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Abstract

The theoretical approach introduced in Part 1 is applied to a numerical example and to the case of yearly average presipitztiomn
over the Veneto Region in Italy. The proposed methodology was used to assess the effects of parameter estimation und¢aitangy on
estimates and on their estimated error variance. The Maximum Likelihood (ML) estimator proposed in Part 1, was applietbtmésnz
deviations from yearly average precipitation over the Veneto Region in Italy, obtained after the elimination of a nonftinetwrelevation.
Three different semi-variogram models were used, namely the exponential, the Gaussian and the modified spherical, aadttbasekev

as well as the increases in variance have been assessed. A numerical example was also conducted to demonstrate home teagsdcedu
unbiased estimates of the random functions. One hundred sets of 82 observations were generated by means of the expdrantted mode
basis of the parameter values identified for the Veneto Region rainfall problem and taken as characterising the truegupidedissn The
values of parameter and the consequent cross-validation errors, were estimated from each sample. The cross-validatioa frsors we
computed in the classical way and then corrected with the procedure derived in Part 1. Both sets, original and correbedfeseed, by
means of the Likelihood ratio test, against the null hypothesis of deriving from a zero mean process with unknown coVheaasalts of

the experiment clearly show the effectiveness of the proposed approach.
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Introduction

The analysis of the effect of parameter estimation uncertaint

on the estimated Kriging variables proposed in Part 1 - =
(Todini, 2001) was applied to the mean annual precipitatior i g
of the Veneto region in Northern Italy. w-xe [
H . . pia-ve: W

The complexity of the spatial phenomenon, which deals e
SRS |

with precipitation influenced by orographic factors, does
not warrant thea priori assumption of stationarity in the
mean. Given the presence of a non-linear gradient o
precipitation with elevation, digital elevation model data
(with pixels of 1x1 krf) were therefore used to eliminate
this dependence.

The data used in this study consist of mean annus
precipitation from 1961 to 1990, collected at 82 recording
stations. The area bounded by Latitudes 45°01" anc
46°34’ N (approximately 172 km) and Longitudes 10°46’
and 13°04’ E (approximately 183.5 km) contains a suitably
dense and well-distributed network of stations, as can be Fig. 1. pigital Elevation Model of the Veneto Region with rain
seen from Fig. 1 (which was produced by means of IDRISI, gauging stations. Elevation in m - Distance ranges: N-S circa
a widely used Geographic Information System (GIS) 183.5 km; E-W circa 172 km
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software (Eastman, 1992)), where the 1xZ kingital The distribution of the Kriging variables, although this
elevation model of the Veneto Region is shown togetheproperty is not particularly stringent, as already discussed
with the location of the rain-gauging stations. in Part 1, is very close to a Normal distribution, as can be

As shown in Fig. 2, a non-linear trend with elevation wasseen from Fig. 3 with classes ranging between —400 to
considered and the following relationship was derived:  +400 mm.

r(hex y) =2 +afi-exd-h(x y)/a, ] @

in which 7 is the deterministic trend in the mean annual Three theoretical semi-variogram models were tested:
precipitationr , h(x, y) is the local terrain elevation, and exponential, Gaussian and modified spherical, given in Eqns.
ag,ay,a, are three parameters, which were estimated by3), (4) and (5) respectively, to estimate the parameters of
means of a non-linear regression to give the structural model.
a; =802023 a =651775, a, =11309.

The Kriging variablesz" were thus obtained as the y(h)= p+w[1_e—h/aJ EXPONENTIAL 3)
deviations from the mean drift:

Parameter estimation

. = pt+w % ~(haf D GAuUSSIAN (4)
Z (xy) =r(xy)-r(h(x, y)) ©)

and, for the sake of clarity, will be referred in the text as @( )= p+wEL875£—1.25Bng +0_375 h HEB h<a
adjusted rainfall. a o 0 O

