3 whenm = 6 and z = m—1,
and hence 3m —2x —2y—2z=0, (f) e =(m—1)/2— (24 f)/{2(m —4)}
andy =(m—1)/2—(2—f)/{2(m—4)} when m > 7 and z = m—1, where
x and y are integers, and f is the same equation as in (d) and it is an
integer, and hence 3m —2x —2y—2z # 0, and (g) y = {m(m—22)?+ (m —
) (m —2x) — m? — f}/[2{(m — 22)%2 — m}] and z = {m(m — 22)> + (m —
D(m —2x) —m?+ f}/2{(m —22)2 —m} when2<x <y <z<m-—2,
where y and z are integers, 0 < x < (m —/m)/2, 3m — 2z — 2y — 2z # 0
and f = \/m(m —2z)% — (3m2 — 1)(m — 22)% + m2(3m — 2) is a positive
integer.

(iii) (m—2z)(m—2y)+(m—2y)(m—22)+(m—2z)(m—2x)+(3m—2) = 0 and
3m—2x—2y—2z=0 havey = (3m—2x— f)/4 and z = 3m—2zx+ f)/4,
where y and z are integers and f = \/—S(m —2x)2 + 12m — 8 is a positive
integer. In particular, (a) if x = 0, then —3(m — 2z)? + 12m — 8 < 0
for m > 6, and (b) if z = 1, then (b-1) —3(m —22)?> +12m — 8 > 0
when m = 6,7, and (b-2) —3(m — 2x)% + 12m — 8 < 0 when m > 8.
When m = 6 and x = 1, we have f =4, y = 3 and z = 5, and hence
(m —2z)(m — 2y)(m — 22) = 0, and when m = 7 and x = 1, we have
f=1 y=9/2 and z =5.

(iv) (m —2z)(m — 2y) + (m — 2y)(m — 2z) + (m — 22)(m — 2z) + (3m —
2) =0, (m—2x)(m —2y)(m —22) + m@Bm — 2z — 2y — 2z) = 0 and
3m—2z —2y — 22z =0 have v = (k — 1)(k — 2)/6, y = (k* +2)/6 and
z = (k+1)(k+2)/6, where m = (k?+2)/3 and k = 6h—2 or 6h+2 (h > 1).

Remark 3.1. In Lemma 3.5, we have the following:

(A) The HLE given by (I)(ii)(e) has a solution (z,y). For example, m = 10 and
(2,9) = (3,6).

(B) The HLEs given by (II)(i)(d), (h) and (k) have a solution (z,y,z). For
example, m = 9 and (z,y,2) = (1,5,6) for (d), m =14 and (z,y,2) = (2,7,9)
for (h), and m = 13 and (z,y, 2) = (3,7,9) for (k).

(C) In the HSLEs given by (II)(ii), the (g) case has a solution (z,y,z). For
example, m = 21 and (z,y,2) = (6,10, 14), where f = 240. While the (d) and
(f) cases have no solution for 7 < m < 30.

(D) The HSLEs given by (II)(iii) has a solution (z,y, 2). For example, m = 18
and (x,y, z) = (5,10,12), where f = 4.

The following is the main theorem of this paper:

THEOREM 3.1. Let T be a 2™-BFF design of resolution R*({1}|3) derived
from an SA(m;{\;}), where det(Mr) = 0 and m > 6. Then the following
yields:

(I) T is of resolution R({1}|3) if and only if one of Table 3.1(i) through (vii)
holds,
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(IT) T is of resolution R({0,1}|3) if and only if one of Table 3.2(i) through (vii)
holds,

(III) T is of resolution R({1,2}|3), i.e., resolution VI, if and only if Table 3.3(i)
holds,

(IV) T is of resolution R({0,1,2}|3), i.e., resolution VI, if and only if one of
Table 3.4(i) through (v) holds.

The proof will be given in Appendix D.

Note that in Tables 3.1(i) through (iv), 3.2(i), (iv), (v) and (vi), and 3.4(i),
an array given by (b) is the complementary array of (a) (e.g., Shirakura and
Kuwada (1975)).

