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ESTIMATION OF BOUNDED LOCATION AND SCALE
PARAMETERS

Tatsuya Kubokawa*

This paper addresses the issue of deriving estimators improving on the best loca-
tion equivariant (or Pitman) estimator under the squared error loss when a location
parameter is restricted to a bounded interval. A class of improved estimators is
constructed, and it is verified that the Bayes estimator for the uniform prior over
the bounded interval and the truncated estimator belong to the class. This paper
also obtains the sufficient conditions for the density under which the class includes
the Bayes estimators with respect to the two-point boundary symmetric prior and
general continuous prior distributions when a symmetric density is considered for
the location family. It is demonstrated that the conditions on the symmetric density
can be applied to logistic, double exponential and ¢-distributions as well as to a nor-
mal distribution. These conditions can be also applied to scale mixtures of normal
distributions. Finally, some similar results are developed in the scale family.

Key words and phrases: Bayes estimator, bounded mean, decision theory, improved
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1. Introduction

The problem of estimating a parameter restricted to a bounded subset has
received theoretical attentions in the field of statistical decision theory. In the
estimation of mean y of a normal distribution A (p, 1) under the restriction A =
{p | |p| < m} for m > 0, Casella and Strawderman (1981) established that the
nonrestricted estimator X, having N (u, 1), is not minimax and showed that the
Bayes estimator against the two-point symmetric prior distribution putting mass
on the endpoints {—m, m}, given by

ﬁBU = (meX — me*X)/(eX + e*X) = mtanh X,

is minimax under the squared error loss if the boundary m satisfies the condi-
tion m < 1.0567. This result was extended by Berry (1990) and Marchand and
Perron (2002) to a multivariate normal distribution and by DasGupta (1985) to
a general parametric model. Marchand and Perron (2001) demonstrated that
7PY dominates the maximum likelihood estimator i’ ® = (X/|X|) min(| X |, m)
if m < 1, and Marchand and Perron (2005) recently extended this result to a
multivariate ¢-distribution. Although the estimator %Y is minimax, the condi-
tion on the boundary m for the minimaxity is restrictive. An alternative is the
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Bayes estimator against the fully uniform prior over A, given by
~FU " 2 " 2
i = [ pespl =X w22 [ [ o= = n?/20an
-m -m

Gatsonis et al. (1987) proved the dominance result of iV over X, and illustrated
that it has a favorable risk behavior in comparison with i%Y: the risk is slightly
higher near zero, but quite a bit smaller near the boundary. Hartigan (2004)
provided an interesting method for establishing the dominance based on the
Stein identity.

Using the IERD method given by Kubokawa (1994a, 1994b, 1998, 1999),
Marchand and Strawderman (2005) recently constructed a broad class of estima-
tors improving on X in the general location family, and demonstrated that the
Bayes estimator iV against the fully uniform prior over A belongs to the class.
These results inspired me to develop further studies about the following queries:

(i) Does the Bayes estimator iV against the two-point prior belong to the
class of improved estimators given by Marchand and Strawderman (2005)?

(i) What types of prior distributions of u produce the Bayes estimators
belonging to the class?

(iii) What kinds of conditions on the density in the location family are re-
quired to establish the dominance properties of the Bayes estimators over X? Do
similar kinds of dominance properties hold in the scale family?

The objective of this paper is to investigate and answer the above queries.
In Section 2, the class of estimators improving on the best location-equivariant
estimator jig based on a sample with size n in the general location family is given.
This is an extension of the result of Marchand and Strawderman (2005) who
dealt with the case of a single observation. It is shown that the class includes the
Bayes estimator against the fully uniform prior over A and a truncated estimator
which corresponds to the maximum likelihood estimator in the case of the single
observation. A new and simple estimator shrinking fig towards the center of the
restricted interval is also derived in the general setup, and it is verified to be
superior to .

When we focus on a simple setup, some further studies can be developed
and several interesting dominance results can be obtained. In Section 3, we treat
the estimation of the location parameter based on a single observation from a
symmetric distribution whose density is described by f(x — u). Related to the
query (ii), we consider the prior distribution with the symmetric density

T () = h(I(|ul < m),

where h(-) is a nonnegative function defined on the real numbers and I(|u| < m)
is the indicator function, namely, I(|u| < m) =1 for |u| < m and I(ju| <m) =0
for || > m. Then it is proved that the resulting Bayes estimator i{/ belongs to
the class of improved estimators under the following conditions on the prior h(u)
and the density f(x — p): The conditions on h(u) are given as

(a) h(w) is nondecreasing in u for p > 0 and
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(b) log h(u) is symmetric and concave in p;
The conditions on f(z — u) are described as

(A.1) f(u) is nonincreasing in u > 0,

(A2) flle—pw)/flx—pn)+ f'(x+p)/f(z+ p) <0 for nonnegative = and
w € [0,m].

The assumption (A.1) means that the density function is unimodal, and (A.2) is
guaranteed if the density has the monotone likelihood ratio property.

As an answer to the query (i), we shall show that the Bayes estimator g8V
against the two-point prior belongs to the class of improved estimators when we
assume (A.1), (A.2) and the additional condition that

(A3) fllx—m)/f(x —m)— f'(x+m)/f(x+m) <2/m for x > 0.

As illustrated in some examples, the condition (A.3) seems to require the re-
strictive condition on m such that the boundary m is bounded above. Some
distributional examples satisfying the assumptions (A.1), (A.2) and (A.3) are
presented in Section 3, including logistic, double exponential and ¢-distributions
as well as the normal distribution. We also derive conditions for general nor-
mal mixture distributions to satisfy the assumptions. Finally, Section 4 studies
some similar dominance results in the scale family and provides an example of a
gamma distribution. These answer the query (iii).

It is noted that the same notations are repeatedly used in the paper as long as
they are not confusing. Throughout the paper, the notations fig, 'V and Y,
respectively, denote the best location-equivariant estimator, the Bayes estimator
against the fully uniform prior over the bounded interval, and the Bayes estimator
against the boundary uniform prior putting mass on the endpoints.

