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UNBIASED ESTIMATION OF FUNCTIONALS UNDER
RANDOM CENSORSHIP

Akio Suzukawa*

This paper is intended as an investigation of estimating functionals of a lifetime
distribution F' under right censorship. Functionals given by [ @dF, where ¢’s are
known F-integrable functions, are considered. The nonparametric maximum likeli-
hood estimator of F is given by the Kaplan-Meier (KM) estimator F,, where n is
sample size. A natural estimator of | ¢dF is a KM integral, [ @dF,. However, it is
known that KM integrals have serious biases for unbounded ¢’s. A representation of
the KM integral in terms of the KM estimator of a censoring distribution is obtained.
The representation may be useful not only to calculate the KM integral but also to
characterize the KM integral from a point view of the censoring distribution and the
biasedness. A class of unbiased estimators under the condition that the censoring
distribution is known is considered, and the estimators are compared.

Key words and phrases:  Censored data, Kaplan-Meier estimator, mean lifetime,
product-limit estimator, survival data.

1. Introduction

Problems concerning right censored data are discussed in this paper. The
Kaplan-Meier estimator (KM estimator) developed by Kaplan and Meier (1958)
is the most fundamental tool to analyze such data, and it gives the nonparametric
maximum likelihood estimator of lifetime distribution as shown by Kaplan and
Meier (1958) and Johansen (1978).

Let X4,...,X, beii.d. positive random variables with a distribution func-
tion F (survival function F' = 1— F'). These random variables represent lifetimes
and F'is a lifetime distribution. Let Y7,... .Y, bei.i.d. positive random variables
with a distribution function G (survival function G = 1 — ) and independent
of X;’s. They represent censoring time and G is a censoring distribution. In the
randomly right censored data, the pairs (X;,Y;),i = 1,... ,n are not observed.
One observes the pairs (Z;,9;),i = 1,... ,n, where

with I denoting the indicator function.
KM estimator of F' is given by

1 - Fu(z) = Fo(e) = ] (1-%)

’L':Zi:n <z
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Here, Z1., < --- < Z,., are the ordered Z-values, where ties within lifetimes
or within censoring times are ordered arbitrarily and ties among lifetimes and
censoring times are treated as if the former preceed the latter, and dj;.,) is the
concomitant of the i-th order statistic, that is, dy;.,) = 05 if Z;., = Zj.

There have been several studies on the properties of the KM estimator (e.g.,
Efron (1967), Breslow and Crowley (1974), Gill (1980, 1983), Reid (1981), Wang
(1987)). Results of studies are given in textbooks by Fleming and Harrington
(1991), Andersen et al. (1993) and Maller and Zhou (1996). Generally, the KM
estimator has asymptotically desirable properties such as uniform consistency
and asymptotic normality. Although the KM estimator has negative bias, the
bias converges to zero at an exponential rate as n — oco. Therefore, the bias is
not so serious problem.

Incidentally, it is important to estimate not only F' itself but also some
functionals of F'. For example, moments of lifetime, particularly mean lifetime,
may be important in characterization of the lifetime distribution. In such cases,
we need to estimate a functional [ z*dF(x), where k is a positive integer. To
determine how far F' is from a known specific distribution with density fy, the
functional [log fo(z)dF(x) must be estimated.

In this paper, estimation of functionals of the form [ pdF, where ¢’s are
known F-integrable functions, is considered. For a given ¢, a natural estimator
of [dF is obtained by plugging F,, into F, that is, [ ¢dF,, which is called a
Kaplan-Meier integral (KM integral). Since the KM estimator F,, is a discrete
(sub-)distribution, the KM integral can be expressed as

)[R = Y i) = FalZin—)}e i) = 3 W),
i=1 =1

where for 1 <1i¢ <n,

%% Oizn] . n—Jj Oy
we n—i—i—ljl;Il(n—j-i-l)

is the mass attached to the i-th order statistic Z;.,, under F,.

It should be noted that under no censorship does the KM estimator reduce
to the empirical distribution of X;’s and the KM integral is nothing but an
arithmetic average of p(X;)’s, i.e., n™ '3 | o(X;). It is strongly consistent
and asymptotically normal by the strong law of large numbers and the central
limit theorem. Moreover, it is unbiased. The point to emphasize here is the
unbiasedness.

Let H be the distribution function of Z; = min(Xj;,Y;), and set

mr =inf{z; F(z) =1}, 7¢=inf{y; G(y) =1} and 7 =inf{z; H(z) =1}.