Table 3.1. Resolution R({1}|3) designs.

No. indices of nonzero \’s constraints conditions
(i)(a) 1,2,5 6
(b) 1, 4,5 6
(ii) (a) 1,2, 7 9
(b) 2,7,8 9
(iii) (a) 1, q, r m m>7 3<qg<r<m-—3,
3m —2—2q—2r #0,
(m — 2)(m — 2q)(m — 2r)
+m(3m — 2 —2q —2r) #0,
r=(3m—q+2)/4— qlqg — 5)/{4(m — q — 1)}
: integer
(b) P, ¢, m—1 m m>7 3<p<g<m-3,

m+2—2p—2q#0,
(m —2)(m — 2p)(m — 2q)

—m(m +2—2p—2q) #0,
g=1+(m—1)(m —6)/{4(p — 1)} : integer
(iv)(a) 2, q, r m m>7 3<g<r<m-—3,
3m —4 —2q—2r #0,

(m — 4)(m — 2q)(m — 27r)

+m(3m — 4 — 2q — 2r) # 0,
r=(3m—q+1)/4 - qla - T)/{4(m — g — 2)}

: integer
(b) P, g, m—2 m m>7 3<p<q<m-—3,
m+4—2p—2q#0,

(m —4)(m — 2p)(m — 2q)

—m(m +4 — 2p — 2q) # 0,

g=2+(m—2)(m—9)/{4(p — 2)} : integer

(v) 2, q, 7 9 3<q<6
(vi) (k—1)(k—2)/6, (k*+2)/3 | k=3h+1or3h+2 (h>2),
(k+1)(k +2)/6, (k+1)(k4+2)/6 <7< (k> —17)/3
T
(vii) P, ¢ T m m>8, 3<p<qg<r<m-3

(m — 2p)(m — 2q) + (m — 2q)(m — 2r)
+(m —2r)(m — 2p) + (3m — 2) =0,
(m —2p)(m — 2q)(m — 2r)
+m(3m — 2p — 2q — 2r) # 0,
3m —2p—2q—2r #0
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Table 3.2. Resolution R({0, 1}|3) designs.

No. indices of nonzero \’s constraints conditions
(i)(a) 0(orm), 1, 2, m—1 m
(b) 0O(orm), I, m—2, m—1 m
(i1) 0 (orm), 1, u, m—1 m m>7, 3<u(#m/2)<m-—3
(iii) 0, s, t, m m m>7, 3<s<m/2<t<m-—3,
m—s—1t#0,
t=(m+1)/2+ (s —1)/(m — 2s) : integer
(iv)(a) 0,1, n+1, 2n+1 2n +1 n>3
(b) 0, n, 2n, 2n +1 2n + 1 n>3
(v)(a) 0, (k* —k+2)/2, k241 k>3
(K2 4+k+2)/2
(b) k(k—1)/2, k(k+1)/2, k%41 k>3
k241
(vi)(a) 1, q, r m m>7 3<qg<r<m-—3,

g=(m+1)/24+ (2— f)/{2(m — 4)} : integer,
r=(m+1)/24+ (2+ f)/{2(m — 4)} : integer,
£ ={(m =22+ m(m - 4)(m — 6)}1/2
: positive integer
(b) p, ¢ m—1 m m>7 3<p<qg<m-3,
p=(m—1)/2— 2+ f)/{20m — 4)} : integer,
g=(m—1)/2— (2= £)/{2(m — 4)} : integer,
f=1{(m =22+ m(m— 4)(m — 6)}/2
: positive integer
(vii) D, g, T m 2<p<g<r<m-2, ym<m-2p<m,
3m — 2p — 2q — 2r # 0,
q={m(m - 2p)*> + (m — 1)(m — 2p) — m* — [}
/[2{(m — 2p)? — m}] : integer,
r={m(m —2p)? + (m — 1)(m — 2p) — m? + f}
/12{(m — 2p)? — m}] : integer,
f = {mim — 2p)*
—(3m? — 1)(m — 2p)? + m?(3m — 2)}/2
: positive integer

Table 3.3. Resolution R({1,2}|3) designs.