Finally, we conclude this section with remarks on the dominance problem
studied in this paper. Although the paper will derive the conditions for estimators
to dominate the best location- or scale-equivariant estimator, it is more important
to address the problem of finding Bayes estimators dominating the truncated
or maximum likelihood estimator (MLE). This problem was investigated by
Marchand and Perron (2001, 2005) for multivariate normal and t-distributions,
and general conditions for the dominance over the MLE were derived. In the
univariate normal distribution A (p, 1) under the restriction |u| < m, Table 1
of Marchand and Perron (2001) demonstrates that the dominance properties of
the Bayes estimators over the MLE are guaranteed restrictively for small m.
For example, iV has the dominance property for m < 0.523. Although the
dominance of iV over the MLE is not guaranteed for m > 0.523, if'V dominates
1o for any m and has a favorable risk behavior in large part of p as illustrated
in Gatsonis et al. (1987). On the other hand, it seems very hard to derive a
Bayes estimator dominating the MLE for any m, and such a Bayes estimator
has not been developed so far. Taking these facts into account, we consider it
meaningful to begin with constructing classes of estimators improving on fig for
any m, which is the aim of this paper. Based on the results obtained in the
paper, we can search for Bayes estimators having good risk behaviors within the
calsses of the improved estimators. We plan to consider the more difficult issue



224 TATSUYA KUBOKAWA
of finding the Bayes estimators dominating the truncated ones in a future study.

2. Estimation in the location family

2.1. A class of improved estimators

We consider the estimation of the bounded location parameter in the general
location family. Let X = (Xy,...,X,) be a set of random variables having the
density function f(x — ) where  — p means (x1 — p,...,z, — p) for scalar p.
Suppose that the location parameter p is restricted to the bounded interval

A={p|a<pu<b} for known real a and b.

Estimator i of u is evaluated by the risk function R(u, i) = E[L¢(f, )] relative
to the squared error loss
Lo, 1) = (i — p)?.
The best location-equivariant estimator, called the Pitman estimator, of p
is given by

e)  A=mX) = [ erx-ga ) [T rx o

which is the generalized Bayes estimator against the Lebesgue measure d¢ over
real line. To improve the best location-equivariant estimator fig by using the
restriction A, consider a class of the estimators

(2.2) fig = io(X) — ¢(fio(X), ),

where y = X — [ip(X), and ¢(w, y) is an absolutely continuous function. In
this general location family, a class of estimators improving on fig is constructed
in the following theorem, which is an extension of the result of Marchand and
Strawderman (2005) who addressed the case n = 1 and gave a class of estimators
improving on jig = X;. The following theorem provides the result in the case of
size n and the proof is instructively stated below.

THEOREM 2.1. Assume that ¢(w,y) is an absolutely continuous function
satisfying the following conditions:

(a) There exists a function c(y) such that ¢(c(y),y) =0,

(b) ¢(w,y) is nondecreasing in w,

(¢) o(w,y) is bounded as

< w-boo(w,y)  if w>c(y),
o) { > 6ol y) i w < c(y).
where
Jolpuf(y +u)du s (w, ) = S uf(y +u)du
Juozy f(y + u)du’ ooty 2 fly +u)du

Then fiy given by (2.2) dominates the best location-equivariant estimator [ig rel-
ative to the Ly-loss.

¢w7b,oo (w7 y) =
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ProOOF. The IERD method provided by Kubokawa (1994a, 1994b, 1998,
1999) is useful for the proof. The risk difference of the two estimators fig and fig
is written by

A = R(u, fio) — R(p, figp)
= El{fio — 1}* — {fio — ¢(fio, y) — p}?]

which is, from the condition (a), expressed as
Bl{fio — o(7io +t.y) = u}* i)
e(y)—ho d 9
=E /0 g o = 9o +t,y) — p}di
e(y)—po R .
= -2 //O {10 — &(fio +t,y) — p¢ (1o + ¢, y) f(x — p)dtde,
where ¢/'(t, y)

subsets {x | fo(x
written as

C(y)—l/lo N N
A=-24/[ +/A / {fio — (1o + t,y) — pn}
Ho>c(y) no<c(y) ) J0

(0/0t)¢(t,y). By partitioning the space of x into the two
) > c(y)} and {x | fo(xz) < ¢(y)}, the risk difference A is

- 2/“ W) /0 {fio — ¢(fio + t,y) — p}d'(fio + t, y) f(x — p)dtdz

c(y) —Ho
ef [ " i = oo+ .9) — 1}/ i+ £.9) (& —
0<c
= A1+ As. say)

We first show that A; > 0. Since the conditions that ¢(y) — fip(x) <t <0
and c(y) — fio(z) < 0 are equivalent to the conditions that —oo < t < 0 and
fo(x) — c(y) > —t, the quantity A; is expressed by

0
a=2f | {Fio — 0o+ t, y) — 11} (o + £, ) f(m — p)dzdt.
—oo Jpg—c(y)>—t

Note that the estimator fig(x) is location-equivariant, that is, fig(x)+t = fo(x +
t). Making the transformations v = x +t and u = figp(v) — ¢t — p in turn with
dv = dz and du = —dt, we can rewrite Ay as

0
(2.3) Ay = 2/_ /Zj,\o(a:+t)—c(y)>0{u0(w) — ¢(fo(x + 1), y) — p}
% 0o + 1), y) (@ — p)dadt
0
sof [ )~ glE().y)
% 0/ (v), ) (v — t — ) dvde
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0
2/%(@) c(y)>0/ {o(v) =1 = olfo(v) y) =
x ¢ (fio(v), y) f(v — t — p)dtdo

=2 f ok Tt w)
% (o). ) (v = fio(v) + w)dud,

where y = & — [ip(x) = v — fig(v) since fip is equivariant. From the condition
(b), ¢'(w,y) > 0, so that A; is nonnegative if the function ¢(w, y) is bounded
above by

owy) < [~ ufwrade /[T fyrwde foray a<p<h,
w—p w—p
which is equivalent to

s ny < [Cufwrde /[ iy ode forany a<p<s

for w* = w—p. Since ¢(w, y) is nondecreasing in w, it follows that ¢(w*+u, y) <
d(w* + b, y) for a < p < b, so that we get the sufficient condition that

¢(w*+b,y)é/wiouf(y+u)du//wiof(y+u)du

which is rewritten by

o) < [~ urwrwde [ [ p s wde

w—b w—>b

This condition is guaranteed by the condition (c), and the requirement that
A1 > 0 is proved.

