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A CONVEX COMBINATION OF TWO-SAMPLE
U-STATISTICS

Koichiro Toda* and Hajime Yamato**

A convex combination of one-sample U-statistics was introduced by Toda and
Yamato (2001) and its Edgeworth expansion was derived by Yamato et al. (2003).
We introduce a convex combination of two-sample U-statistics, which includes two-
sample U-statistic, V-statistic and limit of Bayes estimate. Its Edgeworth expansion
is derived with remainder term o(N ~'/2), under the condition that the kernel is non-
degenerate. We give some examples of the expansion for three statistics, two-sample
U-statistic, V-statistic and limit of Bayes estimate, based on some distributions.

Key words and phrases: Convex combination, two-sample U-statistic, two-sample
V-statistic.

1. Introduction

Let F' and G be continuous distributions on the real line. Let 6 = 0(F,G)
be a regular functional of F' and G. That is, there exists a measurable function
h(z1,... ,Zk;Y1,--- Yk, ) such that

ko
(1.1) 0= (1, s TR YL - Uky) | | AF () | | dG(y;5)-
[ AR H [0

We assume that h(zi,...,Zk;Y1,...,Yk,) IS symmetric with respect to
Z1,...,2E, and y1,. .., Yk,, respectively, and the integers k1 and ko are the small-
est integers satisfying (1.1). The function h is called the kernel of 6 and (kq, k2)
is called the degree of h and/or 6.

Let Xy,...,X,, and Y7,... .Y}, be two independent samples of sizes n; and
ng from the distributions F' and G, respectively. As estimators of 0, two-sample
U-statistic and V-statistic are well-known. The two-sample U-statistic Uy, », is
given by

—1 —1
ni no
(1.2)  Upyimy = (k1> (kQ) S hXi o X YY),

where the summation Z(nl k1) is taken over all possible 7y,... i, satisfying
1 <41 <--- <, <ni. The two-sample V-statistic V,,, », is given by
(1.3) Viine = nl_k1 n2_k2
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ni ny N2 n2
XY e YO e D Xy X YY),

i1=1 i =151=1 Jey=1

The followings are examples of 0(F,G): (i) The kernel h(z,y) = x — y gives
the parameter § = E(X;) — E(Y7). (ii) The kernel h(z,y) =1 (x <y) and =0
(z > y) gives the parameter § = P(X; < Y7). The corresponding U-statistic is
related to the two-sample Wilcoxon (Mann-Whitney) rank sum statistic W by the
relation W = nynaUy,, n, + na(ne +1)/2. (iii) The kernel h(z1, x2;y1,y2) = 1/3

(x1,22 < y1,Y2 Or Y1,y2 < T1,22) and = —1/6 (otherwise) gives the parameter
A = [ [F(z) — G(2)]*d([F(z) + G(x)]/2), which is regarded as a distance

between the two distributions F' and G. (iv) The kernel h(z1,z2;y1,y2) = 1
(ly1 —y2| > |z1 —x2]) and = 0 (otherwise) gives the parameter § = P(|Y; — Ya| >
|X1 — X2|). The associated U-statistic appears in the testing problem of two-
sample scale by Lehmann (1951). (v) The kernel h(z1, z2;y1,y2) =1 (21 + 22 <
y1+y2) and = 0 (otherwise) gives the parameter § = P(X;+ X5 < Y1+Y3), which
is a measure of the difference in location considered by Hollander (1967). (See,
for example, Koroljuk and Borovskich (1994), and Randles and Wolfe (1979).)

Yamato (1977) derives the Bayes estimate of 6 using Dirichlet prior process
of Ferguson (1973), and gives the limit of Bayes estimate which is given by

ny+k —1 -1 ng + ko — 1 -1
(1.4) Bnl,n2—< b )( b ) > >

r1t g =k1 s1++Sng =k2

h(Xl,... ,Xl,... ,an,... ,an;
——— ~—_——
1 Tnq
Vi Yioo Yoo Yo,
S1 Sng

where the summation ) is taken over all nonnegative integers

rited g =k
T1,...,Tn, satisfying ry + --- + r,, = k1. This statistic is abbreviated to LB-
statistic.

All the above two-sample statistics Up, ny, Viymo and By, », can be denoted
by a convex combination of two-sample U-statistics. This convex combination
Y5, .no is introduced in Section 2. In this paper, we put N = n; +n9 and consider
the asymptotic properties of statistics under the condition such that
ni ng

— —1—p a N — o0

1.
(1.5) NP N

where 0 < p < 1 is a constant. In Section 3, we give an asymptotic expansion of
Y1 m, as N tends to oo.