No. | indices of nonzero A’s | constraints conditions

() P, q T m 2<p<g<r<m-—2 (m—2p)(m—2q)(m—2r)#0,
qg= (3m — 2p — f)/4 : integer,

r = (3m —2p+ f)/4 : integer,

f ={-3(m —2p)? + 12m — 8}/2 : positive integer

Table 3.4. Resolution R({0, 1,2}|3) designs.

No. indices of nonzero \’s constraints conditions
(i)(a) 0(orm), 1, 2, m—2 m
(b) 0 (orm), 2, m—2, m—1 m
(i) 1,2, m—2 m-—1 m Ao 2>0, Ap >0
(iii) 0 (or 2n), 1, n, 2n —1 2n n>3
(iv) 0, (* —k+2)/2, (k* +k+2)/2, k2 +2 k2 +2 k>2
(v) (k—1)(k —2)/6, (k*4+2)/6, (k+1)(k+2)/6 | (K*+2)/3 | k=6h—2o0r 6h+2 (h>1)

4. GA-optimal designs

If N > v3, then there exists a 2"-BFF design of resolution VII (e.g.,
Shirakura (1976)). Thus in this section, we only consider a design with N < vs,
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and hence det(Mr) = 0, ie., det(Kj3) = 0 for some 8 (0 < 8 < 3). Since
2(") —v3 = {(m*+m+6)(m—"7)+36}/6 >0 form > 7, and 2(y) + (') —v3 =
{m(m —6) +3(m —6) + 16}/2 > 0 for m > 6, we have the following:

LEMMA 4.1. 2(?) > vy form > 7, and 2(7;‘) + (7?;) —v3 >0 form > 6.

Remark 4.1. 1t follows from Lemma 4.1 that 2™-BFF designs of resolution
R*({1}|3) given by Tables 3.1(iii) through (vii), 3.2(iii), (v), (vi), (vii), 3.3(i),
and 3.4(iv) except for k = 2, and (v) except for k = 4 have N > vs3, and the
remaining have N < vs.

As shown in Section 3, if a parametric function C@ is estimable (and hence
there exists a matrix X such that XMy = C), then Var[CO] = ¢2XMpX'.
Using a solution Z of the matrix equation ZL = H given by Lemma 3.1, after
some calculations, we have

Lt if ny =ng=0,
I
( 81>L1_11 (In,; 0) if ng =0 and ng > 1,

—_
=N

ng > 1 and ng =0,

el (0
0 Has) \ Loy Lo 0 H,
b ON N L 0 o
o () (5 )
Lot Loy 0 H}, H

where Hoo and Hjo are arbitrary. Since C' and X belong to the TMDPB associa-
tion algebra A, X M7 X" is isomorphic to xsKxj for 0 < 3 < 3. Thus we can get

.
—

ng > 1 and ng > 1,

1 0 0 -1
000 kot kY Ky 10 0 0
90’ 0,1 00 02 0,0 3,0
0 % 92,2 Ko Ko Ko 090" 0 9o )
- 21 20 22 22 32
(D XoKoxo = 0 93,0 92,2 o Fo Ko 0 0 957 9
o Yo
if rank{ K3} = 3,
Kit if rank{ K} = 4,
)
1o 0,0 01\~
K Ky 1 0 O
— 091’1 %0 }1 1,1 21 if rank{ K7} = 2,
1) xiKixi' = 0 g;,l Ky Ky 09" g7
1
Kt if rank{ K7} = 3,
95° 0,0\ !
2 0,0 1,0 . %
Ko ' ’ if rank{K5} =1,
(L) YSEEYE = (g;’()) ( 2 ) (92 92 > {K3}