We next show that Ay > 0. By the same arguments as in (2.3), we observe
that

C(Z/)—ﬁo
Ay = —2/ 3 )/ {fio — ¢(fio + t,y) — u}d' (fio + t, y) f(x — p)dtde
po<c(y

_ _2/ /MO {fio(z) — ¢(fio(z) + t,y) — u}

y)<—

x ¢'(fio(z) +t, y)f( — p)dxdt

= —2/ /O (o)) <0 (’U) —t—p— (b(ﬁO('U)a y)}
x ¢/ (jio(v), y )f(vA—t — p)dodt

ko (v)—p N o
= [ = otow), 9)} (o(v),9) £y + w)dudo.
to(v)—c(y)<0 J/—oo

Since ¢'(w, y) > 0, it is sufficient to show that

swy) = [ Curyrwde /[ sy o
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which is guaranteed by the condition (c) as verified by the same way as in the
case that A; > 0. Therefore, the proof of Theorem 2.1 is complete. O

The following theorem is useful for showing the dominance property of the
typical Bayes estimators introduced in Section 1.

THEOREM 2.2. Assume that ¢(w,y) is an absolutely continuous function
satisfying the following conditions:

(a) There exists a function c(y) such that ¢(c(y),y) =0,

(b) ¢(w,y) is nondecreasing in w,

(¢) o(w,y) is bounded as

<o(w.y) if w=c(y),
>¢Y(w,y) if w<cy),

P(w, y) {

where
w—a

ey Fwy=

w—>b

uf(y+wda [ [* 7 g+ uydu

w—>b

Then [ig given by (2.2) dominates the best location-equivariant estimator fig rel-
ative to the Ly-loss.

PrROOF. From Theorem 2.1, we need to show that

Jolpuf(y + u)du

(25) o (wy) < S

and

for w > c(y),

(2.6) oY (w,y) > [oc” ufly +u)du for w < c(y).

- fy 4 w)du

To check the inequality (2.5), it is sufficient to show that the function

h(s) = /ws—b uf(y +u)du / /ws_b fly +u)du

is increasing in s. The derivative of h(s) with respect to s is proportional to the
quantity that

S

S+ [ frwdi— [ ufy+wdufy +)

—fy+9) [ (= uy+u)du

which is nonnegative, so that h(s) is increasing. Hence, h(w — a) < h(o0), which
shows the inequality (2.5). Similarly, we can show the inequality (2.6). O
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2.2. Derivation of improved estimators

Now we derive some estimators improving the best location-equivariant es-
timator figp.

[1] Fully uniform prior Bayes estimator. Consider the fully uniform
prior distribution over the bounded interval, described by

7 () = (b—a) 'dul(a < p <),

where I(-) denotes the indicator function. The resulting Bayes estimator is given
by

(2.7) nfv /gfsc— dg//fm—
—uo—/a(uo— (x—¢ df// T —§

- ﬁo - ¢U(ﬂ07 y)7

which we here call the fully uniform prior Bayes estimator, where ¢V (w,y) is
defined by (2.4). We shall show that the Bayes estimator i’V belongs to the class
provided in Theorem 2.2. The condition (c) is trivially satisfied. The derivative
of ¢V (w, y) with respect to w is proportional to the quantity

28 {w-afy+v=—a-(=-bfy+w-b} [ " fy+ud
- [ty wduff(y +w—a) = fy+w - )

= [+l —o —ubfy+w-o
+{u—(w—-0)}f(y +w—0b)du,
which is positive. Thus, ¢U(w,y) satisfies the condition (b). Noting that

#Y (w, y) has one sign change from negative to positive, we see that there ex-
ists a function ¢(y) such that <z5U(c(y)7 y) =0.

PROPOSITION 2.1. The fully uniform prior Bayes estimator iV given by
(2.7) dominates the best location-equivariant estimator fig relative to the Ly-loss.

[2] Truncated estimator. Every estimator taking values outside the pa-
rameter space a < p < b can be improved on by truncating it at the boundary
points @ and b. Thus, the estimator fig is dominated by the truncated estimator
(2.9) p'" = max{a, min {7, b} }

= ZZO - ¢TR(ZZ0a y)7
where
¢ (w, y) = min{w — a, max{w — b,0}}.
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Noting that c(y) is between a and b, we can see that ¢”*(w,y) satisfies all the
conditions in Theorem 2.1, that is, i’ % belongs to the class given in Theorem
2.1.

[3] Shrinkage estimator. Let Ry = E|[(jio — 1)?] and By = E[fip — ),
both of which are independent of u since jig is equivariant. Based on Ry and By,
consider a shrinkage estimator of the form

~ ~ . a+b
(2.10) i = fig — Ao <M0— 2 )7

where

B Ry — |Bo(a —b)|/2

~ Ro—|Bo(a—0b)|+ (a—0)?/4

The shrinkage constant Aj satisfies the condition 0 < Ay < 1 when |By| <
min(|a — b|/2,2Ro/|a — b]). Then i° shrinks fip towards the center (a + b)/2
of the interval. Although it is not sure that &° belongs to the class given in
Theorem 2.1, the dominance of /i° over X can be directly verified.

A

PROPOSITION 2.2. If the bias By of the estimator jig satisfies the condition
|Bo| < min(|a — b|/2,2Ry/]a — b)),

then the shrinkage estimator fi° given by (2.10) dominates fig relative to the
Ly-loss. If Ry > |Bo(a — b)|/2, then the estimator [iy is not minimaz.

PROOF. The risk function of the estimator fi° is written by
R(u, i%) = E[(5° — p)’]

a+b
= (1—Ao)*Ro + A3 (M—

)2 — 240(1 — Ag)By (u— a;rb> .

Noting that —(b—a)/2 < u—(a+b)/2 < (b—a)/2, we see that {u— (a+b)/2}? <
(b—a)?/4 and
a+b

2B, (M — ) < |By(a —b)l,

which implies that

R(u, i) < (1= Ag)*Ro + Af(a — b)* /4 + Ag(1 — Ag)| Bo(a — b)|
(Ro — | Bo(a — b)[/2)*

=fo—p— |Bo(a — b)[ + (a — b)2/4’

This shows that the risk of the estimator i is bounded by the constant strictly
smaller than Ry if Ry > |Bo(a — b)|/2, that is, the unrestricted estimator fig is
not minimax. 0O

[4] Two-point boundary prior Bayes estimator. Consider the dis-
crete prior distribution putting mass on the endpoints {a, b}, described by

w8 (1) = pPlp = a] + (1 — p)Plu = b},
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where p is a known constant in the interval [0, 1]. The resulting Bayes estimator
is given by

g o Pef(X—a)+ (1 -ppfX—b) _

(2.11) DX —a) X ) — o ¢" ),

where for y = X — [ig,

plw—a)f(y+w—a)+ (1= p)(w—b)f(y+w—b)

B —
) T )+ (- p)f(y v -b)

It is too hard to get conditions under which i belongs to the class of improved
estimators provided by Theorems 2.1 or 2.2. For some specific symmetric distri-
butions, we can obtain such conditions as stated in the next section.