The two-sample U-statistic Uy, ,, has asymptotic normality (see, for exam-
ple, Koroljuk and Borovskich (1994), Lee (1990), and Randles and Wolfe (1979)).
From this, it is shown that the two-sample Y-statistic Y, », has also the same
asymptotic normality. To see the difference between asymptotic distributions of
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these two statistics, we need their Edgeworth expansion. The Edgeworth expan-
sion of the two-sample U-statistic Uy, », was derived by Koroljuk and Borovskich
(1994), and Maesono (1985). We shall derive the Edgeworth expansion of Yy, »,
in Section 4.

For the same parameter 6, Edgeworth expansion of Y, », depends on the
weight function w. In Section 5, for 4 kernels we give examples of the expansion
for the statistics Vi, nyy Snin, and By, »,, based on some special distributions.

2. A convex combination of two-sample U-statistics

Let w(au,..., o ;k) be a nonnegative and symmetric function of positive
integers aq,...,a; such that j = 1,... ,k and a1 +--- + a; = k for a given
integer k. We assume that at least one of w(ai, ... ,a;;k)’s is positive. We put

. + .
(21) d(kvj) = § a1+---+a-—kw(a1"” ,Oéj;k‘), J = ]-727"' 7k7
i=

where the summation Z;“l +oay=k is taken over all positive integers aq,... ,q;
satisfying oy + - -+ 4+ o; = k for j and k given.

For jl = 1, v ,kl and j2 = 1, N ,kQ, let ]’L(jth)({El, sy L Y1, ,yj2) be
the kernel given by

(22) h(jth)({L‘l,... ,ﬂj‘jl;yl,... ,ij)

S (w nr o D DD D)
N d(k‘l,jl)d(k‘g,jg) ritetrj, =k1 S1+-++85, =k

w(ry, ..., k)w(st, ..., S5; k)
X1, @1, T T YL e YL s Ys e Yia)-
—_———
r1 5, S1 S32

Let U,(l]ln];) be the two-sample U-statistic associated with this kernel h;, ;)
forjl = 1,... ,k‘l andjg = 1, ,I{ZQ.

The kernel h(j17j2)($17"' Tj5 Y1, -, Yjp) 1S symmetric with respect to
z1,...,x5 and yi,...,y;,, respectively, because of the symmetry of w(a, ...,
aji k). If d(ki,j1) or d(ka,j2) equal zero for some ji or jg, respectively, then
the associated w(aq, ..., ;k1)’s or w(au,. .. ,aj,;k2)’s are equal to zero. In

U(jldz)

this case, we let the corresponding statistic Uy, 7,  to be zero. Especially, if

w(l,...,1;k) > 0 then we have
h(k1,k2) =h and UQGR = Uninas

ni,n2

because of d(ki,k1) = w(l,...,1;k;) and d(ko, ko) = w(l,...,1;ky). If
w(l,...,1;k) >0and w(l,...,1,2;k) > 0, then

(23) h(kl—l,kg)(mlv L2y sy Lhy—17Y1y--- 7yk‘2)
1
k-1

[h($1,$1,$2, e 3 Ty —15Y1,y - - 7yk2)

+ h(z1, 2,2, 23, ..., Thy—15Y1, - - - » Yky)

+ Fh(x, X, T =2 Ty — 15 Tl —13 YLy - - > k)]
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and

(24) h(lﬂ,kQ*l)(‘Tl?"‘ y Ly Yty e 7yk2—1)
1
= k‘Q — 1[h(l‘17 y Lk Y1, Y1, Y2, - - - aykg—l)
+h($1,.-- y Lk Y1, Y2, Y2, Y3y - - - 7yk2—1)

+- h(l’l,. e s Ll Yty - aka—Q?yk‘Q—layk2—l)]-

DEFINITION 2.1. As an estimator of 0, a conver combination of two-
sample U-statistics is defined by

k1 ke
1 ) /1 (o o
2.5) Yo, 0, = g E d(kq, 71)d(ka, ) . UT(LJI#Q)’
( ) 1,2 D(nl,kl)D(n27k2) ( 1 ]1) ( 2 ]2) (]1> <]2> 1,N9

Jj1=1j2=1

where D(n, k) = Z?:l d(kaj)(?)

