Generating functions and special functions
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Abstract. In this paper we introduce the general form of generating func-
tions. By using the generating function we obtain the terms of different
polynomials. Also we calculate the n-th term a,, of the polynomial.

M.S.C. 2000: 26C05, 12D05.
Key words: generating function, polynomial, differential equation, special function.

1 Introduction

In solving many problems of theoretical and mathematical physics one is led to use
various special functions. Such problems arise, for example, in connection with heat
conduction, the interaction between radiation and matter, the propagation of electro-
magnetic or acoustic waves, the theory of nuclear reactors, and the internal structure
of stars. In practice, special functions usually arise as solutions of the following dif-
ferential equations [1-5],

(1.1) U () + 29 () 4

(z A(z)
o()

2(2) U(x)=0
where o(z) and A(z) are polynomials of the degree at the most 2, and 7(x) is poly-
nomial of degree at the most 1.

Among the solutions of equations of the form (1.1), there are several classes of
special functions: the classical orthogonal polynomials (Jacobi, Laguerre, Hermite),
Spherical harmonics, Bessel and Hypergeometric functions. These are often refferred
to as the special functions in mathematical physics. So the natural approach for
mathematical physics is to deduce the properties of the functions directly from the
differential equations. But here we will try to deduce the properties of the special
functions from Generating function. For this reason we have developed a method
which makes it possible to present the theory of special functions , starting from
general form of Generating functions.

2 Generating functions

Here we try to introduce the general form of generating function. Also we obtain the
polynomial functions and their coeffients which is important in structure of special
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functions. .
(2.1) G(z,t) = Fu(2)t",
n=0

where G(z,t) and F,(z) are generating and polynomial functions respectively.
From Tylor expansion we have following expression for G(z, t)

(2.2) Gz, t) =) LGt

In order to obtain the F),(x) using equation (2.2) in (2.1) so we arrive at

1 9"G(z,t)

(2.3) Fale) = =50

It=0

where equation (2.3) is general form for obtainning the different polynomial.
The next step here is to obtain the coefficents of a,,, which are important in special
function. We rewrite the polynomial F,(x) as follows:

(2.4) Fo(z) =) ana"
n=0

also we have

(2.5) Fo(z)=Y_ %’:W;T’fﬂ.
n=0

Finally from equation (2.2) and (2.4) we obtain following expression;

20) o LG 1R
’ " nl2 0znott a=0.t=0) n!  Or"  (a=0)

3 Various special functions

As mentioned in Refs. [1,4], the generating function corresponding to the Legendre
polynomial is,

(3.1) Gla,t) = ﬁ =S P,

where P, (z) is Legendrre polynomial.
Now in order to extract the Legendre polynomial, we use the equation (2.3) and
we get:

P0($) =1
oG

Pi(z) = E\t=o =2z
102G 1

PQ(Z’) = 5W|t:0: 5(3$2—1)
103G 1 .

Pg(l‘) = gﬁhzo = 5(15$3 — 956)
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1 9'G 1 4 5
1 0°G 1 5 3
(3.2) Pi(e) = %o = =(0450° — 10502% 4 225)

And also in order to obtain the general coeffients of Legender polynomial we have to
use the equation (2.6) to have:

apg = 1

1 9*G _

“T an2ezor
1 oG 3
“2 T 2n2a2ar 2
1 G 5
ST B2t 2
1 G 3
NPT Py
1 9% 63
(3:3) 5 = B osor 10

Generally using the relation (7), concludes the following expression,

(3.4) ap, = 23:};2

In the second example we discuss the Chebyshev polynomial. In this case we have
two types of polynomials, where the first one is
t(x—1)
3.5 Gi(z,t) = ————
(35) 1) = e

Similiar to the previous case, here also use the equation (2.3) to have:

To(z) = 1

T (x) = %%hzo =z

To(z) = %%hzo =222 -1

T3(xz) = %%h:o = 42® — 3z
(3.6) Ty(z) = %%hzo =82* — 8% +1

Now using the equation (2.6) for this Chebyshev polynomial we shall obtain the
following expressions;

apg = 1
1 0%Gy

a; = =

(112 9z0t
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(3.7)

az

as

Gy

as

1 0*Gy

(21)2 92202

1 0%G;

(312 923083

1 098Gy

(42 9z%0tt —

1 01%G;

(512 925085
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These results imply that the coefficents a,, for the first type of Chebyshev polynomial

become as:

and

The generating function for the second type of Chebyshev polynomial is

(3.8)

in this case also we have;

(3.9)

Uo ()
Ul(ZL')

UQ(IL’)
Us()

U4(3;‘)

and the coefficents are:

(3.10)

1
=1
B l3G11| _o
T
= i gp o=l
1 9*G
= ITf\t:ozmx‘l—mxz—kl
apg = 1
v - L *Grr
LToan? azot
v - 84011_4
2T (@N2oxtorr
v — L 0°Gu g
ST (31200808
1 3Gy
= 77:1
“ @2 ozt~ 10
1 10
as = 0" G =32,

Ay = 2

a, =1

(51)2 950t5

n—1 77/21

n=>0
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here also the general coeffiecent can be drawn easily as a,, = 2".

