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1 6 7
!""#$#$%&%"#$#$%&!''��8$%(())Æ*�+�'*,"

#(-.9�/0+�'-,"#(-�:'-�123�; [1−3], (<'4'"#$#�
8$%=>5?'67 [1−7], 8.9:�/(; $%!01(<"$%@2#=!>3$
?'@%(4A3&B563CDAE$%(7'()F*B&CD8'9:E'(; [4–6]
<=+,'-!""#$#$%')F*BCÆ>.:(='?)@/Æ0A6G-!""
#$#$% [3], BH=I87'F�$%')F*BC5;CDJK"E1FG2+7',
Hilbert 34:G-!""#$#$%'L5�8<)F*B(6D=7+GFG'!"8
M),9:'919'=HGNOH(FD!""#$#$%')F*B7':=D8'
2+;IC

JIKL(-.9�/0+�<<=P?>'CD((:Æ+�?J@KJ:(A.Q
MRL&?JBCCSMD'�;E'(FNQM)@E0A64N9�TU [3]

LC
∂2y(t, x)
∂t2

=
∂2y(t, x)
∂x2

+ b(x)u(t), (1.1)

* VFOG��ÆH (60674018) I��OJPPOG��ÆH (05KJD110058) QRQKW
RXLMY2007-01-31, RZS[XLMY2007-04-23.
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(: y(t, x) ∈ Rn 6-,U>(L,C ∈ Rn×n "76SC$#@-P'\QS(b(x) ∈ Rn, u(t)
&#IK#CV\A)QS LC &RW'(]"=4N'^I@_IXS

y(0, x) = F0(x),
∂y

∂t

∣∣∣∣
t=0

= F1(x), y(t, 0) = 0, y(t, l) = 0. (1.2)

TA$% (1.1) &'`RW'TY"TU(U$% (1.1) &'`Z[\RW�8$% (R
W"#$#$%), I](/D Hilbert 34:a@'>UTUV0AC^>_(` H Na*

'EE' Hilbert 34(bP

y(t) ∈ H, Ey(t)(x) = LCy(t, x), Ay(t)(x) =
∂2y(t, x)
∂x2

,

y(t)(x) = y(t, x), bu(t) = b(x)u(t),

V A &'`+GFG( E &'`=7+GFG( b ∈ H , A&EP4N Hilbert 34:G-
!""#$#�8$% ⎧⎨

⎩
Eẍ = Ax+ bu(t),

x(0) = x0, ẋ(0) = x1.
(1.3)

`L5�86
u(t) = 〈Eẋ, g〉, (1.4)

(: g ∈ H, g �= 0, 〈·, ·〉 Na H :'WXCY (1.4) bc (1.3) EP4N!"cZ�8$%⎧⎨
⎩
Eẍ = Gẋ+ Ax,

x(0) = x0, ẋ(0) = x1,
(1.5)

(: Gẋ = 〈Eẋ, g〉b. cZ$% (1.5) dC'!"eWTU6
λ2Ex = λGx+Ax. (1.6)

[ σp = {λ : dÆ x ∈ H " x �= 0 bP λ2Ex = λGx +Ax
}
NacZ$% (1.5) '=[)

FC

DA\'*#] {λi}i∈J , J = {±1,±2, · · ·}, $% (1.5) ')F*B9:&e&fdÆ
g ∈ H , bPDAXfMg'Yg b ∈ H = σp = {λi}i∈J .

]N E∗ Na E 'QZFG( σp(E,A) = {λ : dÆ x ∈ H " x �= 0 bP λEx = Ax, U

λ & E @ A '=[!"eWI } Na E @ A 'I==[!"eWI']�h ρ(E,A) =
{α : (αE −A) 6[VFG }; D α ∈ ρ(E,A), R(λE,A) = (αE −A)−1; I Na H _'^3F

GC

2 \]^6_
`a 2.1 ` A &c'ig+GFG"dÆ A

1
2 ; E &=7+GFG( E = E2 "

EA
1
2 = A

1
2E; E @ A  ==[!"eWI {λk}∞1 , "_' λk &jD'( ϕk &dC'!"
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eWU>(U λkE0ϕk = A0ϕk; {ψk}∞1 Nabb λkE
∗ψk = A∗ψk (k = 1, 2, · · ·) ' E∗ @ A∗

'!"eWU>chI=R']�"=R H :''`ZXSd'G](]"

〈Eϕk, ψl〉 =

{
1, k = l,

0, k �= l,
k, l = 1, 2, · · · .