Since H =1 — (1 — F)(1 — G), it holds that 7 = min(7p, 7¢). The observable
time Z; = min(X;, Y;) never exceeds 7. Thus, if 7p > 7 (i.e., 77 > 7¢), then we
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can not obtain information about F'(x) for 7 < x < 7p. In other words, we can
know only about F(x) for x < 7.

Throughout this paper, ff means integration on a half interval (a,b ], i.e.,
f; = f(a,b]' For reasons mentioned above, we can not estimate [;° ¢(z)dF(z).
The estimable functional is [ ¢(x)dF(z). If 77 < 7, they are the same. On
the other hand, if 77 > 7, they are different. However, in many practical cases,
TR = T¢ = T = 00, and then these two functionals are the same.

Stute and Wang (1993) showed that under conditions in which F' and G do
not have jumps in common and F' does not have a jump at 7,

n—oo

lim [ @dF, = / wdF  with probability 1.
0

That is, [ pdF, is a strongly consistent estimator of [ ¢dF. The distributional
convergence of the KM integral was investigated by Gill (1983), Schick et al.
(1988), Yang (1994) and Stute (1995). Gill (1983) showed the distributional
convergence for ¢’s that are nonnegative, continuous and increasing. For such
a class of ¢’s, Schick et al. (1988) obtained a weak representation of the KM
integral in terms of a sum of i.i.d. random variables plus a remainder. Yang
(1994) extended the distributional convergence, under regularity conditions on
F', to those ¢’s satisfying [ ¢?/GdF < co. Stute (1995) obtained a representation
of the KM integral as a sum of i.i.d. random variables plus a remainder that is
valid under no regularity conditions on F' and G.

Distributional convergence under continuous F' and G is presented here.
When F and G are continuous, under [ ¢?/GdF < oo,

n1/2</g0an—/ (de)LN(O,O'Q) as n — oo,
0

where

(1.2) 0—2:/07@2/Gd,F— </OT¢dF)2—/</;<,de>2%%(1:).

We are concerned with a bias of [ ¢dF), in estimating fOT @dF. Mauro (1985)
showed that for nonnegative ¢’s,

Bias </<den> - E [/goan] —/OTade <0.

Zhou (1988) obtained a lower bound of the bias for nonnegative and continuous
p’s:

- / o(x){H(z)}"dF(z) < Bias ( / cden> <0.

Stute (1994) derived an expansion of the bias and showed that the bias decreases
to zero exponentially fast as n — oo if ¢ is bounded and vanishes right of some



156 AKIO SUZUKAWA

T < 7. Since the KM estimator itself is a KM integral for ¢ = indicator, this
result is a generalization of the result that the bias of the KM estimator itself
converges to zero at an exponential rate, which is mentioned above. Moreover
Stute (1994) pointed out that the bias may decrease to zero at a rate slower than
n~Y2 when 0 < @(x) | oo as & — oo and censoring is heavy. In estimating
mean lifetimes, ¢(z) = = has this property. Thus, it is important to reduce the
bias. Stute and Wang (1994) proposed a jackknife modification of [ pdF,. They
showed, by a simulation study, that the jackknifing may lead to a reduction of
the bias. However, they also reported that the jackknifing leads to an increase
in variance.

In this paper, ‘unbiased’ estimation of fOT pdF in the case where the censoring
distribution G is known is considered. A situation in which G is known is not so
unreal. Two examples are considered.

One example is a clinical trial (see Figure 1). The beginning time of the
study is set to zero, and entry of patients into the study is received until time
a > 0. Let E; be the entry time of the ¢-th patient. It seems reasonable to
suppose that F; is uniformly distributed on [0,a]. After additional follow-up of
b—a (> 0) time units, the data are analyzed. Then, the censoring time for the
i-th patient is b — Ej;, which is uniformly distributed on [b — a,b]. Thus, in this
case, the censoring distribution is completely known.

Another example is the two-competing risks problem. A system consists
of two sub-systems, A and B. Failure of either sub-system A or B damages the
whole system. The observable time is the failure time of the whole system, which
is a minimum of failure times of A and B. We are interested in failure time of
sub-system A. Then, the failure time of B is censoring time. Supposing the
failure time distribution of B is known experientially, the censoring distribution
is known.

The question is whether the information that G is known is useful in es-
timating f(;r wdF. We should notice that the likelihood based on the censored
data can be decomposed into two parts. One part depends only on F', and the
KM estimator is derived by maximizing it. Another depends only on G. Thus,
the maximum likelihood estimator of F' is given by the KM estimator even if
G is known. This fact suggests that the known G is not useful asymptotically.