The third example is Laguerre polynomial, where its generating function is;

eil% > n
(3.11) Glat) = T f;Ln(x)t

L0($> =1
190G
Ll(l‘) = ﬂalt:o:l_l‘
1 0%G 1, 5
LQ(Z‘) = aﬁhzozi(x —437—1—2)
193G 1 3 9
1 9*G 1, 5 9
Ly(z) = Iﬁhzo = ﬂ(x — 162° + 722" — 96x + 24)
1 0°G 1
12 = —7_:7_5 2 4_2 3 2 12
(3.12)L5(x) s lt=0 120( 2% + 252% — 2002 + 6002 — 600z + 120)
and
apg = 1
1 9°G .
T ANz oot
190G
“2 T en2as2ee
N S
BT (312023083
198G
“OTan? agtart T
1 9'G
(313) as = (5')2 a$5at5 = —
These results also imply that
an = (—1)"

Also for the case of associated Laguerre, we have
xt

(3.14) Gla,t) = ﬁ =5 LE@)n.
n=0

We use also equations (2.3) and (2.6) one can obtain
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Li(x) =
L1 (l’)k =

i) =

i) -

Z (O

(3.15)

and

(3.16)

so we have a,, =

1
10G

a0~

1 902G
21 9t2 =0 =
1 903G
31 03 l1=0

—r+k+1

1

2:c —(k+2)x+ = (k+1)(k+2)

1
= 6[—:153 + Bk +9)2? — (3(k+1)* + 9%k + 15)x

+2k 4+ 24 (k+1)> + 3(k + 1)?]

1 0*G

1 g =0 =
—(4(k+1)°
+(k+1)* +

ao

ai
az
as
Q4

as

_1)77,

n!

1
41[

+ 24(k 4 1)* + 44k + 68)z

6(k +1)° + 6k + 6 + 11(k + 1)?]

Il
—

(312 92303~ 3!
1 908G 1
(42 aztott — 4!
1 o%¢ -1
(512 0x50t5 B!

xt — (16 + 4k) x> + (30k + 66 + 6(k + 1)?)z?
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The fourth example is Hermite Polynomial where its generating function will be:

(3.17)

G(z,t)

t) e2to— t2 ZH

Here the same proccess is applied, and also we have

(3.18)

L,

%%hzo—?%

558 im0 = 222 -2,

128 o =8a% — 12z,
LG = 162" — 4822 + 12,

Q
Gl
Q

li=0 = 322° — 16023 + 120z

S
Q)
g

oy
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and
an = 1 a1 = 1 9°G _ 2
o=1, \ 1= e 20t —
1 otG _ 1 9°G
(3.19) az = WW =4, a3= (32 dz3085 — 8
1 0°G 1 907G
as = oz geigmr = 16, a5 = =32,

(51)2 9z50t5
and finally we have a,, = 2".
Note that the proccess may be easily applied for the case of Jacobi and Gegenbauer

(Ultra Spherical) polynomials, though the application for the Bessel polynomial may
be cumbersome.

References

[1] G. Szegd, Orthogonal Polynomials, American Mathematical Society Colloquium
Publications, Volume XXIII, 1939.

[2] M.A. Jafarizadeh and H. Fakhri, Supersymmetry and shape invariance differential
equations of mathematical physics, Phys. Lett. A 230 (1997), 164 - 470.

[3] M.A. Jafarizadeh and H. Fakhri, Parasupersymmetry and shape invariance in dif-
ferential equations of mathematical physics and quantum mechanics, Ann. Phys.
(N.Y.) 262 (1998), 260-276.

[4] A.F. Nikiforov and V.B. Uvarov, Special Functions of Mathematical Physics: A
Unified Introduction with Applications, Birkhduser, 1988.

[5] H. Fakhri and J. Sadeghi, Supersymmetry approaches to the bound states of the
generalized woods - sazxon potential, Mod. Phys. Lett. A 19 (2004), 615-625.

Authors’ addresses:

J. Sadeghi

Institute for Studies in Theoretical Physics and Mathematics (IPM),
P .O .Box 19395-5531, Tehran, Iran.

Faculty of Basic Sciences , Departments of Physics and Statistics,
Mazandaran University, P .O .Box 47415-416, Babolsar, Iran.

email: pouriya@ipm.ir

A. Amani
Sciences Faculty, Department of Physics, Ayattolah Amoli , Azad University,
P .0 .Box 678, Amol, Iran.

A. Pourdarvish

Faculty of Basic Sciences , Departments of Physics and Statistics,
Mazandaran University, P .O .Box 47415-416, Babolsar, Iran.
email: a.pourdarvish@umz.ac.ir