3. Examples in symmetric distributions

The improved procedures and the dominance results given in Section 2.2 can
be applied to the estimation of the bounded location based on random samples
of size n from various distributions, which include non-symmetric distributions
such as an exponential distribution. Instead of stating such examples in detail,
we here focus our attention on symmetric distributions and develop some inter-
esting dominance properties. In particular, characterizations with repect to the
underlying symmetric distributions and prior distributions will be presented to
guarantee the dominance of the Bayes estimators in Section 2.

3.1. Symmetric distributions

Let X be a single random variable having the symmetric density f(x — p),
namely, f(u) = f(—u) for any u € R, where the location parameter p is restricted
to the bounded interval A = {pu | |pu| < m} for a positive constant m. When
the estimation of p is treated under the squared error loss, the best location-
equivariant, the truncated and the shrinkage estimators corresponding to (2.1),
(2.9) and (2.10) are, respectively, given by fip = X, a’® = (X/|X|) min(| X |, m)
and fi¥ = {m?/(Ro + m?)}X for Ry = [°° u?f(u)du. Also the fully uniform
prior Bayes estimator (2.7) is written by

i = [ = wau /700 pdn =X - 6V (0,

where

(3.1) @) = [ @-wsa-wan ) [ s

_ S @ =) fle—p) + @+ p) f(z + p) }dp
Jo Af (@ —p) + f(x+ p)tdp ‘

From the results in Section 2, the estimators g’ %, i and 'Y dominate fig = X.
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The dominance property of the Bayes estimator iU can be extended to
more general priors described by

mh (1) = h()I(Ju| < m),

where h(u) is nonnegative and symmetric about zero, that is, h(u) = h(—p) for
> 0. The resulting Bayes estimator is

i = [ s e -man [ [ FOX = = X - o (0,
where
(3:2) ¢ (x) —/_Z(rv—u)h(u z—p du// — pw)du
_ f&l{(ﬂf—u)h(u)f(x—ﬂ) (@ + ph(p)f(x + p) tdp
Jo {h(p) f (@ — p) + h(p) fa + p) tdp '

To establish the dominance result, we need the following assumptions for the
density f(z — p).

(A.1) f(u) is nonincreasing in u > 0.

(A.2) For the derivative f/(u) = (d/du)f(u) and nonnegative x and p €
[07 m]a

(3.3) fla—u)/fle—p)+ f(x+p)/flz+p) <O0.

The assumption (A.1) means that the density is unimodal. The assumption (A.2)
is guaranteed under the assumption (A.1) if
(A.2") (d/du)log f(u) = f'(u)/f(u) is nonincreasing in u for 0 < u < 2m,

which is satisfied if the density f(z — p) has the monotone likelihood ratio prop-
erty. In fact, in the case that x — p > 0 for z > 0 and p € [0, m], the inequality
(3.3) follows from the assumption (A.1). In the case that x —p < 0 or < p, on
the other hand, note that 0 < py — 2z <z + p < 2p < 2m since 0 < x < pu < M.
Also note that

flle—p)/flx—p)=—f(u—2)/f(u—mx),

since f’(u)/f(u) is an odd function. Then from the monotonicity in (A.2"), it is
seen that —f'(u —x)/f(p —x) + f'(x + p)/ f(x + p) is not positive.
Under these assumptions, we shall prove the monotonicity of the function
(x=t)flx—t)+ (x+t)f(x+1)
flx—t)+ flz+1t) ’

which will be very useful for developing dominance results.

(3.4) G(t,xz) =

LEMMA 3.1. Assume that the symmetric density f(x — u) satisfies the con-
ditions (A.1) and (A.2). Then G(t,x) is nonincreasing in t for 0 <t < m and
x> 0.
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PRrROOF. The derivative (d/dt)G(t, z) is proportional to the quantity

{(~fe—-t)+flx+t)—(@—-0)f(x—t)+ (z+t)f' (z +1)}
x {f(x —t) + f(z +1)}
A=t fx—t)+ @+ t)fle+ )} x {=f(x=t) + f(x +1)}
={flz+1t) = fle =)} x {f(z +1) + flz — 1)}
+2t{f'(x =) f(z + 1) + f(x+ ) f(z - 1)},

T~

which is not positive from the assumptions (A.1) and (A.2). Hence G(t,x) is
nonincreasing in ¢t for 0 <t <m. 0O

PROPOSITION 3.1. Assume that the symmetric density f(x — p) satisfies
the assumptions (A.1) and (A.2). If the nonnegative function h(t) satisfies the
following conditions:

(a) h(t) is nondecreasing in t for 0 <t < m,

(b) logh(t) is symmetric and concave,
then the Bayes estimator ﬁf[{ dominates X under the restriction A relative to the
squared error loss.

ProoOF. All the conditions in Theorem 2.2 will be checked. The condition
(a) is clearly satisfied since ¢/ (0) = 0. Since ¢¥ (—z) = —¢¥ (z) and ¢V (—2) =
—¢Y(z) for z > 0, for the condition (c), it is sufficient to show that for = > 0,

oh (2) < ¢” (),
which is, from (3.2), written by

o h() Fa(t, 2)dt _ fi" Fy(t 2)dt

(3.5) Jo (O Fy(t, x)dt — [ Fi(t,x)dt’

where Fi(t,z) = f(x—t)+ f(z+t) and Fy(t,z) = (x—t)f(x—t)+ (x+t) f(x+1).
The inequality (3.5) can be expressed by

Fg(t, .T)
Fl(t, ZE)

(3.6) E# {h(t)

] < E* [h(t)] x E* {FQ(t’x)}

F1 (t, l‘)

where E#[] denotes the expectation with respect to the probability density func-
tion of ¢ given by Fi(t,x)/ [;" Fi(t,z)dt. Note that Fy(t,z)/Fi(t,z) = G(t, )
for G(t,x) defined by (3.4). From Lemma 3.1, G(¢,x) is nonincreasing in t.
Also from the condition (a), the function A(t) is nondecreasing. We thus get the
inequality (3.6), which means the condition (c) is satisfied.

