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ABSTRACT

Discussion of the generation of internal waves by tidal flow over bottom topography concludes that
isobath convergence has an important effect on wave intensity near the sea surface, and also predicts
that all harmonics of the tide will be present in the emitted waves.

A simple analysis of the reflection of internal waves by a moving surface layer predicts that the surface
layer disturbance will be amplified by, at the most, a factor of 2, and that this amplification is selective
in wavenumber. For waves near inertial frequency, the impinging wave can excite disturbances that grow
exponentially with time. Data from the GATE experiment show a clear tidal signal in isotherm depths near
the thermocline and a possible inertial period variation as predicted by the simplified case analyzed.

1. Introduction

Rattray (1960) has described the generation of in-
ternal waves by tidal flow over topography. Halpern
(1971) and later others have observed wave packets
propagating over continental shelf areas. Recently ob-
tained satellite data show that such waves are ubiqui-
tous (Apel et al., 1975).

During the GATE experiment, internal waves were
observed by many of the participants, and were re-
ported by Ostapoff (1975), Mollo-Christensen et al.
(1975), Woods (1975), Siedler and Zenk (1975),
Koblinsky and Grose (1975) and others.

The ship XBT data, analyzed by Grose (1976,
personal communication), show that the isotherms tend
to take a sudden dip once per tidal period. Ostapoff
et al. (1975) suggest that the internal waves they ob-
served were topographically generated at one of the
seamounts on the Sierra Leone Rise, between 50 and
100 km from the point of observation.

There are of course many possible mechanisms for
generation of internal waves. Among them are moving
atmospheric pressure patterns, nonlinear resonant in-
teraction between surface and internal waves (see
Phillips, 1966), while convective instabilities caused by
surface evaporation and cooling can be expected to
cause convective overturning near the surface every
sunny day and even for each cloud passage. In addition
there are shear flow instabilities that, influenced by
stratification and rotation, can occur and generate
internal waves with a concomitant modification of the

1 A GATE paper.

basic flow toward neutral stability. In fact, one should
expect most naturally occurring flows to be near a
state of neutral stability, since the Reynolds stresses
associated with instability will tend to modify the mean
flow toward a neutrally stable mean profile.

The apparent periodic occurrence of internal waves
in the GATE area suggests generation by tidal flow
over topography. The intensity of the observed waves
so far away from the seamounts suggests that an ampli-
fication mechanism may be present between the sea-
mount and the point of wave encounter.

In the following, I will first discuss the frequency
content of internal waves generated by tidal flow over
a seamount, then consider the spatial distribution of
the emitted signal, especially near the surface. A simple
analysis for an idealized density and mean velocity
structure then follows, and results are discussed in
terms of directionality and convergence of wave propa-
gation of the internal wave field in the upper thermocline.

2. Generation of internal waves by tidal flow over
topography

Oscillatory flow over a seamount will generate waves
that, at a distance from the mount, will have sufficiently
small amplitudes to be treated adequately in terms of
linear theory. Near the surface of the seamount, non-
linear processes (especially in the boundary layer) will
be important. The boundary layer formed during one
tidal cycle will persist into the next tidal cycle, leading
to the continuous presence of a bottom-mixed layer.
This layer will be modified in each tidal cycle. Since
the inertial period at the latitudes of the GATE area
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(10° N) is near 70 h and the semidiurnal lunar tidal
period is approximately 12.4 h, the flow will be strongly
affected by the nonlinear advective effects and I suggest
that processes like vortex stretching can cause over-
turning and wave emission which, if the surface slope
is right, may induce overturning further along the
slope.

The processes are too complicated to describe in
detail because of our lack of detailed understanding.
But we can say with some assurance that there will in
all likelihood be violent events in the boundary layer
on the slopes of an isolated seamount. The tidal flow
around the seamount outside the boundary layer will
be largely two-dimensional because of the mean strati-

fication. The horizontal vorticity in the boundary layer:

on the upstream side of the mount will then be stretched
due to horizontal divergence. This can lead to over-
turning of an initially stable density stratification. Such
tumbling will in turn generate small-scale waves that
can propagate on the density interface between the
bottom-mixed layer and the fluid above, as well as into
the fluid away from the boundary layer. The further
possibility of the internal waves from one location of
the seamount impinging on the boundary layer else-
where and contributing to overturning, and the pos-
sibility that there may exist finite amplitude thermo-
haline instabilities that may contribute, should also be
mentioned.