Since w’s are nonnegative and at least one of them is positive, D(n,k) is
positive.

If we choose the weight function w, the statistic Y}, , is determined as an
estimator of §. For example, let w be the function given by

w(l,1,... ,;k)=1 and w(aq,...,e;k)=0 for j=1,...,k—1.

Then we have d(k, k) =1, d(k,j) =0 (j =1,... ,k—1) and D(n, k) = (}). Thus
Y, n, is equal to the two-sample U-statistic Uy, p,-
Let w be the function given by

k!

wlan,.. s aik) = 295

for positive integers aq,...,a; such that j = 1,... )k and a1 +--- + o = k.
Then it holds that 3°70 |\, _pw(au, ..., a5 k) = jIS(k, j), where S(k, j) is the
Stirling number of the second kind. (For the Stirling numbers, see for example,
Charalambides and Singh (1988).) Hence, we have d(k,j) = j!S(k,j) for j =
1,... .k and D(n,k) = Y5_ S(k, j)(n); = n*, where (n); =n(n—1) - (n—j+
1). Thus the kernel h;, j,)(T1,--. , %5591, ,Yj,) is equal to

1 Z+ Z+ kl' kQ'
J1!S(k1, j1)72!S(ka, jo2) ritetr =k sitetsjo=ke rile-orj tsleosg,!
XR(X1, oo @1, T T YL e YLy s Yo s Ty )
—_—

T1 Tjq 51 Sj

2

By the U-statistics U,(Z]lﬂf;) associated with these kernels, the statistic Y;,, ,, is
written as

k1 ko

1 . . i
Vn1,n2 = W Zl 218(]61,]1)8(]@,]2)(%1)]‘1 (nQ)mUT(ljll,gzz)’
J1=172=
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which is equal to the two-sample V-statistic V;,, n, given by (1.3) (see, Toda and
Yamato (2001), p. 227-228).
Let w be the function given by

w(og, ... a5 k) =1

for positive integers v, ... ,ojsuch that j = 1,... ,kand a1+ - -+a; = k. Then,
we have d(k, j) = (];:%) forj=1,... ,kand D(n, k) = 25:1 (];:%) (7;) = ("Jr]’z*l).
Thus the kernel h(;, ) (21, 52591, - 5 Yj,) is equal to

kl—l -1 kz—]. 7124‘ Z+
jl — ]. jQ — 1 7“1+'“+1”j1:k’1 81+~“+8]‘2=k2

R(Z1, o @1, Ty 3 TGl e s Yl e e s Yns e e s L)
———

-~ -~

T1

Tj1 51 Sjo

By the U-statistics UT(lenjf) associated with these kernels, the statistic Y, ,, is
written as

B o n+k—1 -t no + ko — 1 -t
e k1 ko

k1 k2
k‘l—l /{72—1) <’I’Ll> <’I’L2> ( .
X , . . Un]1#2)’
S (MBI ()

J1=1j2=1

which is equal to By, », given by (1.4) (see, Toda and Yamato (2001), p. 227).
Let w be the function given by

k: k!
w(ag, ... a5 k) = arag
for positive integers ai,...,a; such that j = 1,... k and a1 +--- + a; = k.
Then it holds that Z;’l+,_,+aj:kw(a1,... ya k) = jls(k,j)|, where s(k,j) is

the Stirling number of the first kind. Hence, we have d(k,j) = j!|s(k,j)| for
j=1,... ,kand

Din,k) = 3 |s(k,5)](n);.
j=1

Thus the kernel h(j, i,y (@1, ..., Zj591,- -+, Yj,) I8 equal to

j1!j2!|8(k‘1,j1)8(/{72,j2)| ritetri =kt s1ttsj=k2 7175 S1 - Sy,

Xh(m’l,... s Ly eee 3 Lgyyees 3 L5 YLy ee 5 YLy oo e 5 Yjos e ,xj2).
~——

T1

71 S1 Sjo

By the U-statistics Ur(ﬂlﬂf;) associated with these kernels, the statistic Y, ,, is

written as

k k
1 1 2

e = ki i ko i . - rlingz)
S 1,12 D(nl,kl)D(nQ,kQ) ‘7.12:1].22:1’8( 17.71)8( 27j2)‘(n1)31(n2)J2 ni,ng
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(compare with Nomachi et al. (2002), p. 97-98).