Beginning of Study End of Entry End of Study
= | | Time
o | a b

E; Entry Time

Censoring Time

Figure 1. Entry time and censoring time in a clinical trial.
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However, there is no conclusive proof that it is not useful in the case of finite
samples. As we shall see later in the next section, when G is known, fOT pdF
can be estimated without bias. The purpose of this study is to obtain reasonable
unbiased estimators of fOT @dF by using the information that G is known.

2. Representations of Kaplan-Meier integrals

In this section, a representation of [ ¢dF), in terms of a KM estimator of
G is given. The representation will suggest us an unbiased estimator of fOT pdF
when G is known.

The KM estimator of G is given by

2.1 1-G, .
1) 0 H( o 1)

PROPOSITION 1. For any F-integrable function ¢ : [0,00) — R,
e 6io(Z)) / S (1= 6i)e(Zi)
dF, =n""! —— d dG, = —
/“0 ! ; Cu(zim) )Pl ; Fo(Zy)

PrROOF. Only the first equation is shown. The second equation can be
shown similarly. Since the KM integral [ ¢dF, is given by (1.1), it suffices to
show that

(2.2) Oiin)/Gn(Zin—=) = Wizn, i=1,...,n.
If d};.n) = 0, both sides are surely zero. Thus, we should consider only the case

From (2.1), we have

G Zinmy — [ (1= L0 )22 (Y
n\4in . n — j +1 n — ] T1

j=1 J=1
_ ﬁ ( n— ] >I(Zj:n<zi:n) y ﬁ < n _] >5[j:n]l(zj:n<zi:n)
e n—j7+1 o n—j+1
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Suppose that there are k +1+ 1 (k,l > 0) ties at Z;.,, as

Zifk:flzn < Z’ifk:n == Li—1n — Zzn =Litim = " = Ljtin < Zi+l+1:n-

l

P J+1\ n

| n—j Cn—i4k+1
Since ties among lifetimes and censoring times are treated as if the former pre-
cedes the latter, dj;_g.) = <+ = 0[j_1.y) = 1. Thus,

i—1 . 8ljem) i—k—1 . 8jem) i—1
H(G55) (I o I G )
i n—j+1 e n—j+1 iZiok n—j+1
_ i n—j % " n—i+1
i n—j+1 n—i+k+1

Therefore, the second term of (2.3) is

i_ﬁl n—j+1 %mlin—i%—k—i-li_l n—j %
n—j  on—i+1 Ml\n—j4+1 '

Jj=1 J=1

As a consequence, if dj;.,) =1

i—1

1 1 n—j 0 .
— = = Py [l
Gn(Zim—) n—z’+1j1;[1<n—j+1> im

The representations given by Proposition 1 may be useful from the viewpoint
of calculation of KM integrals. The KM integral [ dF, ([ ¢dG,) can be cal-
culated by using the opposite side KM-survival function G,, (F},). KM-survival
functions can be easily obtained by almost any statistical software.

Since X; and Y; are independent and H is the survival function of Z; =
min(X;,Y;), it holds that H(z) = F(2)G(z). Denote the empirical survival func-
tion of Z;’s by Hy, i.e., Hy(2) =n~t 3" | I(z < Z;). This is an estimator of H.
Using the representations of Proposition 1, we can easily show the well-known
identity F,,G, = H, as is shown in Theorem 9.1 of Maller and Zhou (1996).

For any fixed z > 0, let ¢(z) = Gp(x—)I(z > 2) and ¢(z) = F,(z)I(z > 2)
in the first and the second equations of Proposition 1, respectively. Then, we
have

/ Gn(z—)dF,(z) = %Zm(zi > z) and
z i=1

/ Foy()dGo () = %2(1 G I(Z > 2).
z i=1
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The sum of the right-hand sides is H,,(z). On the other hand, the sum of the left-
hand sides is — F},(00)G,(00) + Fy,(2) Gy (2) by the integration by parts formula as
can be seen in Theorem A.1.2 of Fleming and Harrington (1991). The first term
is zero since one of F;,(00) and Gy, (o00) is surely zero. (If the largest observation
is censored, then Fj,(00) > 0 but G, (c0) = 0.)