The purpose of this listing of processes in the bottom
boundary is to justify the suggestion that the wave
emission from the bottom boundary over a seamount
may be predominantly in the form of a burst of waves
occurring some time after the tide turns. Near the
edges of continental shelves this seems to be the case;
the observations of internal waves travelling on the
seasonal thermocline over shelf areas seem to be of
packets of internal waves emitted once per tidal period
(see Halpern, 1971). We shall take the emitter intensity
S at the seamount surface to be periodic in time, and
suggest that the time dependence may likely be a series
of pulses of finite width that can be written as

S=3" a,sin(nMs+ ¢n)

n=0

=~ i sin[ (2n—1)M,t]. 1)

n=0

The last expression is a sum of alternating sign pulses,
their width depending on m. This ignores the presence
of low-frequency oscillation in the inertial frequency
range. I will just remark that the presence of lower fre-
quency oscillations, such as inertial motions, will serve
to modulate the emitter intensity as given above and
possibly give nonlinear couplings between tidal and
lower frequency oscillations.
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F1a. 1. Bottom topography in the GATE area. Depths in meters.

3. Propagation of waves away from the seamount

Use will be made of a linear approximation to discuss
the propagation of waves into the region surrounding
the seamount. We shall discuss the propagation for an
ocean with constant Brunt-Viisdli frequency. Rao
(1975) has given the singular solution for internal-
inertial waves generated by an oscillatory vertical point
force in an infinite fluid both with and without the
Boussinesq approximation. In both cases, the solutions
are singular along the characteristic cones given by

(97 /2= (N*— %)/ (= f?), Y

where ¢ is the frequency. Although we don’t know the
source strength, we can still discuss some of the con-
sequences of seamount geometry upon the distribution
of wave intensity near the sea surface. Fig. 1 shows the
bottom topography in a portion of the GATE area
and Fig. 2 the cross section of the seamount near 8°N,
20°W. Also shown are the characteristic slopes from
the edge of the seamount plateau assuming a constant
Brunt-Viisild frequency of 2 per hour.

Fig. 2 also indicates how the characteristic surfaces
will be modified for a more realistic stratification, where
the Brunt-Viisild frequency increases towards the sea
surface to the bottom of the mixed surface layer.

Fig. 3 illustrates the effect of convexity of isobaths
on wave intensity near the surface. The characteristic
cones from, say, a circular line of emitters will give a
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Fic. 2. Cross section of seamount near 7°N, 22°W. Character-
istic slopes are shown for frequencies equal to the first four
harmonics of the semidiurnal tidal frequency M, for constant
Brunt-Viisild frequency. Modification of characteristic slope is
suggested by A; characteristic cones from edges of seamount
plateau are shown at B.

maximum intensity along the envelope of the circles
that represent the intersections of characteristic cones
with the sea surface. In summary, we conclude that
waves are emitted from the bottom-mixed layer peri-
odically each tidal cycle, and the convergence of waves
emitted from different areas of the seamount surface is
in all likelihood an important factor in determining the
distribution of wave intensity near the sea surface.

4. Planar wave impinging on moving surface layer

In order to demonstrate the possibility of amplifica-
tion when waves from a seamount hit a moving surface
layer, consider the simple mean stratification shown in
Fig. 4. An upper, homogeneous layer of thickness H is
moving at constant velocity U in the x direction. Below
the water is at rest in the mean and has a constant
Brunt-Viisild frequency N. A simple harmonic planar
wave travelling with positive upward group velocity

- {
1

F1c. 3. Top view of characteristic cones from edges of seamount
plateau where they intersect the sea surface.
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F16. 4. Mean stratification and velocity field for model.
Impinging and reflected waves also indicated.

impinges on the bottom of the mixed layer, generating
a disturbance in the surface layer and a reflected wave
travelling with a downward group velocity in the water
below the thermocline. We have also taken the density
difference across the lower interface of the mixed surface
layer to be nonzero, equal to Ap.