3. Asymptotic expansion of Y-statistic

If k1 =1 and k2 = 1, then the statistic Yy, n, is equal to Uy, n,. Therefore
hereafter we assume that kjko > 2. We suppose d(k, k) > 0, which is equivalent
tow(l,...,1;k) > 0. Then, with 6; = kd(k,k — 1)/d(k, k) it holds that

o g(gi,?) (2) 1o <nl>

o ) )

and

(33) g((];”% (?) =0 <%) L j=1.. k-2

For the U-statistic Uy, ny, d(k,k)n®)/[D(n,k)k!] = 1 and & = 0. For the V-
statistic Vi, n, and the statistic Sy, n,, 6k = k(k —1)/2. For the statistic By, n,,
0k = k(k — 1) (see Nomachi et al. (2002)).

We assume that

2
(3.4) E{h(Xl,... Xi o X X Y Y Y ,sz)}

~~ ——
T1 Tjq S1 S
< 00
for positive integers 71, ... ,rjl and si,...,s;, satisfying r1 4+ --- + 15, = kq

(1 =1,... k1) and s1 + --- + 55, = ko (jo = 1,...,kg), respectively. Then
there ex1st E{Unjlljj2 V2 for j1 =1,... .,k and jo = 1,... , ko. Thus we have for
jl = kl and _]2 = 1 kQ

(3.5) E{UUW21? < 0o, and  Var(UYL72)) = O(N 7).

ni,n2 ni,n2

Then we have the following asymptotic expansion of the statistic Y, »,.

PROPOSITION 3.1. Under the conditions w(l,...,1;k) > 0 and (3.4), we
have
1
(3‘6) Ynine — 0= (Um,nz - 9) + Nb(o) + Ry o

where E[|Ry, ny|?] = o(N72),

(3.7) p0) — %(Q(kl—l,b) —0)+ Ok

(9(k1,k2—1) —0)
P I-p
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and

e(kl—l,/w) — E[h(XlaXlaXQaX37"' an‘l—l;YVla)/Qw .. 7Yk2)]7
H(kth_l) - E[h<X17X27 sen 7Xk1;}/17Y17Y27Y37 .. 7Y/€271)]'

Proor. We note

E[U(kl’kQ_l)] — H(kl,kg—l) and E[U(kl 1, kz)] _ 9(k1 1 kz)‘

ni,ng ni,n2
From (2.5), we can write

(38) YnlynQ 9 - IT(L1)T7,2 + I'r(z21),n2 + I?S,?i),ng + bnlynQ + R:Ll no’

where

I(l) . d(kl,kl)d kg,kg (nl) <n )
- ni,ne )7

"2 D(ng, k1) D(ne, ko) \ k1) \ ko

1(2) _ d(k’b k’l k’27 k’2 — 1 ni (kl,k2 1 0(191,]@—1))
ni,n2 D(nl, kl n27 k‘Q kl ]{32 _ 1 nl,ng ’

d(k‘l kl — 1 kig k‘g ni _
I®  — ’ ’ (ki—Lk2) _ g(ki—1,k2)
"z D(ng, k1) D(ng, ke) (kl - 1> < ) Uniina )

)D
b _ (k17 kl) (k27 k2 - 1 n2 (9(1{:17]{:2—1) _ 0)
1z = D(ny, k1)D(ng, k2) kl ko —1

Aok =l (11 (02) ot )
2

D(n1,k1)D(na, ka) \k1 —1
and
ko—2
1 n1) , <n2) (k1.j2)
R;n: dkak; dk’ y Ul’JZ_e
. D(m’kl)D(m,b)[ (1)} 3 i) (7). )
k-2
n . n j
+ d(ks, ko) (,ﬁj) > d(k, ) (J;) (U = 0)
J1=1
kp—1ko—1
+ Z Z d(k1,j1)d(k2, j2)
=1 jam1

) (12 (1)
x| SO —6) .
(]1) <12>( b )]

We evaluate 15 ny, I8 g, Tntnas boyny and RE -

(iii) and (iv).
(i) From (3.1), we have

d(k? ,k‘ ) n d(k‘g k‘g) no
(1) _ 1, h1 1 9 o
(39) In1,n2 D(’I’Ll, kl) <k1) D(ng, k2) k?2 (Un1,n2 9)

as the followings (i), (ii),
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Ok Ok 1
= (1 - =L _ 2 . _
( ny N O (N2>> Uz =6)
= (Unyn, —0)+ Ry

nins
where E(R}* )* = O(N~3) because of Var[Up, n,] = O(N71).