K3t if rank{ K3} = 2,
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vanish if rank{ K5} =0
IV *K* */ — 3 ’
(V) 6K5xG {Kg‘_l if rank{ K5} =1,

where xj and I are given in Section 3, and 90" (u = 0,2) and gg_%2_7 (1<
v < 2) are arbitrary, and furthermore there exist constants ug, uj and u, such
that 9870 = uogg’o, 9372 = uz';gg’2 and 93_7’2_7 = uyg?y_%%v, respectively. Thus
from Lemma 3.4, if rank{ K} = 3, then we put
1 if a =0,
98,0 (: gg’o(a)7 say) = 1 /(1 + ”w()’) lfO[ = 1,
1/M1+@m2 if o =2,
\
(1 if @ =0,
9372 (: 9372(a>7 Say) — 1 /(1 + ’U)S’) lfOé = 1,
1/J1+@%P if o =2,
\
and if rank{K}} = 3 — v (1 < < 2), then we put
1 if a =0,

93_772_7 (: 93_772_7(0{), Say) = 1 /(1 —+ |UJ7|) fa= 1,
1/ T+ (w)? ifa=2,

where (I) if rank{K}} = 3, then the last row of K is expressed by the sum of
wp times the second one of K and of wyg times the third, (II) if rank{ K} = 2,
then the last row of Ky is expressed by w; times the second one of Kj, and
(ITI) if rank{ K5} = 1, then the last row of K3 is expressed by ws times the first
one of Kj. Here wy, w{, w; and wy are given in Lemma 3.3.

Let

. diag 1;g0’O Q@ ;92’2 Q@ if rank{ K3} = 3,
XO(@):{ (19" (@): 9™ (@) {55}

14 if rank{ K} = 4,
) diag[1; 97" ()] if rank{K7} = 2,
Q) =
X I3 if rank{ K7} = 3,
Q) =
2 P if rank{ K5} = 2,
. vanish if rank{ K3} =0,
Xz(a) = . i
1 if rank{ K3} = 1.

Further let f(’; be the matrices given by the first rg rows and columns of KE,
where rg = rank{KZ‘;} > 1for 0 < 8 < 3. Then from Proposition 2.1 and Lemma

3.4, the variance-covariance matrix of the linearly independent estimators in co
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is isomorphic to 02)2/*3(04)1%2_1922(&)’ for 0 < <3(0 < a <2). Thus for a
2"M-BFF design T of resolution R*({1}|3) derived from an SA(m;{\;}), we define
St(a) as follows:

Z¢Btr{X5 a)K 5 Xﬁ( a)'},

where )5 is the summation over all the values of 3 such that if rank{K3} = 0,
then 0 < 8 < 2, and if rank{K3} = 1, then 0 < § < 3, and ¢g is given by
(2.3). Note that 02S7 () are the trace of the variance-covariance matrix of the
linearly independent estimators in CO, and hence the GA-optimality criterion
that will be defined below is based on the average of the variances of the linearly
independent estimators. Thus in a sense, it refers to the average variance. The
following is due to Kuwada et al. (2002):

DEFINITION 4.1. Let T be a 2™-BFF design of resolution R*({1}|3) with

N assemblies derived from an SA(m;{\;}). If Sp(a) < Sp«(«) for any T* being

a 2™-BFF design of resolution R*({1}|3) with N assemblies derived from an
A(m;{\}), then T is said to be GAq-optimal (0 < a < 2).

Using Theorem 3.1 and Remark 4.1, we can obtain GA,-optimal 2"-BFF
designs of resolution R*({1}|3), where N < v3. All GA,-optimal designs for 6 <
m < 8 are the same designs as GA,-optimal ones of resolution R*({0,1}|3) (see
Kuwada et al. (2002)) except for m = 6 and (N, ) = (27,0), (27,1), (27,2), (39,
1). While GA,-optimal 26-BFF designs of resolution R*({1}|3) with N = 27 and
a (0 < a<2)and with N =39 and a = 1 are given by SA(6;{0,1,0,0,1,1,0})
and its complement and SA(6;{0,1,0,0,1,3,0}) and its complement, respec-
tively, where {\;} = {X\o, A\1,...,A¢}. Note that both designs are given by Table
3.1(i), and that we have S7(0) = 1.5353, S (1) = 0.9844 and S7(2) = 1.1200 for
N =27, and S7(1) = 0.7359 for N = 39.