a. Equation of motion

We shall use the Boussinesq approximation on an
f plane, let the subscripts z, vy, z, ¢ denote partial
derivatives, and define the linear convective operator
D and the horizontal Laplacian, respectively, as

D=9/3t+Ua/0dx, 3)
V= 93%/0x2+ 3%/ 9y @)

The linear approximations to the momentum, continu-
ity and density equations are

Du— fo+P,=0 (5)
D+ fu+P,=0 (6)
Dw+P.4-gp'/po=0 : ™
s, 4w, =0 ®
Dp’+wp,=0. 9)

From these equations one obtains the equation of
vertical vorticity:

D¢ =D(v,—uy) = fw.. (10)
Egs. (5) and (6) yields the pressure equation
VP =Dw,+ fS, (11)
while Egs. (7) and (9) give
—DP,=(D*+NH)w. (12)
Combining Eqgs. (10) and (12) gives
(N4+-D?)VyPw+ (f*+D)w..=0. (13)
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b. The impinging and reflected waves

If we take the disturbances in the lower fluid to
consist of an impinging wave wr and a reflected wave
wg given by

wr(e,y,2.0) = Wi exp[i(—yzt+kx—at)], (14)
wr(x,y,2,) = Wg exp[i(+yztke—at)],  (15)

Eq. (13) gives the dispersion relation
V= N*—d?)/(e®= ), (16)

where we take vy to be positive so as to give the proper
directions of group velocities.
The associated pressure fields are

Pr=(N— Wi/ (o),
Pr=—(N2—a®)Wgr/(ov).

The kinematic boundary condition at the lower inter-
face of the mixed layer is

Wi+Wr=—ioh,

(7
(18)

(19)
where h is the complex amplitude of the interface
between the upper layer and the fluid below, as defined
in (20).

c. Disturbance in the upper layer

If we express the vertical velocity field and pressure
in terms of the deflection of the interface at the bottom
of the moving layer z=/4(x,), taking

h(x,t) =h exp[i(kx—ot) ],

the kinematic boundary condition at the interface

(20)

z=h(x,y,t) is
w,(,0,t) = Dh.
This condition is satisfied by setting
., (2,0,) = —iwh exp[i(kx—at)], (21)
where
w=0c—Uk. (22)

Since the upper fluid is homogeneous, N?=0, and a
solution to Eq. (13) that also satisfies the boundary
condition of zero vertical velocity at the free surface
z=H as well as the kinematic condition at =0 is

wy (2,2,t) = (iwh/sinhaH) sinha(z— H)
Xexp[i(kx—at)]. (23)
The associated pressure field is found from Eq. (11)
which gives (after some algebra)
Py (x,5,8) =[~w?/ (a sinhaH) I cosha(z— H)

Xexp[i(kx—at)], (24)

where
o=Fa?/ (7= f7),

P<<NE, (25)

ERIK MOLLO-CHRISTENSEN

687

d. Pressure matching at 2=0

We let g’=gAp/po. The pressure matching condition
across the density interface between the upper and
lower fluids is

Pr+Pr=Py+gh at z=0.
Using Eqgs. (14)—(17), this can be written
Wi—Wr="oh[— (/) cothaH—g'](N?—o?)}, (27)

which, taken with Eq. (19), will allow one to solve for
the amplitudes of the reflected wave and the surface
layer disturbance in terms of the amplitude wy of the
impinging wave. Adding Egs. (19) and (26), one finds

2Wr=ch{—i+v[g'— (w*/a) cothaH]/(N?—3?)}. (28)
This further gives
oh/ QW)= {—i+k(N2— o)} (o2~ f2)
X[g'— (w?/e) cothaH]}L.  (29)
The response of the interface is proportional to the
inverse of the expression in the braces in Eq. (19). When

that expression is zero, there will be an infinite response
to a finite excitation and a finite response to infinitesi-

(26)
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F1c. 5. Plot of maximally amplified wavelengths versus angle
between surface current and horizontal wavenumber component.
Two wavelengths are shown for each angle, one for waves against
the current, the other for waves with the current.
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mal excitation, corresponding to resonance. This then
implies that the flow is neutrally stable to disturbances
of corresponding wavenumber and frequency.