`

E1 =

(
I O

O E

)
, A1 =

(
O A

1
2

A
1
2 O

)
, G1 =

(
O O

O G

)
,

y =

(
y1

y2

)
, y1 = A

1
2 x, y2 = ẋ,

T (1.5) EP ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

E1ẏ = (A1 +G1)y,

y0 =

(
A

1
2x0

x1

)
,

(2.1)

cZ$% (2.1) dC'!"eWTU6
λE1y = (A1 +G1)y, (2.2)

4n (λ, x) &TU (1.6) '9(V (λ, y) &TU (2.2) '9((: y =
( A

1
2x

λx

)
; LoV(

4n y =
( y1
y2

)
, y2 = λx, " (λ, y) &TU (2.2) '9(V (λ, x) &TU (1.6) '9("

y =
( A

1
2x

λx

)
. I]( σp = σp(E1, A1 +G1), "$% (1.5) ')F*B9:@ReDA\'*

#] {λi}i∈J , J = {±1,±2, · · ·}, &fdÆ g ∈ H , bPDAXfMg'Yg b ∈ H =
σp(E1, A1 +G1) = {λi}i∈J .

]Ng" 2.1, i2 2.1 1i2 2.2 e; [8].
cd 2.1 ` B(H) Na H _=7+GFGchIjR' Banach b#CD B ∈ B(H),

kdÆ B+ ∈ B(H), bP

BB+B = B, B+BB+ = B+, (B+B)∗ = B+B, (BB+)∗ = BB+,

V B+ p6=7+GFG B ''`!"8C

ef 2.1 k B+ dÆ(V B+ l'(" (B∗)+ mdÆ(bb (B+)∗ = (B∗)+.
ef 2.2 ` x, a ∈ H,B ∈ B(H), "dÆ B+. k Bx = a E9(VV96

x = B+a+ [I −B+B]c,

(: c & H :\'YC
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gfEhP4Ni2C
ef 2.3 k E @ A bbg` 2.1, " R = R(λ2E,A), V λ ∈ ρ(E1, A1) 'q"I8X

S& λ2 ∈ ρ(E,A), "

R(λE1, A1) = (λE1 −A1)−1 =

⎛
⎝ λER A

1
2R

A
1
2R λR

⎞
⎠ .

ef 2.4 k E @ A bbg` 2.1, " α2 �∈ σp(E,A), V α ∈ σp(E1, A1 +G1) 'q"I

8XS& 〈E1R(αE1, A1)b1, g1〉 = 1, (: b1 =
( 0
b

)
, g1 =

( 0
g

)
.

� k α ∈ σp(E1, A1 +G1), " ψ �= 0 bb αE1ψ = (A1 +G1)ψ, V
αE1ψ = A1ψ +G1ψ = A1ψ + 〈E1ψ, g1〉b1,

r< (αE1 −A1)ψ = 〈E1ψ, g1〉b1.
TA α2 �∈ σp(E,A), U α2 ∈ ρ(E,A), Ti2 2.3 EP α ∈ ρ(E1, A1), I]

ψ = (αE1 −A1)−1〈E1ψ, g1〉b1, (2.3)

THEP
〈E1ψ, g1〉 = 〈E1ψ, g1〉〈E1(αE1 −A1)−1b1, g1〉. (2.4)

Y (2.4) bc (2.3) EP

ψ = R(αE1, A1)〈E1ψ, g1〉〈E1R(αE1, A1)b1, g1〉b1 = 〈E1R(αE1, A1)b1, g1〉ψ,

TA ψ �= 0, I] 〈E1R(αE1, A1)b1, g1〉 = 1.
LoV(k 〈E1R(αE1, A1)b1, g1〉 = 1,Ti2 2.3EL α ∈ ρ(E1, A1). h ψ0 = R(αE1, A1)b1,

(: ψ0 �= 0, V
[αE1 − (A1 +G1)]ψ0

= (αE1 −A1)ψ0 − 〈E1ψ0, g1〉b1
= (αE1 −A1)R(αE1, A1)b1 − 〈E1R(αE1, A1)b1, g1〉b1
= 0,

r<= α ∈ σp(E1, A1 +G1).