@( h)= p+w hsa
M ODIFIED SPHERICAL (5)
2500 +
As discussed by Todini (2001), the modified spherical
2000 + x . . . . . . .
= x . model is used in this application instead of the more classical
% 15000  wx o X x x one of Eqn. (6) because it guarantees the continuity of the
g L x Ehe U * x o * function, together with that of its first and second derivatives
g 1000 x x with respect to the parameters over the entire domain of
& 5001 existence, as it is required by Maximum Likelihood to be
minimum variance (Kendall and Stuart, 1973).
0 | | : :
0 500 1000 1500 2000
ces : 15" -0s P T
evation (m) H(h)= p+wl5—-05 0 h<a
: . . O g g o O
Fig. 2. The non-linear drift of the mean annual precipitation with 0
gauge elevation (a.m.s.|) E/(h)= p+w h<a
SPHERICAL (6)
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A first attempt at fitting the three models of Eqns. (3), (4)
and (5) was made by using the ML estimator under the
assumption of spatially independent cross-validation errors,
as suggested by Samper and Newman (1989) and by Todini
and Ferraresi (1996).

The results of this parameter identification cannot be
considered satisfactory. This is evident from Figs. 4a, 4b
and 4c, where the estimated semi-variogram is compared to
the average sampling values bounded#¥o limits,
obtained for the different classes of distance, using the
standard Kriging technique. This is obtained by dividing
the maximum distance range between measurement points
in distance classes (of equal length or of equal frequency of

Fig. 3. The frequency distribution of residuals from the non linear observations); the quantitg(h; ) = [Z( S)—z(s+h )]2 is
drift (adjusted rainfall) with elevation

16

14

12

10

Frequency

(mm)

226



Influence of parameter estimation uncertainty in Kriging: Part 2 —Test and case study applications

then computed from each couple of points falling in the1986), the assumption of independence does indeed affect
class and used for estimating the average value and itee parameter and the semi-variogram estimates.

standard deviation in the class.

Much better results can be obtained using ML under the

The results obtained show that, given that the crossassumption of correlated cross-validation errors, as is seen
validation errors are actually spatially correlated (de Marsily,n Figs. 5a, 5b and 5c. These figures show that there is a
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Fig. 4a Comparison of the exponential semi-variogram with
average classes values assuming the hypothesis of independent
cross-validation errors
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Fig. 4b Comparison of the Gaussian semi-variogram with average
classes values assuming the hypothesis of independent cross-
validation errors
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Fig. 4c.Comparison of the modified spherical semi-variogram with
average classes values assuming the hypothesis of independent
cross-validation errors
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Fig. 5a.Comparison of the exponential semi-variogram with
average classes values assuming the hypothesis of correlated cross-
validation errors
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Fig. 5b.Comparison of the Gaussian semi-variogram with average

classes values assuming the hypothesis of correlated cross-
validation errors
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Fig. 5c.Comparison of the modified spherical semi-variogram with
average classes values assuming the hypothesis of correlated cross-
validation errors
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Table 1 Parameter values and cross-validation errors statistics (errors in mm) for the three
models assuming correlated cross-validation errors

Parameters Statistics

Nugget Sill Range ;| » . n n'Vv,'n
[cm?! [cm?] [m] ﬁsz . %kz:lff %gfk/% n-1

=1 1

Exponential 101.69 545.55 128768 0.807 13.072 0.00271 1.0000
Gaussian 139.73 252.71 51116  1.077 12.990 0.00377 0.9999
Spherical 107.31 297.84 125045 0.817 13.032 0.00273 1.0000

good agreement between the estimated semi-variograms and
their sampling estimates, although no least-squares fit was
used on the semi-variogram ordinates.

Table 1 shows the parameter values obtained as well as
the classical Kriging statistics computed over the sample of
the 82 cross-validation errors, namely the mean, the root
mean square error, the re-scaled mean and the re-scalec
variance; all the semi-variogram models reconstruct the
spatial process with more or less the same statistical
properties and variance. Therefore, the selection of the most
appropriate model is, or may appear to be, reduced to a
subjective choice.