Appendix A: Relationship between r;"’s and \;’s



MASAHIDE KUWADA ET AL.

196

){Un—%V—On—%}M,

){On—2ﬁ2—0n—2ﬂ2&,
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Appendix B: The proof of Lemma 3.2

It follows from Remark 2.1 that the first, the second, the third and the last
rows (and columns) of K correspond to the main effects, the general mean,
the two-factor interactions and the three-factor ones, respectively, and that the
first, the second and the last rows (and columns) of K7 correspond to the main
effects, the two-factor ones and the three-factor ones, respectively. Thus from
Proposition 2.2 and Appendix A, if rank{K}} = 1, then the second and the
last rows of K| are expressed by —(m — 2p)/v/m — 2 times the first one of K7,
and by {(m — 2p)? — (m — 2)}/y/2(m — 2)(m — 3) times the first, respectively,
where A\, #0 (1 <p<m—-1)and \; =0 (j # p;1 < j < m —1). Hence
from Lemma 3.1, if the main effects are estimable, then we have m — 2p = 0
and (m — 2p)? — (m — 2) = 0. However there does not exist an integer p such
that m —2p = 0 and (m — 2p)? — (m —2) = 0 for m > 6. Thus at least two of
Ai (1 <4 <m—1) are nonzero, and hence rank{ K7} > 2 and rank{K3} > 2. On
the other hand, if rank{ K} = 2, then exactly two of \; (0 < i < m) are nonzero,
ie, A\ #0and A\, #0 (0 < ¢ <r <m). In this case, the third and the last rows
of K are expressed by the sum of —(m — ¢ —r)4/2/(m — 1) times the first one
of K§ and of —{(m — 2q)(m — 2r) + m}//2m(m — 1) times the second, and by
the sum of {4(m —q —1)? — (m —2¢)(m — 2r) — (3m — 2)}/y/6(m — 1)(m — 2)
times the first and of v2(m — 2¢)(m — 2r)(m — ¢ — r)//3m(m — 1)(m — 2)
times the second, respectively. Furthermore from the results mentioned above,
1 < ¢ <r <m-—1 holds, and hence rank{ K} = 2. Thus the last row of K}
is expressed by the sum of —{(m — 2q)(m — 2r) + (m — 2)}//2(m — 2)(m — 3)
times the first one of K} and of —v/2(m — ¢ — r)/v/m — 3 times the second.
Hence from Lemma 3.1, if the main effects are estimable, then m — g —r = 0,
4(m—q—r)%—(m—2¢)(m—2r)—(3m—2) = 0 and (m—2q)(m—2r)+(m—2) =0
hold. However there do not exist integers ¢ and r (1 < ¢ < r < m — 1) such
that m —q—7r =0, 4m —q — )2 — (m — 2¢)(m — 2r) — (3m — 2) = 0 and
(m—2q)(m—2r)+ (m—2) =0 for m > 6. Thus at least three of \; (0 <1i <m)
are nonzero, and hence rank{ K} > 3. Therefore we have the required results.
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Appendix C: The proof of Lemma 3.3