Define a functional of G as

(2.4) Son(G) =n""Y " 6:p(Z:) /G (Zi-).
=1

Then, by Proposition 1, the KM integral [ ¢dF, is given by So,,(G,) (i.e., plug-
ging of G, into Son(G)), which is a strongly consistent estimator of [ pdF as
shown by Stute and Wang (1993). It, however, has a bias as mentioned above. If
G is known, there is no need to plug G,, into Sy, (G). In fact, Sp,(G) is unbiased
since

PlSun(G)] = Bloipl2)/6(Z-)] = | Glo-)pla)/Gla-)iF (@) = [ gdr.

We call Sy, (G) a ‘simple’ unbiased estimator. We can say that the bias of the
KM integral is due to the plugging of G,, into Sy, (G).
Variance of the simple unbiased estimator is given by

n x Var[Son (G /{‘p }2dF() {/OTWF}Z.

Although no explicit expressions of exact variance of the KM integral have been
obtained yet, its asymptotic variance is given by o2 of (1.2). We can easily see
that So,(G) has asymptotically larger variance than KM integral. (This will
be reconfirmed in the next section.) This means that plug-in of G,, asymptoti-
cally decreases variance. Intuitively, it seems strange. An interpretation of the
unnaturalness will be also given in the next section.

3. A class of unbiased estimators

In this section, unbiased estimation of 8 = fOT wdF in the case where G is
known will be discussed. We consider a class of estimators

(3.1) On(p1,00) =n~" D {8i01(Z:) + (1 = 6i)eo(Z)}
=1

where [ |p1|dG < oo and [ |¢o|dG < oo, and ¢1 and ¢y are independent of the
unknown F'.
If we choose the two functions as

¢1(2) = ¢(2)/Gn(z—) and  @o(z) =0,

then, by Proposition 1, én(gol, ©o) is the KM integral. However it is biased.
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PROPOSITION 2. For any lifetime distribution F, 0, (1, po) defined by (3.1)
1s unbiased estimators of 0 = fOT wdF if p1 and o satisfy the two conditions

32 e+ [ o) =) forany 0<z<r

(3.3) /OTG%(y)dG(y):o if o=

PROOF. The bias of 6,(p1,¢0) can be expressed as

E[0,(¢1,90)] — 0

= Eldip1(Zi) + (1 = bi)po(Zi)] — 0

F(y)eo(y)dG(y) — /OT p(2)dF ()

- [[ctraare + [

- [[etn@are+ [ /deF<z>+F<T>}goo<y>dG<y>— [ et

o

G
- [ {G(z—mcz) + [ ic) - 90(2)} aF(2)
L F(r) (g = 7) /0 “ o(y)dG().

In order for 9n(¢1, ©0) to be unbiased, without being dependent on F', the inte-
grand in the first term must be zero and the integral in the second term must be
zero when 7o = 7. O

A trivial solution of the unbiasedness conditions in Proposition 2 is obtained
by letting @9 = 0, which always satisfies (3.3). Then, by (3.2), ¢; is given by
©1(2) = ¢(2)/G(2—), which gives the simple unbiased estimator Sg,(G) defined
by (2.4).

More general solutions for the unbiasedness conditions are given by the fol-
lowing proposition.

PROPOSITION 3. Assume that 7 is a function on [0, 7], which satisfies

(3.4) /OZ %d(}(y) <oo forany 0<z<T
and

(3.5) Y(1e){G(ra) = G(ra—)} =0 if 1=
Define

p1(2) =

SD(Z) . Z_M an N = () Z_M
L0 [T 286w o) =) - [ Zaci
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Then, these functions fulfill the unbiasedness conditions (3.2) and (3.3).

PROOF. Forany 0 < z <,

/OZ_ wo(y)dG(y)=/0z_7(y)dG /0 {/ GZ }dG( )

By adding both sides, we can see that (3.2) is satisfied. By the same calculation,
we get

TG
| culiGn) = (e (Gire) — Gre-).
From assumption (3.5), this becomes zero if ¢ = 7. O

For any v with (3.4), assumption (3.5) is always fulfilled if G does not have
a jump at 7. Thus, when G is continuous, assumption (3.5) is unnecessary.

Substituting ¢; and ¢o of Proposition 3 into (3.1), we obtain a class of
unbiased estimators

Zi—
(36) Uny —n—lz{ Ha-anz) - [ Z0acwm).

The first term is nothing but the simple unbiased estimator Sp,(G), and its
expectation is . Expectation of the remainder is zero since expectations of the
second and the third terms are the same. Thus, the estimator U, (v; G) can be
interpreted as

simple unbiased estimator + mean-zero variate.