(ii) From (3.1) and (3.2), we have

;@ _ dlkik) (m) d(kg, k2 — 1) ( n2 >(U(k1,k2—1) _ glkaka-1)y

ninz D(nl, kl) k‘l D(’ng, k‘g) /62 -1 n1,n2
_ é‘k/'l 1 6k2 (k17k271) (kl,kgfl)
(120 (1)) gt gtk
By (3.5), we have
2 -3
(3.10) E[I,,]? = O(N7?).
Similarly,
3) 12 -3
(3.11) E[IY) 2 =O(N?).

(iii) From (3.1) and (3.2), we have

bmvnQ = (1 — % +0 <%)> %(e(kl,kg—l) . 9)

ni na

_ 6& i 6ﬁ (k1—1,k2) _
+<1 m”(w)) (9 0)

_ %(e(klfl,kz) _ 6) + 6&(0(’%&2*1) — 0) + O(NfZ)

ni no
Thus we get

1
(3.12) Dy my = Nb“)) +o(N7Y).

(iv) Since Var[U,S{{;fj)] = O(N71) for j1,52 > 1 and [d(k,j)/D(n,k)](?) =
On=2)(j=1,...,k—2), we have

(3.13) E(R: ,)*=O0(N%.

ni,n2

Applying (3.9), (3.10), (3.11), (3.12) and (3.13) to (3.8), we get (3.6). O

4. Edgeworth expansion

For the two-sample U-statistic Uy, n,, VN (Un, ny — 0) converges to Normal
distribution N(0,02) as N tends to oo (see, for example, Lee (1990), p. 141, and
Randles and Wolfe (1979), p. 92). Therefore by (3.6), VN (Y, n, — 6) converges
to the same Normal distribution. To see the difference between asymptotic dis-
tributions of these two statistics, we shall derive the Edgeworth expansion of the
statistic Y5, n,. We put as follows.

¢1,0($1) = E[h(.’L’l,XQ, <o 7Xk1;Y17 cee aYkz)]a
11)0,1(91) = E[h(X17X27 s 7Xk1;y1>Y27 cee 7Yk‘2)]7
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Poo(z1,22) = E[h(x1, 22, X3, ..., Xiey 3 Y1, .o, Vi),
Yo2(y1,y2) = E[h(X1, Xo, ..., Xp5 91,92, Y3, -+, Yio )],
Yra(zy) = Elh(z, Xo, .o, X5 yn, Yo, oo, Vi)l
R0 (1) = 4y o(21) — 0, h(01 (y1) = vYo,1(y1) — 0,

( )

WO (@1, 22) = Ya0(21, 22) = Yro(e1) — dro(e2) +9,
( n
I

RO (y1, y) = o 0(21,22) — Yo,1 (1) — Yo,1(y2) + 0,
z1;91) = P11(z391) — Yro(@1) — Yo,1(y1) + 6,

83 = Var(hH0(X1)) = El10(X1) — 6%,

66, = Var(h'®V(11)) = Bl (Y1) — 6],

z1

In this paper, we assume that
89>0 and 65, > 0.
That is, we assume that the kernel h is non-degenerate. Next, we put
0% = Var[Up, n,] = E[(Uny ny — 0)?]
and

k? k2
o = 51o+ 2501

Then, we have the relation

0]2V:UN+O( )

Furthermore, we put
k? k2
2 1 ¢2 2
o? =2+ 242
p Lot %

and

1 [k (1,0) 5, kS (0,1) 3
N = 3 — E[(h7(X1))°] + n—%EKh (Y1))”]

N (g
Gk%k% (1,0) (0,1) (1,1)
& K2 100 (6 0D ) AOD (x3v2)
ning
3(1.
T 3R = 1) 00 ()9 (X) 29 (X, X))
ny

3 _
1 3kalh2 1) gy 0.1 (370 () RO (Y17Y2>]}-

The right-hand side of 72 y is due to Maesono (1985). The last three expectations
on the right-hand side are rewritten as follows:
ERMO (X )R D (V) h (X5 11)]
= E[1,0(X1)v01 (Y1)1h1,1(X1; Y1)] — 0(63 9 + 65.1) — 6°,
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B[RO (X1)h0 (X0) R0 (X1, X))
= Blth10(X1)1,0(X2)2,0(X1, X2)] — 067 5 — 0,
B[ROV (1)) ()2 (11, Y3)]
= E[0,1(Y1)0,1(Ya)vo,2(Y1, Y2)] — 063, — 6°.
We put
Q(z) = 0(x) + ma,n (1 — 2%)¢(x).