From Proposition 2.2, Lemma 3.2 and Appendix A, if rank{Kj} = 3, then
the last row of K is expressed by the sum of —{(m —2p)(m —2q)+ (m —2¢)(m—
2r) + (m—2r)(m —2p) + (3m —2)}//6(m — 1)(m — 2) times the first one of K¢,
of wy times the second and of wf times the third, where A\; # 0 (i = p,¢,7;0 <
p<qg<r<m)and \j =0 (j # p,¢,m;0 < j < m), and if rank{K]} = 2,
then the last row of K7 is expressed by the sum of —{(m — 2s)(m — 2t) + (m —
2)}/v/2(m — 2)(m — 3) times the first one of K} and of w; times the second,
where \; #0 (i=s,t;1<s<t<m-—-1)and \; =0 (j #s,;1 <j<m—1).
Thus from Lemma 3.1, if T is of resolution R*({1}|3) with det(Mr) = 0, then
wo = w1 = 0 hold. Moreover from Proposition 2.2, rank{ K5} = 0 if and only if
Ai =0 for all i (2 < ¢ <m —2), and hence we have rank{K;} < 2. On the other
hand, from Lemma 3.2, we have rank{K7} > 2, and hence rank{K]} = 2, i.e.,
A1 # 0 and \,,,—1 # 0. However from (II), the suffixes of Ay and A1, i.e., s =1
and t = m—1, do not satisfy the condition such that w; = 0 for m > 6, and hence
rank{K5} > 1. Furthermore from Remark 2.1, Proposition 2.2 and Appendix
A, if rank{ K3} = 1, then the last row of K3 is expressed by ws times the first
one of K3, where A\, #0 2 <u<m—-2)and \; =0 (j #u;2<j<m—2).
Therefore the proof is complete.

Appendix D: The proof of Theorem 3.1

If rank{ Kj} = 4, then from Lemma 3.4, the general mean is estimable. Thus
if the general mean is confounded (or aliased) with the remaining effects, then
rank{K3} = 3 and wp # 0 hold, where \; # 0 (i = p,q,r;0 < p < qg<r <
m), A\j =0 (j #p,q,7;0 <j <m) and wy is given in Lemma 3.3.

(I) Let T be of resolution R({1}|3), then from the results mentioned above,
we have rank{K}} = 3, and hence from Lemma 3.3, there exist \; # 0 (i =
P,q,7;0 <p < g <r<m)such that wg =0, and \; =0 (j #p,q,7;,0 < j <m),
where Wy is given in Lemma 3.3. Moreover (i) if p = 0, then from Lemma
3.2, we have rank{ K7} = 2, ie.,, 1 < ¢ <7 < m — 1, and hence from Lemma
3.3, w; = 0 holds, where put s = ¢ and ¢t = r in w; given in Lemma 3.3.
However from Lemma 3.5(I)(i), we have wp = 0, and hence there does not exist
an SA(m;{\;}). (ii) If p = 1, and furthermore (ii-a) if ¢ = 2 < r < m, then
from Lemma 3.5(II)(i)(a), (b) and (c), we get m = 6 and r = 5, and m = 9 and
r=7 Whenm=26,p=1, ¢g=2and r =5, we have wg # 0, wg # 0, wa # 0,
rank{ K]} = 3, rank{K3} = 1 and Kj = 0, where w{ is given in Lemma 3.3
and put v = ¢ in ws given in Lemma 3.3, and when m = 9, p =1, ¢ = 2
and r = 7, we have wo # 0, wj # 0, rank{KJ} =4 —~v (1 < v < 2) and
K3 = 0. Thus we get Table 3.1(i)(a) and (ii)(a). (ii-b) If 3 < ¢ <r <m —3 and
m > 7, then from Lemma 3.5(II)(i)(d), we have rank{K>} =4 — v (1 <v < 3),
where wy # 0 and w( # 0, and hence Table 3.1(iii)(a), (ii-c) f 3 < ¢ < r =
m — 2, then from Lemma 3.5(IT)(i)(e) and (f), there does not exist an array, and
(ii-d) if 3 < g < m —3 and r = m — 1, then from Lemma 3.5(II)(i)(g), we
get m = 6 and ¢ = 3, and hence there does not exist an array since wg = 0.
(iii) If p = 2, and furthermore (iii-a) if 3 < ¢ < r < m — 3, then from Lemma
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3.5(IT)(i)(h), we have rank{K>} = 4 —v (1 < v < 3), where wy # 0 and
wgy # 0, and hence Table 3.1(iv)(a), and (iii-b) if 3 < ¢ <m —3 and r =m — 2,
then from Lemma 3.5(II)(i)(i), we get m = 9, 3 < ¢ < 6, wg # 0, w§ # 0
and rank{K>} = 4 —~v (1 < v < 3), and hence we get Table 3.1(v). (iv) If
3<p<qg<r<m-3 m—p—-—q=0and m > 8 then from Lemma
3.5(I1)(i)(j), we have wo # 0, w§ # 0 and rank{/KJ} =4 —7 (1 < v < 3), and
hence Table 3.1(vi). (v) f3<p<qg<r<m-—-3, m—p—q#0and m > 8,
then from Lemma 3.5(IT)(i)(k), we have rank{ K>} = 4 — v (1 < v < 3), where
wo # 0 and wg # 0, and hence Table 3.1(vii). (vi) If 1 < p < g <r =mor
p=2<qg<m-—3andr =m—1, then from Proposition 2.4 and in addition (i) or
(ii-c) mentioned above, there does not exist an array. (vii) By using Proposition
2.4, Table 3.1(i)(b), (ii)(b), (iii)(b) and (iv)(b) can be easily obtained. Conversely
if one of Table 3.1(i) through (vii) holds, then from Lemmas 3.1 and 3.3, it can
be easily shown that T is of resolution R({1}|3).