3 ijkl^mn
cf 3.1 `$% (1.3) bbg` 2.1, E+ dÆCh

J = {±1,±2, · · · ,±n, · · ·} , µn =

⎧⎨
⎩

√
λn, n = 1, 2, · · · ,

−√
λn, n = −1,−2, · · · ,

λn = λ−n (n = −1,−2, · · ·), "
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1) dk = 1√
2
〈b, ψk〉 �= 0 (k = ±1,±2, · · ·), ψk = ψ−k (k = −1,−2, · · ·);

2) inf
i�=j

|λi − λj | ≥ δ > 0;

3) {αi}i∈J &bb αi �= αj(i �= j), αi �∈ σp(E1, A1) '\n'*#]("i#

∑
i∈J

∣∣∣∣∣ αi − µi

1√
2
〈b, ψi〉

∣∣∣∣∣
2

(3.1)

ojC

k ci = (µi − αi)
∏

j∈J,j �=i

(
αj−µi

µj−µi

)
(i ∈ J) bb ci = c−i (i ∈ J), VdÆ g ∈ H bP

{αi}i∈J = σp(E1, A1 +G1), " g =
∑
k∈J

−ck√
2dk

ψk + [I − (E∗)+E∗]a, (: a & H :\'YC
� h

ul =
1√
2

(
sgn(l)Eϕl

ϕl

)
, vl =

1√
2

(
sgn(l)E∗ψl

ψl

)
,

(: ϕl = ϕ−l, ψl = ψ−l. kUEhP
√
λlE1ul = A1ul,

√
λlE

∗
1vl = A∗

1vl, 〈E1ul, vk〉 =

{
1, l = k,

0, l �= k,

〈b1, vk〉 =
1√
2
〈b0, ψk〉 = dk,

(: {vk}k∈J & H ×H :\n*#=R'G]Ch

f(z) =
∏
i∈J

(
z − αi

z − µi

)
=
∏
i∈J

(
1 − µi − αi

z − µi

)
, (3.2)

B6i# (3.1) oj(BH f(z) &] µi 6j)F'psK#(" lim
z→∞

f(z)
z = 0, T*@K#

'2+EL( f(z) ENaR4N'jH

f(z) = f(0) +
∑
n∈J

cn

(
1

z − µn
+

1
µn

)
. (3.3)

k (3.3) H: z �∈ σp(E1, A1), " z → ∞, V 1 = f(0) +
∑

n∈J

cn

µn
.

T (3.3) HEP

f(z) = 1 +
∑
n∈J

cn
z − µn

. (3.4)

T (3.4) HEP

cn = (µn − αn)
∏

j∈J,j �=n

αj − µn

µj − µn
, n ∈ J,

(: αi & f(z) 'lFCT (3.3) HEP 1 =
∑

n∈J

−cn

αj−µn
(j ∈ J).
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h ∆i =
∏

j∈J,j �=i

(
αj−µi

µj−µi

)
(i ∈ J), V

|∆i| ≤
∏

j∈J,j �=i

(
1 +
∣∣∣∣αi − µj

µj − µi

∣∣∣∣
)