To check the condition (b), we shall show that (d/dx)¢¥ (z) > 0. Since ¢ ()
in (3.2) is rewritten by

@ = [ unte = s [ [ - pwa,

—m
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the derivative (d/dx)¢¥ (z) is proportional to

(e +m) G+ m) = o= m) g —mbem) [ b =) fwa
— G+ m) = S —mtn) [ une =) ]
+ /x :m b (& — ) f (u)du /x :m h(z — u) f(u)du
- /x x;m wh(z — u) £ (u)du /x x;m W (z — u) f(u)du}

=5L+1, (say).

The same argument as in (2.8) shows that I; > 0. On the other hand, the
inequality I» > 0 is expressed by
h(x —u)
h(z —u)

W (x —wu)
(3.7) [u }_ ] [Wc—u)}’
where E**[-] denotes the expectation with respect to the probability density
function of u on [z — m,x 4+ m] given by h(z — u)f(u)/ [FT" h(z — u) f(u)du.
From the condition (b) of Proposition 3.1, h'(z — u)/h(z — u) is nondecreasing
in u, so that the inequality (3.7) holds, and it is seen that Iy > 0. Therefore, the

condition (b) of Theorem 2.2 is satisfied. O

Instead of finding a function h(u) satisfying the conditions of Proposition
3.1, we can consider the form

h(p) = exp{—Fk(u)},

and the conditions on h(u) in Proposition 3.1 are replaced with

(a') k(w) is nonincreasing for p > 0,

(b") k() is symmetric and convex.
For example, let us consider the form k(1) = ag/(1 + |p|)* for positive constants
ap and £. Tt is easily seen that kq(u) satisfies the conditions (a’) and (b’), so that

the function
ag
hi(pu —exp{—i}
(k) CEapi

is an example of h(u) satisfying the conditions of Proposition 3.1. Another
example is given by letting ko(u) = —¢log{co(by + |p|)} for £ > 0, by > 0 and
co > 0, which yields

ha(p) = {eo(bo + |ul)}".

This satisfies the conditions of Proposition 3.1. Since co(bo + |p]) < co(bo + m),
we observe that if co(bg +m) = 1, then

. 0 if < m,
lim ho()I(u <m)=1 > T W
{—00 1 if  |u] =m,
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which is a two-point uniform prior putting mass on {—m, m}, and results in the
Bayes estimator (2.11). If m satisfies the inequality m < 1/cg, we can choose
a nonnegative by such that co(bg + m) = 1. This suggests that the dominance
property of the Bayes estimator (2.11) may be provided under the condition that
m is bounded above. In the distributional assumption of normality, Casella and
Strawderman (1981) proved that the Bayes estimator (2.11) is minimax if m <
1.0567, and Marchand and Perron (2001) showed that it dominates the maximum
likelihood estimator i’ ® if m < 1. For other distributions, similar conditions on
the boundary m are required for guaranteeing the dominance results as discussed
below.

For the general symmetric density f(x—pu), the Bayes estimator i%V against
the two-point boundary uniform prior putting mass on the endpoints {—m,m}
is expressed as

[iBU mf(X —m)—mf(X +m)

_ _ B
SR m Xm0

which we call here the boundary uniform prior Bayes estimator, where

(x —=m)f(x —m)+ (x +m)f(z+m)
fl@—=m)+ f(z+m) '

¢ (z) =

The following assumption for the density f(x — p) guarantees the monotonicity
of ¢B(z):
(A.3) For nonnegative z,

fll@—m)/f(@—m)— f'(x+m)/f(z+m)<2/m.

Under the assumption (A.2), the inequality in the assumption (A.3) can be guar-
anteed by the following.
(A.3") The boundary m satisfies the inequality

(3.8) 1+ m;}r>1f0 f'(x+m)/f(x+m)>0.

PROPOSITION 3.2. Assume that the symmetric density f(x—p) satisfies the
assumptions (A.1), (A.2) and (A.3). Then the boundary uniform prior Bayes
estimator BY belongs to the class provided by Theorem 2.2, namely, iPY dom-
inates X under the restriction A relative to the squared error loss.

PROOF. The condition (a) is clearly satisfied since ¢ (0) = 0. From Lemma
3.1 and (3.1), we observe that for = > 0,

qu(a:) > inf G(t,z) =G(m,x),

T o<t<m

where G(t,x) is defined by (3.4). This inequality also implies that for x < 0,
#Y(z) < G(m,z) since G(m,r) = —G(m,—x) and ¢V(z) = —¢Y(—2z). Thus,
the condition (c) is verified.
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For checking the condition (b) for ¢?(z), we need to evaluate the derivative
(d/dx)¢® (x), which is proportional to the quantity

(3.9)  {fl@—m)+ fl@+m)+ (@-m)f'(x—m)+(z+m)f(z+m)}
x{f(@—m)+ f(x+m)}
—{(@—m)f(x—m)+ (z+m)f(x+m)}
< {f'(@—m)+ f'(x+m)}
= {f(z—m)+ f(z +m)}?
+2m{f'(x +m)f(x —m) — f'(x = m)f(z+m)}.

Since {f(x —m) + f(x +m)}? > 4f(x — m)f(x +m), from (3.9), we see that
(d/dx)p? (x) > 0 if

2+mf'(x+m)/f(x+m)—mf(z—m)/flx—m)=0,

which is guaranteed by the assumption (A.3), and the condition (b) is satis-
fied. O

To establish the dominance result provided in Proposition 3.2, the density
function f(u) is required to satisfy the assumptions (A.1), (A.2) and (A.3), which
can be applied to logistic and double exponential distributions.