(IT) Let T be of resolution R({0,1}|3). Then (A) if rank{Kj} = 4 and in
addition, (i) if rank{K7}} = 3, and furthermore if rank{Kj} = 2, then from
Lemma 3.4, all the factorial effects up to the two-factor interactions are estimable.
Thus rank{K3} =1, ie, Ao+ Ay #0, \i #0 (1 = Lu,m —1;2 <u <m—2)
and A\; =0 (j # 0,1,u,m —1,m;2 < j < m —2), and hence from Lemma 3.4,
wy # 0 holds. In particular, (i-a) if w = 2 or m — 2, then we have wy # 0
and K3 = 0, and hence we get Table 3.2(i)(a) and (b), and (i-b) if m > 7 and
3 < wu# m/2 < m— 3, then we have wy # 0 and K3 # 0, and hence Table
3.2(i1). (ii) If rank{K7} = 2, ie, \; #0 (1 = 0,s,t,m;1 < s <t < m—1)
and A\; = 0 (j # 0,s,¢t,m;1 < j < m — 1), then from Lemma 3.3, w; = 0
holds, and furthermore (ii-a) if rank{K;} = 2, i.e,, 2 < s < t < m — 2, then
(ii-a-1) when s =2 <t <m—2or2<s<t=m—2, from Lemma 3.5(I)(ii)(c)
or (d), we have w; = 0, where wy is given in Lemma 3.3, and hence there does not
exist an array since all the factorial effects up to the two-factor interactions are
estimable, and (ii-a-2) when 3 < s <t < m —3, from Lemma 3.5(I)(ii)(e), we get
Table 3.2(iii), where w; # 0, s # m/2 and t # m/2, and (ii-b) if rank{K;} =1,
e, s=land2<t<m-—-2o0or2<s<m-—2andt=m—1, then from Lemma
3.5(I)(ii)(a) or (b), we get wy # 0 and wa # 0, where put u = ¢ in wg given in
Lemma 3.3 when s=1and 2 <t<m—2, and put u =s when 2 <s<m—2
and t = m — 1, and hence Table 3.2(iv)(a) and (b). (B) If rank{Kj} = 3, i.e.,
Ai#0 (G =pqgr;0<p<g<r<m)and \j =0 (j #p,q,m;0 < j <m), then
from Lemma 3.3, wg = wg =0 hold. (i) lfp=0<g<r<mor0<p<g<
r = m, then from Lemma 3.5(II)(ii)(a) or (b), we have w§ # 0, w1 = 0, wy #
0, rank{ K7} = 2 and rank{K} =4 — v (2 <y < 3), where put (s,?) = (¢,7) in
w1 and wy given in Lemma 3.3 when p =0 < ¢ < r < m, and put (s,t) = (p,q)
when 0 < p < ¢ < 7 = m, and hence we get Table 3.2(v)(a) and (b). (ii) If
p=1l<g<r<m-lorl<p<gqg<r=m-—1,then from Lemma 3.5(II)(ii)(c)
and (d), or (e) and (f), we have wg # 0 and rank{K>} =4 — v (1 <+ < 3), and
hence Table 3.2(vi)(a) and (b). (iii) If 2 < p < ¢ < r < m —2, then from Lemma
3.5(I)(ii)(g), rank{K>} = 4 — v (1 < v < 3) hold, where 0 < p < (m — /m)/2
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and w§ # 0, and hence we get Table 3.2(vii). It follows from Lemmas 3.1 and
3.3 that the sufficient condition can be easily proved.