In the approach proposed, the technique of estimating thgy. ea. The estimated spatial distribution of the adjusted rainfall in

i
E
IRNEREEDOOD

parameters by fitting the semi-variogram to its sample mm, using the exponential model
estimates while using the variance of the cross-validation o e _
errors to select the model, has been reversed, leading to a o r". - -

more classical statistical technique. The model parameters
are now estimated by applying ML to the distribution of the
cross-validation errors, while the adequacy of the model
must be checked on the divergence of the theoretical semi-
variogram obtained from its sample estimate. In other words,
the assumption on a semi-variogram model is followed by
the parameter estimation on the basis of the cross-validation
errors and by a final acceptance-rejection test on the chosen

model with the estimated parameter values retained as the
null hypothesis. Fig. 6b The estimated spatial distribution of the adjusted rainfall in
mm, using the Gaussian model

--—
=T =

EEERNERR

This gives rise to the need to define an appropriate
statistical acceptance-rejection test for the semi-variogram v -
to account both for the empirical semi-variogram sampling
errors and for the uncertainty of the theoretical semi-
variogram estimate induced by parameter estimation
(Bogaert, 1999). Nevertheless the selection of the most
appropriate model falls beyond the scope of the present K
paper. Once the model has been selected, it can be introducec

AREREEEBOO

L; -
directly into the Kriging equations to estimate mean annual "*-._H :
precipitation of the area under study and to determine the b
estimation error variance. e

Figures 6a, 6b and 6¢ show the interpolated surface ofig ec.The estimated spatial distribution of the adjusted rainfall in

the adjusted rainfall for the three models, namely mm, using the spherical model
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Fig. 7a.The standard deviation of the estimated adjusted rainfall Fig. 8a.The bias of the estimated adjusted rainfall in mm, using the
in mm, using the exponential model exponential model
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Fig. 7b.The standard deviation of the estimated adjusted rainfall Fig. 8h The bias of the estimated adjusted rainfall in mm, using the
in mm, using the Gaussian model Gaussian model
mir= O
z»—-‘ _1.! iEEe O S——
[T T = | mema 21
pems ——— ]
1 B = - g
[T Bk
{-f ‘J\/’ —— o
e =
f‘.-/\. som
_11 pE=
En- W
7#) ]
Fig. 7c.The standard deviation of the estimated adjusted rainfall  Fig. 8c The bias of the estimated adjusted rainfall in mm, using the
in mm, using the spherical model spherical model

exponential, Gaussian and modified spherical, while Figs. The pias corrections computed using the proposed
7a, 7b and 7c show the relevant standard deviations. methodology (Eqn. (13) in Todini, 2001) for the three models

mentioned above are given in Figs. 8a, 8b and 8c, while the
increase in the standard deviation of the estimation error
. (obtained by means of Eqn. (14) in Todini, 2001) is plotted

uncertainty in Figs. 9a, 9b and 9c. Finally the bias corrected adjusted
After determining the surface of the adjusted rainfdll  rainfall values are given in Figs. 10a, 10b and 10c. To

and the standard deviation of their estimation error usingzomplement the areal spread information, Table 2 gives the
the three different semi-variogram models, the analysis ofminimum and maximum values obtained for the different

the effect of parameter estimation uncertainty was carriedjuantities.

out along the lines described in Part 1. Prior to bias correction all the models give similar results

Analysis of parameter estimation
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Fig. 9a.The increase in standard deviation of the estimated adjusted Fig. 10a The estimated spatial distribution of the bias corrected v
rainfall in mm, using the exponential model alue of the adjusted rainfall in mm, using the exponential model
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Fig. 9b.The increase in standard deviation of the estimated adjustedFig. 10h The estimated spatial distribution of the bias corrected

rainfall in mm, using the Gaussian model value of the adjusted rainfall in mm, using the Gaussian model
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Fig. 9c.The increase in standard deviation of the estimated adjustedFig. 10c.The estimated spatial distribution of the bias corrected
rainfall in mm, using the spherical model value of the adjusted rainfall in mm, using the modified spherical
model

Table 2 Minimum and maximum values of several statistics for the different models

Model Exponential Gaussian Modified spherical
Min/Max [mm] Min/Max [mm]  Min/Max [mm]