If we set v = 0, which always fulfills (3.4) and (3.5), then U, (0; G) = Son(G).

In the previous section, we have seen that the KM integral is obtained by
plugging Gy, into So,(G), i.e., Son(Gyr) = [ pdF,. This can be also expressed as
Un(0; Gp) = [ @dF,. 1t is generalized as follows.

PROPOSITION 4. For any v, Un(v; Gp) = [ pdFE,.
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PROOF. Since n~! Yoy 6:0(Z3))Gn(Zi—) = [ @dF,, we have

(3.7) Ui Go) = [ By n7 Y (1= 62(2)

i=1

n Zi—

I / () 4G (1),
izl 0 Gn(y) ( )

By Proposition 1, the second term of (3.7) is
i = (1= 8)Fo(Z)y(Zi _
nt Z(l —0)v(Z) =n"t Z ( ;_, ((Z))W ) = /Fn’den.
i=1 ' AT

The third term of (3.7) is

n Zi— 00 n
> (—Z(z)dGn(y) —/0 {nlzf(y < Zz)} g(g)dGn(y)
i=1 n i=1 n
_ (T F W) -
=/ H,(y) ) dG, /andG

The last equality follows from H, = F,,G,. O

We are interested in an optimal choice of v in U, (y; G) in the sense that its
variance is minimized. Variance of U, (7y; G) and the optimal choice are given by
the next two propositions. In order to make the result brief, we assume that F
and G are continuous.

PROPOSITION 5. Assume that F' and G are continuous. Then, under (3.4),

T T 2
(3.8) /0 %d}?(az)<
and
(3.9) / " Pl (@) }2dG () < oo,

the variance of U, (7; G) is given by

n x Var[Uy(y / {ola }QdF {/0 oz }2
(3.10) +/0TF(:17){7(:U)}2dG(x)—2/ fc {/Tgo } d4G(z).
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Proor. Let

Vi(v:G) = 5, f;((?) (1= 8)(Z) - /Ozi %d(l(y), i=1... .n
Then, from (3.6), Uy (1;G) =n~ 1 Y1, Vi(1; G), and

n x Var[Up(v; G)] = Var[V;(v; G)] = E{Vi(y; G)}?] = {E[Vi(v; G)]}Y
(3.11) = E{Vi(%:; G)}?] — {/OT <P($)dF($)}2-

The second moment of V;(vy; G) is

E[{Vi(v; G)}?

]
~x [ {52} ([ éizw}]
(3.12)

—E["P / G ]—2E[1—6 Gz ]
The third term of (3.12) is calculated as
e[ o) | = [{ dbacio ([ 20hacun)]

/ {/ 0 )Z; )dG(y)}dH(z)
Bl

(v)
z)v(y)
_ /0 /O (V) G G746 @G w)
o [T 1w < i 2ENW)
_2/0 /0 I( <y)H(y)C—;(x)C—;(y)dG( )dG(y)
T Yy T
=2 F(y)v(y){ ; o )dG(x)}dG(y)

+E|(1=8){1(2)Y] +E

Thus, the third term and the fifth term of (3.12) are canceled. The first term is
fo {@(x } dF (z), the second term is [ F(z){7(x)}?dG(z), and the fourth term

is 2f {f ¢(t)dF(t)} dG(z). The result follows from (3.11). O

PROPOSITION 6. Assume F' and G are continuous. Define a function vopt
on [0,7] by

(3.13) () = (@)} [ "o (t)dE(t)
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Then, for any v with (3.4), (3.8) and (3.9), it holds that

Var(Un(7: G)] 2 Var{Un (op; G)).
PrROOF. From (3.10),
n Var[Uy,(v; G)] = /0 ' %dﬁ’(z) — /0 Tso(w)dF(m>}2
+ [ Ft@Pice -2 [ Fanahm()ice)

:/OT

_/ F(x){Yopt(7) }2dG(z) + /T F(x){v(x) — Yopt(z) }?dG ()
0 0

p(x)} By 2
b arw) - { [ wware)

= VU Gepis G + | F(@){(0) = 2o (@)} G 2.
The last term is nonnegative. O

The function vop¢ defined by (3.13) is an optimal choice of v in the class of
unbiased estimators U, (y;G). From Theorem 1.1 of Stute (1995), we can see
that

Un (Yot G) = / odFy + 0p(nY2).

Thus, the optimal unbiased estimator Uy, (Yopt; G) is asymptotically equivalent
to the KM integral. This is natural because the KM integral is a maximum
likelihood estimator and it is asymptotically efficient as has been shown by Schick
et al. (1988).