(III) Let T be of resolution R({1,2}|3), then rank{K;} = 3 holds, and hence
ANi#0(GE=p,qgr0<p<g<r<m)and ;=0 (j#p,qr;0<j<m), andin
addition Wy = w§ = 0 and wg # 0 hold. From Lemma 3.5(II)(iii), there does not
exist an array withp=0and 1 <g<r<morp=1and 2 <g<7r<m. Thus
from Proposition 2.4, we only consider 2 < p < ¢ < r < m — 2. In this cases,
we have rank{/KJ} = 4 —v (1 < < 3), and hence we get Table 3.3(i), where
wo # 0. From Lemmas 3.1 and 3.3, the sufficient condition can be easily shown.

(IV) Let T be of resolution R({0,1,2}|3), then (A) if rank{K3} = 4, and in
addition (i) if rank{ K7} = 3, and furthermore (i-a) if rank{ K5} = 2, then from
Proposition 2.3, we get K3 = 0. Thus we have (i-a-1) Ao+ A\, #0, X\ #0 (1 =
1,2m —2) and A\; = 0 (j # 0,1,2,m —2,m;3 < j < m — 1),
(iFa-2) o+ A #0, Mi #0 (i =2,m—2,m—1)and \; =0 (j #0,2,m —2,m —
I,m;1<j<m-—3),and (i-a-3) \g >0, \; #0 (i=1,2,m—2,m—1), A, >0
and \; =0 (7 #0,1,2,m —2,m—1,m;3 < j <m —3), and hence we get Table
3.4(i)(a), (b) and (ii). (i-b) If rank{K3} =1, i.e., Ao+ Ay, # 0, A1 # 0, A\, #
02<u<<m—2), Ape1 #0and X\; =0 (j #0,1L,u,m—1,m;2 < j <m—2),
then from Lemma 3.3, wy = 0 holds. Thus we have u = n, where m = 2n,
and hence Kj = 0. Therefore we get Table 3.4(iii). (ii) If rank{K]} = 2, i.e.,
Xi#0(i=0,s,t,m;1<s<t<m—1)and \; =0(j #0,s,t,m;1 <j<m—1),
then from Lemma 3.3, w; = w; = 0 hold. Thus from Lemma 3.5(I)(iii), we get
Table 3.4(iv). In particular, if &k = 2, i.e., m = 6, then we have s = 2 and ¢ = 4,
and hence rank{ K3} = 2 and K3 = 0, and if k > 3, then rank{KJ} =4 -~ (2 <
v <3). (B) If rank{Kj} =3,ie, X\ #0 (i =p,q,7;0 <p<qg<r<m)and
Aj=0(j #p,q,7;0 < j <m), then from Lemma 3.3, we have wy = wg = w§ = 0.
Thus from Lemma 3.5(II) (iv), we get Table 3.4(v). In particular, if & = 4, we have
p=1,¢=3, r=5 wy =0, rank{K}} =4~ (y =1,3) and rank{ K3} = 1,
and if k > 5, then rank{KJ} =4 — v (1 < v < 3). Sufficient conditions can be
easily obtained.
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