Adjusted rainfall -268/246 -267/230 -250/181

Std. Dev. of adjusted rainfall 115/181 124/178 116/176

Bias -45/79 -19/29 -121/100

Increment of Std. Dev. 0/37 0/8.5 0/28

Bias corrected adjusted rainfall ~ -264/313 -247/220 -335/265
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in terms of adjusted rainfall. Figures 6a, 6b and 6¢c show

similar patterns, more smoothed in the case of the Gaussie \‘? e

model, with ranges from -268 to 246 mm for the fj : st —

exponential, from —267 to 230 mm for the Gaussian anc i h s

from —250 to 245 mm for the spherical. _B i [ Our
The distribution of the standard deviations is also very I by

similar, with again more smoothness shown by the Gaussia {J\n‘ }4

model. The standard deviations vary from 115 to 181 mrmr frs e : ;;,o

for the exponential, from 120 to 178 for the Gaussian anc 'i\ ."L d

from 115 to 170 mm for the spherical. o pis

Figures 8a, 8b and 8c show that all the models are biase: g _.‘%
as was anticipated in Part 1, and the bias tends to be larg
on the edges because the variance is larger. The range ui

the bias of the Gaussian model is quite small (from —19 t(%:ig. 12.The estimated standard deviation of the average yearly
otals of precipitation over the Veneto region in Italy in mm, using

29 mm) when compared to that of the exponential (from — the exponential model
45 to 79 mm), and of the spherical (from —121 to 100 mm),
(see Table 2), particularly if the scale of the bias is compared

to the estimated deviations: the bias for the spherical modetr'e bias corrected results. To illustrate the final results and

reaches almost half of the signal’'s standard error. Anorogldleaba&f fc;r;he anm?,m?l ixperlme:t, theigxzon:anual
increase in standard deviation as calculated from Eqn. (142?0 e;hwast;;e gc € S,u Jecévtehy Iecau?gl provi ? af[ ardgerd
of Todini (2001) is observed, but is relatively modest, '1as than the ©aussian and the fargest increase in stahdar

particularly for the Gaussian model. The maximum increas€’ °" Consequently, Fig. 11 shows the reconstructed field

is 37 mm for the exponential model, but most of this increasgf, yearly average rainfall over the Veneto region in Italy,

is smaller than 5 mm (Fig. 9a). The maximum is of 8.5 mmWlth a standard deviation field given in Fig. 12.

for the Gaussian (Fig. 9b) and reaches 28 mm for the
spherical (Fig. 9c), but again in this last case, most of thé['"he numerical experiment

increase is smaller than 2 mm. . . - . .
fAs pointed out in Part 1, the Kriging estimates at a point

Finally, because of the largely different spatial pattern o . : .
the bias (shown in Figs. 8a, b and c) the corrected adjustecaan be demonstrated to be unbiased if the true model and its

) N . parameter values are known; if one has to choose the model
rainfall values (shown in Figs. 10a, b and c) now differ from . i
. and/or has to estimate the model parameters, this property
each other, with ranges of —264 to 313 mm for the . . . .
. . oes not hold as shown in the previous section, with a
exponential, of —247 to 220 mm for the Gaussian and o . . . . ;
335 to 265 mm for the spherical resulting small increase in the variance and mainly the
b introduction of a relatively large bias. While the effect of

This paper does not deal with the model selection problem

but, in the light of the results obtained , model selection ismOdel selection, shown to be important in the Veneto Region

. . o example, will be dealt in a successive work, this paper
extremely important because of its strong conditioning of . o
focuses on the effect induced by parameter estimation.

To assess statistically the validity of the proposed bias
correction, the following numerical experiment was set up.
One hundred sets of 82 “adjusted rainfall observations” were
extracted, at the same locations of the Veneto case study,

from the following Gaussian process:

idiEfpninnre

BRERNAE

z=Bd (7)

where § is an [82] dimension NIP(0,1) ang the square

root of the [82, 82] covariance matrix, defined as a function
of h, the mutual distances among the 82 raingauges,
reflecting the assumed exponential type semi-variogram,

Fig. 11 The estimated spatial distribution of the average yearly with the same set of parameters of Table 1 found for the

totals of precipitation over the Veneto region in Italy in mm, using  \/eneto case study:
the exponential model
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Table 3 Likelihood Ratio Test Results for original and corrected cross-validation errors