Ezample 3.1 (Logistic distribution). Let X be a random variable having a
logistic distribution whose density is

frla —p) = e @M /{1 e T2,

The assumption (A.1) is satisfied since f7(u) < 0 for u > 0. The assumption
(A.2) follows from the fact that f7(u)/fr(u) = —1+2/(e" + 1) is decreasing in
u. The inequality in the assumption (A.3) is written by

(e ™4 1) — (e 1) < 1/m,
equivalently expressed as
2+ {1 —m)em™+ (1+m)e ™}y+1>0,

where y = e > 1 for nonnegative . This inequality is guaranteed if m satisfies
the inequality

(3.10) (1—m)e™+ (1+m)e™+2>0.
Let mg be the unique solution to the equation

(I —=mg)e™ + (1 4+mp)e ™ +2=0.
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The constant mg is evaluated numerically as about 1.5434. Then it can be seen
that the inequality (3.10) holds for m < mg. Hence the boundary uniform prior
Bayes estimator PV, given by

em(l + e—X—m)Q _ e_m(l + e—X+m)2

3.11 nBy =
( ) H mem(l + efom)Q + efm(l + 67X+m)2’

dominates X if m < mg from Proposition 3.2.

COROLLARY 3.1. For the logistic distribution fr(x — ), the boundary uni-
form prior Bayes estimator iPY given by (3.11) belongs to the class of improved
estimators provided by Theorem 2.2 if m < my.

Ezample 3.2 (Double exponential distribution). Another example of satis-
fying the assumptions (A.1), (A.2) and (A.3) is a double exponential distribution
whose density is given by

foe(x — 1) = (200) " exp{—0y 'z — p|}

for known oy > 0. The assumption (A.1) is satisfied since f},(u) < 0 for u > 0.
The assumption (A.2) follows since f},5(u)/fpr(u) = o ' I(u < 0)—oy  I(u > 0)
is nonincreasing in u. The inequality in (A.3) is written by

2_E+E{I(m—m>0)—l(as—m§0)}207
gy 0p

which holds for m < o¢. Hence the assumption (A.3) is satisfied when m < oy.
The boundary uniform prior Bayes estimator 2V has the form

(3.12)  ABY = {me X—ml/oo _peIXtml/o0) jro=|X=ml/o0 4 o~X+ml/o0y
mH(-m) if X <-—m,
= ¢ mH(X) if | X|<m,
mH(m) it X >m,

where H(z) = tanh(x/og) = {e®/70 — e=2/70} /{e®/70 4 ¢=%/70},

COROLLARY 3.2. For the double exponential distribution fpg(x — p), the
boundary uniform prior Bayes estimator iU given by (3.12) belongs to the class
of improved estimators provided by Theorem 2.2 if m < og.

3.2. Scale mixtures of normal distributions

The scale mixtures of normal distributions are important examples of the
symmetric distributions. Let X be a single random variable having a scale mix-
ture of normal distributions whose density is given by

(3.13) fuarle =) = [ \fo/zmep {~3a — w2} dac)
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where A(v) denotes a continuous or discrete distribution. The scale mixtures of
normal distributions can be decomposed into two parts: a conditional distribu-
tion of X given V = v and a marginal distribution of the scaling random variable
V', described as

(3.14) X |V = v~ N1/ v),
V ~ A(v).

When the mean p is restricted to the bounded interval A = {u | |p| < m},
the simple estimator X is improved on by the truncated, the shrinkage and the
fully uniform prior Bayes estimators corresponding to (2.9), (2.10) and (2.7),
respectively, given by aT® = (X/|X|) min(|X|,m), i¥ = {m?/(Ro + m?)} X for
Ry = E[V71], and

m m
T =/ pfnmr(X — p)du / /mfNM(X — p)dp.

We here provide some examples of the scale mixture of normal distributions
satisfying the assumptions (A.1), (A.2) and (A.3), which imply that X is domi-
nated by the boundary uniform prior Bayes estimator. Although (A.1) is clearly
satisfied for the density (3.13), the other assumptions (A.2) and (A.3) need to
be checked for specific distributions.

Ezample 3.3 (Normal distribution). The normal distribution N (p, o) for
known o7 is provided by putting P[V = 1/02] = 1 in the model (3.14). Since
f'(w)/f(u) = —u/od for the normal density f(u), the assumption (A.2) is clearly
satisfied. The inequality in (A.3) is represented as

2~ m(z+m) o} + m(z — m)fo} >0,
which is satisfied for m < oy. The boundary uniform prior Bayes estimator %V
is given by
(315) ﬁBU _ m(emX/U(Q) N eme/Ug)/(emX/og + eme/crg)

= mtanh(mX/o?)

m2X & mX/JO )2 mX/JO
g e/ S

which, from Proposition 3.2, dominates X for m < og.

COROLLARY 3.3. For the normal distribution N'(u,03), the boundary uni-
form prior Bayes estimator iPY given by (3.15) belongs to the class of improved
estimators provided by Theorem 2.2 if m < og.

In the normal distribution, it is noted that Casella and Strawderman (1981)
established the minimaxity of i®Y for m/og < 1.0567, and Marchand and Perron
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(2001) showed the stronger result that 7i®Y dominates the maximum likelihood
estimator for m/oy < 1.

Ezample 3.4 (7-distribution). The ¢-distribution 7, with r degrees of free-
dom is provided by letting 7V follow a chi-squares distribution x2 with r degrees
of freedom in the model (3.14). The density of 7, is described by

frie —p) =L+ (x — p)?/r]

for ¢ = T'((r 4+ 1)/2)(rm)~*/?/T(r/2). The assumption (A.1) is clearly satisfied.
It is noted that f(z — p) does not have the monotone likelihood ratio prop-
erty, so that we need to evaluate the inequality (3.3) directly for (A.2). Since
@)/ fr(t) = —(r + 1)u/(r + u?), the inequality (3.3) is represented as

T p B T+
(x—p2+r (z4+wp2+r

which can be simplified by
(3.16) 2x(x? — p? +7) > 0.

Since 22 — p? +r > —m? + r, the inequality (3.16) holds, and (A.2) is satisfied
for any nonnegative x and p € [0,m] if m < /r.
The inequality in the assumption (A.3) is expressed by
~ m(r+1)(z+m) +m(r—i—l)( —m)
2{(x+m)?2+r}  2{(zx —m)>+r}

which is, after some calculations, rewritten as

>0,

(xz—m2)2+2r(x2+m2)+r2+m (7’—1—1)(3: —mz—r) >0,
(3.17) ot + {(r — 1)m? + 2r}a® 4+ r(r +m?)(1 —m?) > 0.