At the last of the previous section, it has been stated that the simple un-
biased estimator So,(G) = Up(0;G) has asymptotically larger variance than
the KM integral. This is reconfirmed by Proposition 6 since Var[U,(0;G)] >
Var[Uy, (Yopt; G)] and the KM integral is asymptotically equivalent to the optimal
unbiased estimator Uy (Yopt; G).

From Proposition 4, it can be seen that Uy (vYopt; Gn) = fcden. Thus, it
should be considered that the KM integral is a plug-in of G,, not into Sp,(G) =
Un(0; G) but into Up(Yopt; G). If we regard the KM integral as a plug-in of G,,
into Son(G) = Uyp(0; G), then the plug-in results in a decrease in variance. This
is unnatural. It is intuitively natural that the KM integral is a plug-in of G,
into Uy (Yopt; G) and the plug-in asymptotically does not have any influence on
variance, since (G, is consistent to G. It, however, causes a bias in the case of
finite samples.

When G is known, it seems reasonable to suppose that Uy, (Yopt; G) is better
than the KM integral because U, (Yopt; G) is unbiased and both estimators are
asymptotically equivalent. However, the optimal function 7yt defined by (3.13)
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depends on the unknown F', and hence v,pt is unknown. This is an important
problem practically.

One approach to solving this problem may be to estimate vopt. However,
this is putting the cart before the horse. Since

rope (0) = {F(0)} ! /0 " (t)dF(t) = /0 " o(B)dF(t) = 0,

if yopt(z) can be appropriately estimated by a function op¢(x), we can imme-
diately obtain an estimate of by Jopt(0). Moreover, if the estimated optimal
function 4,p; depends on the data, then Un(%pt; G) is not necessarily unbiased.

Thus, it is important to choose a suitable 7 so that the variance of U, (v; G)
does not increase greatly compared with 7,p¢, and the choice must be independent
of the data.

If there is no censorship at all, i.e., §; = 1 and Z; = X; for all 4, then the
KM integral reduces to n=t > | »(X;), which is an expectation of p(X) with
respect to the empirical distribution of X;’s. On the other hand, in this case,
Un(7; G) reduces to

It is natural to expect that this is also in agreement with n=1 Y% | ¢(X;) under
no censorship.

PROPOSITION 7. Assume that G is continuous and its density g is positive
on (0,7) and that ¢ is differentiable on (0,7). Define, for z € (0,7),

Then, for any 0 <z < T,
o(r) T 3(y) B
(3.15) G(z) —/0 @dG(y) = ¢(z).

Hence, Uy, (7; G) reduces to n™1 Y | o(X;) when there is no censorship at all.

PROOF. Substituting (3.14) into the integral in (3.15), we have

T ~

() ‘() T Gly) dely)
G100 = || G+ [ G
[T el) G(z) [T ely)
= | Gpiew+ Gime@ — [ e

_ ¢(z)
= —p(x) + G
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We shall now carefully examine the difference between ~y,p; and 5. Assume
that F' is continuous and that its hazard function Ag is positive on (0, 7). Let
Yopt = GYopt- Then, for z € (0,7),

Fehi(s) = [ F@)e@he(ade
z
Differentiating this, we obtain the expression

(3.16) Yopt (2) = 7§zi;) - GL) {ap(z) +

1 d’Y;pt(Z) }
Ap(2)  dz '

On the other hand, 74 defined by (3.14) can be written as

LG dele)
)= 35 {w( )+ o 2o }

where A\¢ = ¢g/G. From (3.16), we can see that Yopt(z) is determined by two
unknown functions, dvy,./dz and Ar, except for the known functions ¢ and G.
In 4, these unknown functions are replaced by known functions dy/dz and Ag/G,
respectively.

First we shall concentrate on the replacement of dvg /dz by dyp/dz. We can
write as

Yopt(2) = E[p(X) | X > 2] = F()/F(2).

If 7 = 7p (i.e., 7r < 7) and the lifetime X has a property of lack of memory as
Elp(X) | X > z] = ¢(z) + constant,

then dv3,/dz = dp/dz. Although the lack of memory does not hold in general,
it seems reasonable to replace dvg,/dz by dp/dz since the lifetime distribution
is completely unknown.

Next we consider replacement of Ap. Let

Ag(2)

q(z):Pr{5:1|Z:z}:m,

which has been called a censoring pattern function by Suzukawa and Taneichi
(2000). Then, A can be expressed as

_1-4q(2)
q(2)

In this expression, Ag is known, but the censoring pattern function ¢ is unknown.
Thus, we have to consider with what kind of function ¢ should be replaced.

