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Abstract. In this study, we find the necessary conditions in order that
a special class of generalized quasi-Einstein manifolds to be pseudo Ricci-
symmetric and R-harmonic. We also consider these type manifolds with
cyclic parallel Ricci tensor.
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1 Introduction

A non-flat Riemannian manifold (M™, g), n = dim M > 3, is said to be an Einstein if
the condition S = ¢ is fulfilled on M", where S and  denote the Ricci tensor and
the scalar curvature of (M™, g) respectively.

A non-flat Riemannian manifold (M™, g), n > 3, is defined to be quasi-Einstein if
its Ricci tensor S is not identically zero and satisfies the condition

S(X,Y) = ag(X,Y) + bA(X)A(Y),

where a, b are scalars of which b # 0 and A is non-zero 1-form such that g(X,U) =
A(X) for every vector field X and U is a unit vector field.

In [2], [3], [4] and [8], the authors studied quasi-Einstein manifolds and gave some
examples of quasi-Einstein manifolds. In [6] and [7], quasi-Einstein hypersurfaces
in semi-Euclidean spaces and semi-Riemannian space forms were considered, respec-
tively.

A non-flat Riemannian manifold (M™,g), n > 3, is called generalized quasi-
Einstein if its Ricci tensor S is non-zero and satisfies the condition

(1.1) S(X,Y) = ag(X,Y) + bA(X)A(Y) + cB(X)B(Y),

where a, b, ¢ are certain non-zero scalars and A, B are two non-zero 1-forms defined
by

(1.2) 9(X,U) = A(X) , g(X,V) = B(X)
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and the unit vector fields U and V' are orthogonal, i.e., g(U, V') = 0. The vector fields
U and V are called the generators of the manifold. If ¢ = 0 then the manifold reduces
to a quasi-Einstein manifold (see [5] ).

In [5], U. C. De and G. C. Ghosh studied generalized quasi-Einstein manifolds and
as an example they showed that a 2-quasi-umbilical hypersurface of the Euclidean
space is generalized quasi-Einstein.

In this study, we consider a special class of generalized quasi-Einstein manifolds
such that the generators U and V are parallel vector fields.

2 Preliminaries

A non-flat Riemannian manifold (M™,g) is called pseudo-Ricci symmetric (see [1])
and R-harmonic (see [9]) if the Ricci tensor S of M™ satisfy the following conditions

(2.1) (VxS)(Y,Z) =2a(X)S(Y,Z) + a(Y)S(X,Z) + a(2)S(X,Y)
and
(2:2) (Vx9)(Y,Z) = (Vz9)(X,Y),

respectively, where « is a one form, X,Y,Z are vector fields on M™ and V is the
Levi-Civita connection of M™.

3 Main Results

In this section, we consider generalized quasi-Einstein manifolds under the condition
that U and V' are parallel vector fields.

Suppose that M™ is a generalized quasi-Einstein manifold and the vector fields U
and V are parallel. Then VxU = 0 and VxV = 0, which implies R(X,Y)U = 0
and R(X,Y)V = 0. Hence contracting these equations with respect to Y we see that
S(X,U)=0and S(X,V)=0. So from (1.1)

S(X,U) = (a+b)A(X) =0

and
S(X,V)=(a+¢)B(X) =0,

which implies that @ = —b = —c. Then the equation (1.1) turns the form
(3.1) S(X,Y) = a(g(X,Y) - A(X)A(Y) — BX)B(Y)).

(for more details see [5]). On the other hand, it is well-known that

(3.2) (VxS)(Y,Z)=VxS(Y,Z)—S(VxY,Z)—S(Y,VxZ).

Since M™ is a generalized quasi-Einstein manifold, by the use of (3.1) and (3.2) we
can write

(3-3) (Vx (Y, 2) = Xla] (9(Y, Z2) — A(Y)A(Z) - B(Y)B(Z2)),
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where X[a] denotes the derivative of a with respect to the vector field X. Since M™
is pseudo Ricci-symmetric, by the use of (2.1) and (3.3), we can write

Xla] (9(Y; 2) - A(Y)A(Z) — B(Y)B(2))
= 2aa(X) (9(Y, Z) = A(Y)A(Z) - B(Y)B
+aa(Y) (9(X, Z) — A(X)A(Z) — B(X)B(
+aa(Z) (9(X,Y) = A(X)A(Y) — B(X)B(

(Z))
7))
Y)).