Let ¢ and ¢y be the characteristic functions of the random variables
R0 (X1) and ROV (Y7), respectively. The following is the Edgeworth expan-
sion of the two-sample U-statistic Uy, n, by Koroljuk and Borovskich (1994).

LEMMA 4.1. (Koroljuk and Borovskich (1994), Theorem 6.3.2) Suppose
that the Cramer condition

(4.1) lim sup|p;(t)| <1, j=1,2

[t]—o0
and the moment condition
(4.2) El|h(X1,. - s Xpy; Y1, Vi) )] < 00
is satisfied. Then

(4.3) sup |P(oy (Uny iy = 0) < @) = Q(x)| = O(N /)

as N — oo.

Before giving the Edgeworth expansion of the statistic Y3, ,,, we show the
relation between the two statistics Uy, n, and Yy, ..

PROPOSITION 4.2. Suppose that w(l,...,1;k) > 0 and (3.4) is satisfied.
Then

(4.4) sup P(onv Ypymp —0) <x)— P <0’N1(Un17n2 —0)+ mab(o) < x)‘
= o(N~1/?).
PRrROOF. From (3.6), we have
U?vil(ynl,nz —0)= U?vil(Um,nz —0)+ Noy b® t R::Tm

where E[|R5™, || = o(N~1/2).

n1,n2
Thus,

1
(4.5) sup P(ox Yoy —0) <z)— P (a;‘\,_l(Unhn2 —0) + Not, b0 < x)‘

= o(NTI2),
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where we use the relation

(4.6) sup |[P(W + A < z) — P(W < z)| < 4(E|WA| + E|A|)

for any random variables W and A (see Shorack (2000), p. 261).
Since
EHO’}k\I_l - O']T/l| ) ’Um,m - 6” = O(N71)7

using the relation (4.6), we have

. 1
(4.7) sup P (JN YUnymy — 0) + Na}kvb(O) < a:)
_ 1
- P <UN1(Un1,n2 - (9) + N—O'}k\,b(O) S .’L’) ’
=O(N7h).
Since 1 !
L1 vy,
we have
_ 1
(4.8) sgp P (aNl(Um’n2 —0) + Not b0 < ac)

1
— P (U&l(Unl,ng - 9) + \/No-b(O) S .’L')

= o(N_l/Q).

Thus by (4.5), (4.7) and (4.8), we get (4.4). O

We put
. b(©) 1
(49) Q@) = Qo) + - [~ 56(a) + 21— #2)o(a)]
_$ b(o) 1 2 b(o) 1 2
= 0(0) — S 0(e) + (1~ 22)0(e) + (1~ 22)o(a).

The Edgeworth expansion (4.3) of Uy, n, is derived by standardising with its
standard deviation opn. Since oy is not the standard deviation of the statistic
Y01 ns, we shall standardise Y,,, ,,, by using its asymptotic standard deviation o},
and obtain the Edgeworth expansion of Y},, ,, with the remainder term o(N —1/2)
as follows.

THEOREM 4.3. Suppose that w(1,...,1;k) > 0, and (3.4), (4.1) and (4.2)
are satisfied. Then

(110) S lP Vays —0) < 2) - Q)] = o (N2
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PROOF. From (4.3), we have

— 1 1 ~
P <0N1(Um,n2 —0)<wz- \/Nab(0)> -Q (x - Nab(0)>' — O(N3).

sup
xr

Thus by this relation and (4.4), we get

(4.11) sup
x

*— 1 B
PO (Farms = 0) <) = Q (0= 10 )| = o172,

where
b 1
A B X (1)
(4.12) Q (m \/NO’) () (1‘ \/ﬁab )

=t o)

=Q"(x) +O(NT).
Thus by (4.11) and (4.12), we get (4.10). O

COROLLARY 4.4. The difference between the Edgeworth expansions of the
two-sample U-statistic Uy, n, and the statistic Yy, n, is given by

b(0) 1

e | o) el — o).