In 4, ¢ is replaced by G/(14+@G), which is increasing and not greater than 1/2.
Thus, this replacement may have validity when the censoring pattern is increasing
with observable time and censoring is not so heavy (censoring proportion being

Ar(2) Aa(2).
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less than 1/2). However, there is no necessity of replacing ¢ by G/(1+G). It must
be noted that this replacement excludes important cases in which the censoring
pattern is constant (i.e., ¢(z) is independent of z).

We consider replacement of g by a constant. The censoring pattern function
q is constant if and only if hazards Ap(z) and Ag(z) are proportional as

Aa(2)/Ap(z) =

where o > 0 is a constant. Substituting this and dv;,(2)/dz = dy(z)/dz into
(3.16), we obtain the function

(3.17) S(2) = {90(2) n

G(2) mhr } '

Ag(z) dz

In the following section, unbiased estimators U, (0; G), U, (7; G) and Uy, (Y4; G)
in the case of estimation of mean lifetimes, i.e., p(x) = z, are compared.

4. Estimation of mean lifetimes

In this section, the case where censoring distribution is known and it is an
exponential distribution with hazard A > 0, i.e., G(y) = exp(—\y), is considered.
The purpose here is to estimate the mean lifetime p = [ xdF(z).

The simple unbiased estimator of p is given by

MOn_U(OG—n_lzéZ/G —1252&2
=1

Substituting ¢(z) = z and G(y) = exp(—\y) into (3.14) and (3.17), we have
Fz) ={z4+ A1 —e™)eM  and  Fu(z) = (2 4+ axHeM

Using these functions as v, we obtain unbiased estimators
n
fin = Un(3;G) =n~! Z {Zi F (1= 8N - 1)} and

fin(0) = Un(7a; G) = 12{ 1 a6)eM 4 A a - 1)}

The main concern is to compare estimators fion, fn and f,(«). It is noted
that fip, and fi,, are unique, but fi,(«) depends on the choice of the constant
a > 0.

In order to evaluate variances of these unbiased estimators, it is assumed that
the lifetime distribution is exponential with hazard one; F(z) = e~®. Under this
assumption, a true value of u is one, and expectations of above three estimators
are one.
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From (3.13), the optimal ~ is given by yopt(2) = (2 + 1)e**. The optimal
unbiased estimator is given by

ﬂn,opt = Un(’)/optS G) =n! Z {A_l(l — )\(5@)6)\Zi + )\_1(A — 1)} .
=1

We can see that fin(A) = fin,opt- The optimal choice of the constant « in fin (o)
is A

The condition (3.8) for existence of variance is fooo 22eP=D%dy < oo, which is
equivalent to A < 1. For 7,4, and vop defined above, condition (3.9) is satisfied
if A < 1. Thus, if A < 1, variances of all estimators can be obtained by (3.10).
Let ¢ = Pr{d; = 0} (proportion of censoring), then ¢ = A/(1 + X). Thus, the
condition A < 1 is equivalent to ¢ < 1/2 (censoring proportion less than 1/2).
We say that censoring is heavy when ¢ is near 1/2 (i.e., A is near one) and is
light when ¢ is near zero (i.e., A is near zero).

Under A < 1, variances of the unbiased estimators are given by

(4.1)
n x Varlign] =21 —=A) 3 =1, nx Var[i,] = (1 =N+ A1+ N1
n x Var[fi,(a)] = (1 = A) " {1+ (= N)?/A}, 1 x Var[finop) = (1 —A) 7
It holds that for any 0 < A < 1
Var(fin opt) < Var[ii,] < Var[fion].

Thus, the estimator i, improves the simple estimator fip,. Figure 2 shows vari-
ances of these estimators. The degree of improvement is so remarkable that
censoring becomes heavy. This fact can also be seen from

light-censoring comparison:

Varlji Varljz
(12) tim VOl g Yrlon]
a\0 Var[,un,opt] a\o Var[ﬂn,opt]
heavy-censoring comparison:
Var|/i Var|[i
(4.3) t Vel gy, Vel
q,71/2 Var(fin opt] q,/1/2 Var|fin opt]

On the other hand, fi,(«) does not always improve fig,. We are interested
in the choice of « such that fi,(«) improves fip,. At least, the optimal choice
a = X improves it. It can be easily seen that