(3.4)

Taking X = U and X =V in (3.4) we find

(3.5) Ula] = 2aa(U)
and

(3.6) Vlia] = 2ac(V),
respectively.

Putting Z =U and Z =V in (3.4) we have

(3.7) aU)=0
and
(3.8) a(V) =0,

which implies a is constant along the vector fields U and V.
Hence we can state the following theorem:

Theorem 3.1. Let M™ be a generalized quasi-FEinstein manifold under the condition
that U, V are parallel vector fields. If M™ is pseudo Ricci-symmetric then the scalar
function a is constant along the vector fields U and V.

Assume that M™ is a R-harmonic generalized quasi-Einstein manifold. If U and
V are parallel vector fields then from (2.2) and (3.3) we have

(VxS)(Y, 2) = (Vz9)(X,Y)
(3.9) = X[a] (9(Y, Z2) = A(Y)A(Z) — B(Y)B(2))
—Z[a] (9(X,Y) = A(X)A(Y) = B(X)B(Y)) = 0.

Then taking X = U and X =V in (3.9) we find
Ula] =0 and Via] =

respectively, which implies that a is constant along the vector fields U and V.
So we have proved the following theorem:

Theorem 3.2. Let M™ be a generalized quasi-Einstein manifold under the condition
that U, V are parallel vector fields. If M™ is R-harmonic then the scalar function a
s constant along the vector fields U and V.
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Now assume that M™ has cyclic parallel Ricci tensor. Then
(3.10) (VxS)(Y. 2) + (VyS)(X, Z) + (V25)(X.Y) = 0,

holds on M™. If M™ is a generalized quasi-Einstein manifold under the condition that
U and V are parallel vector fields then from (3.10) and (3.3) we get

(3.11) 0 = Xla(g(Y.2) - A(Y)A(Z) — B(Y)B(Z))
+Y[d(9(X, 2) = A(X)A(2) — B(X)B(Z))
+Z[a)(9(X,Y) — A(X)A(Y) — B(X)B(Y).

Taking X = U in (3.11) we have Ula] = 0. Putting X =V in (3.11) we find V]a] = 0.
So we have the following theorem:

Theorem 3.3. Let M™ be a generalized quasi-Einstein manifold under the condition
that U, V are parallel vector fields. If M™ has cyclic parallel Ricci tensor then the
scalar function a is constant along the vector fields U and V.

References

[1] Chaki M. C., On pseudo Ricci symmetric manifolds, Bulgar J. Phys., 15(1988),
526-531.

[2] Chaki M. C., Maity R. K., On quasi Einstein manifolds, Publ. Math. Debrecen
57(2000), no. 3-4, 297-306.

[3] De U. C., Ghosh, G. C., On quasi Einstein manifolds II, Bull. Calcutta Math.
Soc. 96(2004), no. 2, 135-138.

[4] De U. C., Ghosh G. C., On quasi Einstein manifolds, Period. Math. Hungar.
48(2004), no. 1-2, 223-231.

[5] De U. C., Ghosh G. C., On generalized quasi Finstein manifolds, Kyungpook
Math. J. 44(2004), no. 4, 607-615.

[6] Deszcz, R., Hotlos M., Sentiirk Z., On curvature properties of quasi-Einstein
hypersurfaces in semi-Euclidean spaces, Soochow J. Math. 27(2001), no. 4, 375-
389.

[7] Deszcz R., Hotlos M., Sentiirk Z., Quasi-Finstein hypersurfaces in semi-
Riemannian space forms, Colloq. Math. 89(2001), no. 1, 81-97.

[8] Guha S., On quasi Einstein and generalized quasi Einstein manifolds, Nonlinear

mechanics, nonlinear sciences and applications, I (Nis, 2003). Facta Univ. Ser.
Mech. Automat. Control Robot. 3(2003), no. 14, 821-842.

[9] Mukhopadhyay S. and Barua B., On a type of non-flat Riemannian manifold,
Tensor, 56(1995), 227-232.

Author’s address:

Cihan Ozgiir

Balikesir University, Department of Mathematics, Faculty of Arts and Sciences,
Campus of Cagis, 10145, Balikesir, Turkey.

email: cozgur@balikesir.edu.tr