5. Examples
The asymptotic expansion of (Y, n, — 6)/on, Q*(x), depends on b® and
n2,N- For 4 kernels we shall give the values of b©® and n2,N about Vi, n,, Snyns
and By, n,, based on some special distributions.
(i) We consider the kernel
h(.’l?l,... y Lri Yty .- 7y’r‘) =Ty Ty — Y1 Yr, T:2737"‘
which gives the parameter § = u" — v", where pp = F(X;) and v = E(Y7). We
assume that X and Y are symmetric about u and v, respectively. Then we have
9(7‘—1,7“) _ E(X12) . Mr—2 - VT, e(r,r—l) _ MT - E(Y12) . V’F—Q,

and

1 1
b =6, | =" 2 Var(X;) —
D 1—-p

where 6, = r(r —1)/2 for Vi, n, and Sy, pn,, and 6, = r(r — 1) for By, ,.
Next we evaluate 72 ny. We have
WO (@y) = oy — ), BOD () = vy - v),
RO (2, x9) = W2 (xy — p) (22 — ),
WO (g1, y2) = =" (1 = p)(y2 — ), and WD (z1591) = 0.

V"2 Var(V1)|
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Thus we get
6%70 = pu?" 2 Var(X}), 5371 = ¥ 2 Var(Y7)

and

PSR pur—2 Var(X7) N p2r—2 Var(Y7) .
N ni n9

Therefore, we have

3r—4 ar 2 V3r74 ar 2
no,N = 3(r — 1) <M [\2% (X [X% (Y1)] >

<,u,2"2 Var(X1) v 72 Var(Y7) > 8/
X + .
niq no

(ii) We consider the kernel given by

1 (z1,22 < y1,y2 Or T1,%2 > Y1,Y2)

h(z1, 22,91, y2) = {0 otherwise

The corresponding parameter § = Eh(X7, Xo;Y1,Y2) is equal to 2A +1/3, where
A is given by (iii) of Section 1. We consider the uniform distributions U (0, 1)
and U(1/2,3/2) as F' and G, respectively. Then we have

2 12) _ 9 21) _ 9
0=2:, 0 )_6 and 6 )_6'
Thus we get
p0) — 02
6p(1 —p)’
where 62 = 1 for V,,, ,,, and Sy, n,, and 62 = 2 for By, n,.
For 0 < 21,22 <1 and 1/2 < y1,y2 < 3/2, we have

19

vro(e) =4 24 4
—xl—i—ﬁ (1/2§3§'1<1),

0<x < 1/2)

5
v—g (1/2<p<d)
Yoa(yr) = 19

24

(1<y1 <3/2),

3 2
Yo o(r1,22) = {5 - maX(fUhM)] .51y (max(z1, 22)) + L0,0.5) (max(z1, 22))

172 ,
+ fminor,2) = 5| s @inGer,a2)
Po.2(y1,y2) = min(y1,y2)1*(0.5,1) (min(y1, y2)) + I1,1.5)(min(y1, y2))

+ [1 — max(y1, y2)]*[(0.5,1) (max(y1, y2)),
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and
(7
< (0<z1 <1/2,y1 > 1)
1 3 1
_§+§y1—§y% 0<z <1/2,y1 <1)
1o Ly (1/2 <z <1,1 <y <3/2)
__:Bl T 9 _?Jl
YP11(z1591) 3 1,
syt =5ty (1/2<m <L1/2<a <l <y)
1+ +1 1( 2, 2)
R €T — — —\T
5 1 2Z/1 o \1 U
(1/2§y1<1,1/2§1‘1<1,x1>y1).

Thus by using Mathematica to compute the integrals we get

5 5
8o = Elp1o(X1) — 0> = Toz’ 81 = Elpo1(Y1) — 0] = T2’
o _10(1 1
N = 81 ni ng ’
and
1 1
(1,0) 31 _ L (0,1) 31+
B[O (X)) =~z B[O )Y =~
B ()OO (R (X0 )] = o,
13
EhGO (xR0 (xR0 (X, X)) =
(AP (XA (X) 5P (X0, Xo)] = o
107
(0,1) 0,1) (0,2) _

Therefore we have

n2,N

L T29V10 (232 241 256\ (1 1\ ¥
256000 ‘

nf  ni  nng) \nm o no

(iii) The kernel given by (iv) of Section 1 is considered. We have #(1:2) =1
and #Y = 0. We consider the uniform ditributions U(0,1) and U(1/4,3/4) as
F and G, respectively. Then we have § = 7/24 and

o 17
o _ __ %2 (' _
= iy <24 p)'