2\
Var[fi,(a)] < Var[fign] © 0 < a < A+ \/m A2 -2\,

Figure 3 shows the region of (A, «) in which f,(«) improves fig,. This region
is under the boundary curve. The optimal choice &« = A is in this region. For
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nxVa‘lﬁmOmJ

0.1 0.2 0.3 0.4

Figure 2. Variances of unbiased estimators fion, fin and fin,opt.

example, if A = 1/2 (i.e., censoring proportion ¢ = 1/3), then Var[a,(a)] <
Var[fion] for 0 < a < 2.30. From this figure, it can be seen that if censoring is
heavy (A is near one), fi, () improves fig, for any choice of a. On the other hand,
when censoring is light, there is no improvement for almost all . An interesting
choice of « is @ = 0, which always improves fig,. The estimator is

fin(0) =n~t Zn: {)\_l(eAZi - 1)} )
=1

and its variance is given by n x Var[f,(0)] = (1 + X)/(1 = A).
We are also interested in whether fi,(«) improves fi,. At least, the optimal
choice v = X improves fi,, since fin () = finopt- We can see that

Var[fi,(a)] < Var[i,] < A (1 — i—i) <a <A (1 + \/i—i) )

Figure 4 shows the region of (), «) in which i, («) improves fi,,. This region is the
inner part of the boundary curve, and the optimal choice e = A is in this region.
In the neighborhood of the optimal line a = A, fi,,(«) has smaller variance than
fin. For example, if A = 1/2, then the optimal « is 1/2 and Var[f,(«)] < Var|fi,]
for 0.22 < a < 0.78. This figure also shows that Var[,(0)] > Var[i,] unless
A =0 (no censoring). Namely, fi,,(0) is inferior to fi,, though it improves figy,.

Figure 5 shows variances of unbiased estimators fi,,(1/2), fin and fi, opt. The
estimator fi,(1/2) attains an optimal value at ¢ = 1/3, and it improves fi,, in the
neighborhood of ¢ = 1/3. However, it has undesirable properties

i i =1+ (1/2)? > 1.
a\O0 Var(fi, opt] q,71/2 Var(fin opt] 1/2)
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5 Boundary
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Va[ﬂon] < Va[pn (a)]
3
2 varlfi, | > varlz, (@)]
1 -
'/'////”" Optimal
oo A
0.2 0.4 0.6 0.8 1

Boundary
1 varlz,] < varlz, (@) )
-
~
0.8 Phe
0.6 P ~ Optimdl
valz,] >valz, @)
0.4 -
- - g
0.2 P
P
_
- p
0.2 0.4 0.6 0.8 1

Figure 4. Region of (A, ) in which fin, () improves fir,.

The first property is a serious problem. Therefore, to use fi,(«), it is necessary
to choose « carefully. A natural estimator of ¢ is ¢ = 1 — Y | §;/n. It seems
reasonable to use an « that is near §/(1 — ¢). However, it must be noted that
fn(¢/(1 — §)) is not unbiased any longer.

Generally, [i, does not cause a great increase in variance compared with
finopt for all ¢ < 1/2. Moreover, from (4.2) and (4.3), we can say that it is
equivalent to fi, opt under both light-censoring and heavy-censoring conditions.

We shall investigate whether these unbiased estimators are more desirable
than the KM mean gXM = [ zdF,(z). We shall now examine the mean squared
errors (MSEs) of these estimators. For unbiased estimators, their MSEs are given
by their variances (4.1). The exact MSE of the KM mean has not been obtained
yet. It was investigated here by simulations.

Figure 6 shows MSEs of fiy,, finopt and (XM When n = 10 and censoring is
heavy, kM has a smaller MSE than fi,, and finopt- In this case, AEM has a smaller
variance, though it has a bias. Generally, 4KXM has a smaller variance in the case
of small sample size. However, it has a negative bias. As the sample size becomes
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nxMSE n6><MSE

nxMSE " nxMSE " 100
6 6

Figure 6. Mean squared errors (MSEs) of mean lifetime estimators fin, fin,opt and ﬂEM

large, differences in variances become small, but the bias of XM still remains.
The reason for the larger MSE of 2XM in the case of n = 100 is that its bias still
remains. Although XM is asymptotically unbiased, its convergence is slow. It
also seems natural that XM is not greatly improved, since it is a nonparametric
maximum likelihood estimator. In many practical situations, sample size is not
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so large and the censoring proportion is between 0.1 and 0.4. In such situations,
not only XM but also ji,, may be taken into consideration.
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