≤ exp

⎛
⎝ ∑

j∈J,j �=i

∣∣∣∣αi − µj

µi − µj

∣∣∣∣
⎞
⎠

≤ exp

⎡
⎣1
δ

∑
j∈J,j �=i

∣∣∣∣αi − µj

dj

∣∣∣∣ |dj |
⎤
⎦

≤ exp

⎡
⎢⎣1
δ

⎛
⎝ ∑

j∈J,j �=i

∣∣∣∣αi − µj

dj

∣∣∣∣
2
⎞
⎠

1
2
⎛
⎝ ∑

j∈J,j �=i

|dj |2
⎞
⎠

1
2
⎤
⎥⎦ ,

Tg2:XS 1) 1g` 2.1: {ψk}∞1 =R H :''`ZXSd'G](ELi# ∑
j∈J,j �=i

|dj |2

ojhTXS 3) Li# ∑
j∈J,j �=i

∣∣∣αi−µj

dj

∣∣∣2 oj(BH_H:'

exp

⎡
⎢⎣1
δ

⎛
⎝ ∑

j∈J,j �=i

∣∣∣∣αi − µj

dj

∣∣∣∣
2
⎞
⎠

1
2
⎛
⎝ ∑

j∈J,j �=i

|dj |2
⎞
⎠

1
2
⎤
⎥⎦

&'`=[\#([6 M , U= |∆i| ≤M < +∞ (i ∈ J), r<

∑
i∈J

∣∣∣∣ cidi

∣∣∣∣
2

=
∑
i∈J

∣∣∣∣µi − αi

di
∆i

∣∣∣∣
2

≤M2
∑
i∈J

∣∣∣∣µi − αi

di

∣∣∣∣
2

. (3.5)

T (3.5) ELi# ∑
i∈J

∣∣∣ ci

di

∣∣∣2 oj(BH g1 =
∑
i∈J

−ci

di
vi + [I1 − (E∗

1 )+E∗
1 ]a1 & H ×H :'

Y((: a1 & H ×H :\'Y("

〈E1R(αjE1, A1)b1, g1〉 =
∑
i∈J

−ci
di

〈R(αjE1, A1)b1, E∗
1vi〉

=
∑
i∈J

−ci
di(αj − µi)

〈R(αjE1, A1)b1, (αjE
∗
1 −A∗

1)vi〉

=
∑
i∈J

−ci
di(αj − µi)

〈b1, vi〉

=
∑
i∈J

−ci
di(αj − µi)

〈( 0

b0

)
,

1√
2

(
sgn(i)Eψi

ψi

)〉

=
1√
2

∑
i∈J

−ci
di(αj − µi)

〈b0, ψi〉

=
∑
i∈J

−ci
αj − µi

= 1.
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Ti2 2.4 EP αi ∈ σp(E1, A1 +G1), r< {αi}i∈J ⊂ σp(E1, A1 +G1).
<; [6] :'htd�q(rCEhP {αi}i∈J ⊃ σp(E1, A1 +G1), I]

{αi}i∈J = σp(E1, A1 +G1).

T ci = c−i (i ∈ J), rC=

g1 =

⎛
⎜⎝

0

∑
i∈J

−ci√
2di
ψi + [I − (E∗)+E∗]a

⎞
⎟⎠ ,

BH

g =
∑
i∈J

−ci√
2di

ψi + [I − (E∗)+E∗]a,

(: a & H :\'YC

4 k o
5;CDJK"E1FG2+=+, Hilbert 34:G-!""#$#$%'L5�8

<)F*B(6D=7+GFG'!"8M),9:'919'=HGNOH(FD!""
#$#$%'L5�8@)F*B7':=D8'2+;IC
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FEEDBACK CONTROL AND POLE ASSIGNMENT

OF THE SECOND ORDER SINGULAR DISTRIBUTED

PARAMETER CONTROL SYSTEMS IN HILBERT SPACE

LIU Feng

(Department of Basic Courses, Jiangsu Teachers University of Technology, Changzhou 213001)

GE Zhaoqiang

(Department of Applied Mathematics, Xi’an Jiaotong University, Xi’an 710049)

Abstract Feedback control and pole assignment problems of the second order singular
distributed parameter control systems were discussed via the method of functional analysis
and operator theory in Hilbert space. The suitable state feedback makes it possible to as-
sign infinitely many poles of the closed loop system. The constructive expression of the pole
assignment is given by the generalized inverse of bounded linear operator. This research is the-
oretically important for studying the pole assignment of singular distributed parameter control
systems.

Key words The second order singular distributed parameter control systems, feedback
control, pole assignment, Hilbert space.