Next we evaluate 1y . For 0 < z1,22 < 1 and 1/4 < y1,y2 < 3/4 we have

1 4 1\?
¢1,0($1)—§—§<$1—§) ,

i =2 (n=5)"+ (5-n) 5 {(n-3) - (G-0) }

1—-2|z1 —x 2 e — ol < 1
rolan,an) = 4 L7 2mr =@ @ler—aof <1)
0 (2lz1 — 22| 2 1),
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and

Yo2(y1.y2) = 2ly1 — ya| — (y1 — 12)*.
Futhermore, for 0 < z1 < 1/2 and y; + 21 < 3/4

1\2 3\ 2
<m1+y1—1> +<x1—y1+1> — 4z} (y1— 71 > 1/4)

3\? 1\?2
<x1—y1+1> +2<y1—1> — 2z} (y1 — a1 < 1/4).

Pra(z ) =

For 0 <2y <1/2 and y; + 21 > 3/4

1\? 3\?
<$1+yl_1) —2$%+2<yl—1> (y1 — a1 >1/4)

Yr1(z15y1) = 2{(y1 - %>2+ <y1 B Z>2} (y1 — 1 < 1/4).

For1/2 <z <landy +21—1<1/4,

2{<y—i>+<y—%>} (0 — 21 +1 > 3/4)
Yra(z) = 5 (y1 B i>2+ (2 o _y1>2 (1 — )
(y1 — a1 +1<3/4).

For1/2<zy <land y; +27—1>1/4,

(/3 2 7 2
< s . . o 2
(4 1 +y1> + <4 T y1> 4(1 xl)
(y1 —x1+ 1< 3/4)

3 ? 3 ?
(Z—x1+y1) —2(1—:01)2—1—2(1—3/1)

(yi —x1 + 1> 3/4).

Y11(xsy1) =

Thus by using Mathematica to compute the integrals we get

23

8o = Elp10(X1) — 0> = 1032’
37

4032’

*2

81 = Elpo1(Y1) — 0] =
ON = T7ro

[
L (2 3
1008 ni no

and

821
B(ROD M) = oo,
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50531

(1,0) (0,1) (1,1) . = —
E[RP(X)RT2 (YR (X)) = goes—es
B0 )R (a)h0 (0, X)) = 5
E[ROD ()0 (v2) 0D (11, V2)] = —%'

Therefore we have

VT (193312 47328 252655 /23 37\ /2
n2,N - + — + — .

400 n% n% ning ny ng

(iv) We consider the kernel given by (v) of Section 1. We consider the
uniform ditributions U(0,1) and U(1/2,3/2) as F' and G, respectively. Then we
have

) 11 23
(12) _ 2 21 _ = - =
b 6’ b 12’ o 24’

and

po _ 8B -2p)
24p(1 - p)

For 0 < z1,29 <1 and 1/2 < y1,y2 < 3/2,

droan) =1— 4 wea —1- (224
1,0 xr1) = 6.T1, 0,1 Y1) = 6 2 Y1 ,
1 (0<$1—|—[E2§1)
x1,X2) = 1
V2,0(71, 22) 17§(x1+x271)2 (1< 21 +20<2),
1
L—s2—(w+y)? (I<y+y<2
Yo.2(y1,y2) = 2[ (y1 + y2)] ( Y1t Y2 )
(2<y1 +y2 <3),
and
7 1 1 1 1
- —z)— =y —21)? (s <y—w1 <2
8 2 2 2 2
Yra(z1;m) = . ;
1 Z < — 2.
(2_y1 $1<2>

Thus by using Mathematica to compute the integrals we get

1 1 1 /1 1

o=—= S1=72 ON=-7(—+—
W= Ty N Tl T )
1 1

E[(RM0)(X1))%] = ~3960° E[(ROV(11))%] = ~3960°
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9727
(1,0) (0,1) D (X = —ooroann
B[RO (x0)n 0D (q)atD (X1 1)] = - s
9727
ERYOxHVRLO(x I Vh20 (X, X)) = ———
RO )R ()0 (X5, Xp)] = — s
32531
EROD (v RO (v R02) (v, Vo) = — 2220~
ROV RO D (Vo) RO (11, V)] = - s

Therefore we have

N2,N =

J?(gmw 3%01+3&ms><1_ 1>‘W2

675 \ n? n3 ning ni o ng
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