Since x > 0, the inequality (3.17) is satisfied if » > 1 and m < 1, that is, under
these conditions the assumption (A.3) holds for the 7,-distribution.
The boundary uniform prior Bayes estimator PV is expressed as

m[l+ (X — m)Q/T]—(r—H)/? m[l 4+ (X +m)2/r]~ (r+1)/2
(14 (X —m)2/r]=0D/2 4 [1 4 (X +m)?/r]=(+D/2

(3.18) pPlv =

which, from Proposition 3.2, belongs to the class of Theorem 2.2.

COROLLARY 3.4. For the T.-distribution with r degrees of freedom, the
boundary uniform prior Bayes estimator iPY given by (3.18) belongs to the class
of improved estimators provided by Theorem 2.2 if r > 1 and m < 1.
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In the t-distribution, it is noted that Marchand and Perron (2005) recently
showed the stronger result that %Y dominates the truncated or ML estimator
ﬁTRifTZIandmgl.

We next want to get general conditions on the distribution A(v) for the
density fyar(z — p) in (3.13) to satisfy the assumptions (A.1), (A.2) and (A.3).
Although it may be difficult to derive exact conditions, we can get rough sufficient
conditions on A(v) and m. Let my be a positive constant satisfying the inequality

1 E[V5/2 E/3/2 —2m2V
(3.19) > BV BV ]
4mi ~ E[V3/?]  ElV1/2¢-2mV]

where V' is a random variable having the distribution A(v). Also let ma be a
constant such that

(3.20) m3 < E[VY2/E[V3/?].

It is noted that there exists such positive constants m; and mg, although the
condition (3.19) is restrictive.

PROPOSITION 3.3. The scale mixture of normal distributions fyyr(x — p)
satisfies the assumptions (A.1), (A.2) and (A.3) if m < min(mi,ma). That
is, the boundary uniform prior Bayes estimator iPV dominates X for m <
min(my, ma).

PRrROOF. We shall verify that fyas(x — p) satisfies (A.2") and (A.3). Since
fva(u) = (2m) " YV2E[VY/2e-V¥*/2] and Iy (u) = —(2m)"YV2E[uV3/2e~Vu? /2],
the assumption (A.2') is expressed as g(u) = E[uV3/2e~Vv*/2)/E[V1/2e=Vu/2]
is nondecreasing in u for 0 < u < 2m. The derivative ¢'(u) is nonnegative if

E[(u_2 _ V)V3/2e—vu2/2]E[V1/2E—vu2/2] + {E[V3/26_V“2/2}}2 >0,

or

(3.21)

1 E[V5/26_Vu2/2] E[V3/26_Vu2/2}
uZ E[V3/2¢=Vu2/2] - E[V1/2¢=Vi2/2] 20,

for 0 < u < 2m. Letting h(t,a) = E[Vetle V] /E[Ve%~V!], we can express the
inequality (3.21) as

(3.22) u™? — h(u?/2,3/2) + h(u?/2,1/2) > 0.
We here show that h(t,a) is decreasing in t. In fact, (d/d¢)h(t,a) <0 if
_E[Va+2€—Vt]E[Vae—Vt] + {E[Va-l—le—Vt]}Q <0,

which is equivalent to
E* V] - {E*[V]}? 2 0,
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where E*[I4] = E[IaV% V!/E[V®~"V!] for the indicator function I4. Since
this inequality is true, h(t,a) is decreasing in ¢. Since 0 < u? < 4m?2, from the
monotonicity of h(t,a), the inequality (3.22) holds if

(4m?) =t — n(0,3/2) + h(2m?,1/2) > 0,

which is given by the condition (3.19). Hence, (A.2") is satisfied.
We next verify the assumption (A.3), which is written by

E[v3/2€7V(zfm)2/2] E[V3/2€—V(z+m)2/2]
e (@ +m) - 5
E[V1/2€ V(z—m) /2] E[vl/ze V(z+m) /2]

<

~(@ = m) 2,

(3.23)  —(z — m)h((x —m)2/2,1/2) + (x + m)h((z +m)2/2,1/2) < 2/m.

x+m)? for z > 0, it is noted

Since h(t,a) is decreasing in t > 0 and (z —m)? < (
< h(0,1/2), so that the Lh.s. in

that h((x +m)?/2,1/2) < h((z —m)?/2,1/2)
the inequality (3.23) is evaluated as

—(x = m)h((z —m)?/2,1/2) + (x + m)h((x +m)?/2,1/2)
< 2mh((z —m)?/2,1/2) < 2mh(0,1/2).

Hence the inequality (3.23) holds if
m® < B[V /E[V*7],

which is guaranteed by (3.20), and (A.3) is satisfied. Therefore, the proof of
Proposition 3.3 is complete. O

Ezample 3.5 (Finite mixture normal distribution). Let A(v) be a discrete
distribution on {vy,...,v;} and A(v;) = p; for i =1,..., k. Then

k

fnnr(@ —p) =Y piyJvi/2m exp{—vi(zx — p)*/2}.

i=1
Let vpmin = minj<;< v; and
koo 12\ 12 1 k . .5/2 —1/2
Mo = min i=1PiV; 1 =P
0 & 3/2 ; 9 k 3/2 min .
i=1DiV; i=1PiV;

Hence, from Proposition 3.2, the boundary uniform prior Bayes estimator ifV
belongs to the class of improved estimators provided by Theorem 2.2 if m < my,
namely, the Bayes estimator 1%V dominates X.
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4. An extension to the scale family

The same arguments as in Section 2 allow us to extend the results to the scale
family of the density o~ " f(x /o) for scale parameter o > 0, where & /o means
(x1/0,...,2n/0). It is supposed that the scale o is estimated by estimator &
relative to the entropy loss function

(4.1) Ly(6/0) =60 —logd /o — 1,

referred to as the Stein loss as well. The best scale-equivariant estimator & is
given by

&gz&o(X):/OOOU"1f(X/a)d0//Oooa"2f(X/a)da.

This is the unrestricted generalized Bayes estimator against the measure o~ 'do
over positive real line R, . Assume that the scale ¢ is restricted to the bounded
interval

B={o|a<o<b}

for known positive values a and b.
To improve on the best scale-equivariant estimator 6y by using the restriction
B, consider a class of the estimators

(4.2) G = 64(00,Z) = 60¢(60, Z), Z =X /oy
where ¢(w, z) is an absolutely continuous function.