H,: Mean = 0; Unknown Variance W00-8) ivs'm  F,, (90%) =1.706162  E (95%)=1.990905
Original Ordinary Kriging cross-val. errors 21.84675 REJECTED REJECTED
Corrected Ordinary Kriging cross-val. errors  1.623827 ACCEPTED ACCEPTED

CO\,{Z(S)'Z(SJr h)} =g? —y(h)= o? —[p+w(1—e‘h/a )J (8) parameter estimation uncertainty introduces a bias, which
can be relatively large depending upon the non-linearity of
Matrix B is the symmetrical matrix obtained by the the model used, and an increase in variance of the errors of
eigenvalue-eigenvector decomposition of the estimatecstimate.
Co\{z(s),z(s+h)} assumed to be equal ®?. Each set Finally, given the strong dependence of the bias and the
was then used for estimating the parameter values as weficrease in variance on the model used, it is felt that there is
as the cross-validation errors. The latter were computed ian urgent need for the development of an objective
two ways namely without and with the proposed correctioracceptance or rejection test on the basis of the ML estimated
given in Egn. (13) of Part 1 (Todini, 2001), thus producingsemi-variogram taking into account on the one hand the
two samples of 82x100 cross-validation errors. Each of theincertainty induced by the parameter estimates and, on the
two samples was then tested against the null hypothesis other hand, the sampling distribution of the empirical semi-
deriving from a zero mean multivariate process withvariogram estimate.
unknown covariance. Given that the cross-validation errors
are not independent, as previously discussed, the Likelihoo
Ratio Test (LRT) was considered the most appropriat
(Mardiaet al, 1979). Under the null hypothesis of zero meanThe authors would like to thank Prof. Geoff Pegram for his
and unknown variance (Hotelling one-sampfeést), the  useful comments on an earlier version of the paper.
quantity (n-1) m' S™'m, with m the estimated sample
mean Sthe estimated sample covariantehe sample size
(n =100in the proposed experiment) is &@,n-1) with
p = 82_the multivariate space dimension and the quantity Bogaert, P., 1999. Assessing the variability of the variogram
N-p) 1ea . o estimator. In:geoENV Il — Geostatistics for Environmental
+——m S"m has a Fisher - _distribution. Table 3 Applications J.Gomez-Hernandez, A. Soares and R. Froidevaux
shO\F/)vs the results of the test at the 90 and 95% levels base i‘fﬁéﬂ,’aﬁéﬁwﬁrgffg%dem'c Publishers, Dordrecht, The
upon an E, . As one can clearly observe, while the test ongastman, J.R., 1992. IDRISI, Clark University, Graduate School
the “conventional” cross-validation sample is highly of Geography, Worchester, Massachussetts, 01610, USA.
unlikely, there is no evidence to reject the null hypothesisdeLMgés"g" G., 198&Quantitative hydrogeology\cademic Press,
either at the 10 or 5% levels, thus validating once more thRer?dalﬁ M.G. and Stuart, A., 197Fhe advanced theory of
proposed approach. statistics Vol. 2, Griffin.
Mardia, K.V., Kent, J.T. and Bibby, J.M., 197Blultivariate
Analysis Academic Press, London.
Conclusions Samper_, F.J. and Neuman, SP 1989. Esti_mation_of _Spatial
covariance structures by adjoint state Maximum Likelihood
The theoretical approach to assess the effect of parametercross validation. 1: TheorWater Resour. Rgs25, 351-362;
estimation uncertainty in ordinary Kriging presented in 2 Synthetic experimentSVater Resour. Re<25, 363-371; 3:

. . . Application to hydrochemical and isotopic daféater Resour.
Part 1, which was shown to produce a bias and an increasereg, 25 373-384.

in estimation variance, was used to analyse the behaviodrodini, E. and Ferraresi, M., 1996. Influence of parameter

of three semi-variogram models by means of yearly_ €Stimation uncertainty in Kriging. Hydrol, 175 555-566.

e L Todini, E., 2001. Influence of parameter estimation uncertainty
precipitation data over the Veneto region in Italy. in Kriging. Part 1 — Theoretical Development. Hydrol. Earth
The numerical results are coherent with what were System Sci.5, 215-232.

anticipated in the theoretical development; namely that the
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