The GATE observations, cited below, show the pres-
ence of especially strong signals near tidal and inertial
frequencies. Therefore, we first consider disturbances
in the tidal frequency range, where the approximation

a=>f?

will be used. At the latitude of the GATE experiment,
~10°N, the inertial period is approximately 70 h, com-
pared to the semidiurnal lunar tidal period of 12.4 h,
and the approximation made by neglecting f?/¢? implies
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errors of order 3% in the approximated terms in Eq.
(29).

The response amplitude will be a maximum when
the expression in the braces is a minimum. As long as
the second term in the braces is real, the maximum
response will occur when the second term is zero, i.e.,
when

(30)

The amplification ratio, as defined by the left-hand
side of Eq. (29), will then equal 2. For long waves, for
which 2H>>1, one then finds

a/k=U=x(g'H)*.

w?=g'a tanhaH.

(1)
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FiG. 6. Isotherm depth versus time based on data from R.V. Oceanographer. The sudden dip in isotherm depth occurring once per
tidal period is evident. Numbers along the abscissa designate Julian day in 1974. Plot provided by P. Grose, NOAA Environmental

Data Service.

The result in Eq. (31) is expressed as the wavelength
of the most amplified wave of a given frequency ¢ as a
function of the mean current speed U, the mixed layer
depth H, and density contrast in Eq. (32).

For a current oblique to the horizontal component of
the wavenumber of the impinging wave, only the
current velocity component U cosf along the horizontal
wavenumber direction will count. Eq. (31) then becomes

N=2w/k=[U cosb= (g'H)¥]/o. (32)

Fig. 5 shows the maximally amplified wavelength as
function of angle 6, calculated for lunar semidiurnal
tidal frequency, a mixed layer depth of 30 m, a current
velocity of 0.5 ms™ and a density contrast of
Ap/p=1072. These values are typical of the GATE area.

For the other frequency range of interest, near the
inertial frequency, we set o= f(1-+») and assume |»|<&1
in Eq. (29). Setting the braces in Eq. (29) equal to
zero and neglecting terms of order »?, we find the re-
sponse is infinite when

= g'k(N*— )74/ (f2%). (33)

This corresponds to an instability being excited by the
impingement of waves at inertial frequency, since the
response is a disturbance growing exponentially with
time. This corresponds to a result found by Stern (1977).

5. Observations
Isotherm depths versus time, as calculated from the

casts taken from R. V. Oceanographer, are shown in
Fig. 6. The dip in isotherm depths once per tidal

period is evident ; the fluctuations at inertial frequency,
with period of ~70 h, are less obvious.

6. Discussion

The analysis of a simplified problem, analogous to
that of the impingement of topographically generated
waves from below upon the moving homogeneous sur-
face layer, shows that for frequencies well above iner-
tial frequency the surface layer disturbance will be
twice the amplitude of the impinging wave for certain
wavenumbers, depending upon direction of propaga-
tion relative to the current. For waves very near
inertial frequency, there can be excitation of exponen-
tially growing disturbances, corresponding to the exci-
tation of an instability. This singular reflection will
generate waves that will propagate downward and be
reflected from the bottom, to impinge again and excite
instability further. This process was pointed out by
Lindzen (1974) for the case of internal waves. The
process is similar to the phenomenon of overreflection
of sound waves from a compressible flow shear layer,
analyzed by Landau (1944), and later by Miles (1957)
and by Ribner (1957). The importance of spatially
growing disturbances when there is a solid boundary or
a second shear layer present was pointed out by
Mollo-Christensen (1959) for the acoustic case.

The analysis given here, even if the problem has been
very much simplified to render it tractable, seems to
suggest the processes that contribute to the generation
of disturbances in the upper ocean have significant
energy at tidal frequency and its harmonics, as well
as at the inertial frequency.
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Another possibly important conclusion of the dis-
cussion of wave emission from topography is the effect
of isobath convexity on the convergence of topographic
waves impinging on the sea surface; the waves may,
through convergence, attain sufficient amplitude to
generate surface waves through nonlinear interactions,
although no observations have been reported. .

In conclusion we may state that the internal waves
observed in the GATE experiment may have been
generated by tidal flow over topography, as suggested
by Ostapoft et al. (1975).
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