THEOREM 4.1. Assume that ¢(w, z) satisfies the following conditions:
(a) There exists a function c(z) such that ¢(c(z),z) =1,

(b) ¢(w, z) is nonincreasing in w,

(¢) ¢(w, z) is bounded as

¢(w7 Z) { i (z)w/b,oo(w’ z) Zf w > C(Z)v
> ¢0,w/a(w7 Z) Zf w < C(Z)’
where

e f(zv)de _ R f(zo)do
Bu 00 (W, 2) = fg/Jb o F(z0)dv Bo,w/a(w, 2) = fow/a o f(z0)d .

Then 64 given by (4.2) dominates the best scale-equivariant estimator 6o relative
to the Lg-loss.

PROOF. The same arguments as in the proof of Theorem 2.1 is used for the
proof of this theorem, an outline of which is given here. The risk difference of
the two estimators 6 and 64 is written by

A= R(O’, 5‘0) — R(O‘, 5’¢)
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«(2)/0 g
_E / S Ly(G00™ 6 (150, Z))at

_ //10@)/&0 {(;0 _ }} bod (t60, 2)o " f(x o) dtda

gb(to’()? Z)

e(2)/30 &0 Loy

/ )<é / )/6 { (ta—loz)}60¢,(t&0’z)0_nf($/0)dtdm
= A1+ Ag. (say).

For the proof that A; > 0, note that & is scale-equivariant. Also, note the
set that ¢(z)/69 > 1 and 1 <t < ¢(z)/d is equivalent to the set that 1 < ¢ < oo
and ¢(z)/6¢ > t. Making the transformations u = tx and v = 6¢/(ot) in turn
with du = t"dz and dv = (6¢/(ct?))dt, we can rewrite A; as

_ [ 6o(w) 1 5 16 i
= _/1 /c(z>/&o<m>zt{ o ¢(wo(m),z)} ()¢ (to0(2), 2)
X f(m/a)dmdt

u) 1 5’0(u),6uz J
/ /(z >o’0(u){ to ¢(5o(u),z)} r ¢'(60(u), z)(to)
X f(u/(ta))dudt

i~ a9 ()
X f((u/ao(u))v)dvdu

where z = u/d¢(u). Since ¢(w, z) is nonincreasing in w, it is sufficient to show

that
d(w, z) < /w/o V"L (z0)do / /w/a v" f(zv)dv
0 0

which is expressed as

*

(4.3) plow™, z) < /Ow V" f(zv)dw / /Ow* v

for w* = w/o. Again from the condition (b), we note that ¢(cw*, z) < ¢(aw*, z)
for a < o < b. Hence, the inequality (4.3) holds if

plaw™, z) < /Ow* V"L (zo)do / /Ow* " f(zv)dv

Replacing w* with w/a again yields the inequality in the condition (c) of Theorem
4.1.
The similar arguments give the expression that

0 v n—1
fe= - /c(z><ero(u> /aom)/a {v - ¢(a0(1u), z) } #(@o(w). 2) (6o<U)>
x f((u/d0(u))v)dvdu,
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which, from the condition (b), leads to the sufficient condition that

d(w, z) > /:0 V" (z)do / /wo/og v" f(zv)do

This inequality is guaranteed by the condition (c), and, therefore, the proof of
Theorem 4.1 is complete. O

Concerning the condition (c) of Theorem 4.1, we can get another condition
corresponding to Theorem 2.2. It can be derived by noting that the functions

oo™ f (z0)dv 1 JEl = (zo)do

S

Sy v f (zv)dv o [l f(zv)dw

are decreasing in s, which implies that ¢V (w, 2) > ¢y, /1 00(w, 2) and ¢V (w, 2) <
Po,w/a(w, 2), respectively. Hence we obtain the following theorem.

THEOREM 4.2. Assume that ¢(w, z) satisfies the following conditions:
(a) There exists a function c(z) such that ¢(c(z),z) =1,

(b) ¢(w, z) is nonincreasing in w,

(¢) ¢(w, z) is bounded as

> oY(w,z) if w>c(z),

o(w,2) { <¢U(w,z) if w<e(z),

where

(4.4) oY (w, z) = /w/a " f(zv)dw / /w/a V" f(zv)dv.

w/b w/b

Then 64 given by (4.2) dominates the best scale-equivariant estimator 6o relative
to the Lg-loss.

Some improved estimators can be derived by the same arguments as in Sec-
tion 2.2. When the prior over the bounded interval, described by

7V (o) = (logb —loga) to tdol(a < o < D),

is supposed, the resulting Bayes estimator is given by
b b
(4.5) ot'v / o " (X /o)do / / o " 2f(X Jo)do
&0/ 1 60/a
= 00/ M V" (X /Go)v)du // f(X /ap)v)dv

0 0/b

= O-OQS (UO’ )7
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where ¢V (w, z) is defined by (4.4). It can be verified that the Bayes estimator
65U belongs to the class provided by Theorem 4.2. For the condition (b), the
derivative of ¢V (w, z) with respect to w is proportional to the quantity

{g (4" szwsm -1 (4 f<zw/b>} [ e
_ {2 (%)nf(zw/a) - % (%Yf(zw/b)} /uj: o1 f(z0)dv

which is not positive. Thus, ¢V (w, z) satisfies the condition (b). Since
w/a
3 w/b

w/a

V" f(zv)de < /

w/b

f(zvdv<—/ V"L (zo)do

w/b

it is noted that ¢V (w,z) > a/w > 1 for w < a and ¢V (w,z) < b/w < 1 for
w > b. From the monotonicity of ¢V (w, z), it follows that there exists a function
¢(z) such that ¢V (c(2), z) = 1.

PROPOSITION 4.1. The Bayes estimator 65U given by (4.5) dominates the
best scale-equivariant estimator 6y relative to the Lg-loss.

Since the estimator 6 takes values outside the parameter space a < o < b,
it is reasonable to truncate it at the endpoints a and b, and we get the truncated
estimator

TR = max{a, min{5¢,b}}

= 00¢ (007 )7

where
(;STR(JO, ) = max{a/dp, min{1,b/60}}.

The function ¢?%(w, z) satisfies all the conditions in Theorem 4.1, and 7%
belongs to the class of improved estimators provided by Theorem 4.1.
A shrinkage estimator corresponding to (2.10) is provided by

(4.6) 6% = Go{Vab/o0}" = 55" x (ab)"?,

where A is the solution of the equation

(4.7) Bl{log V'\/a/b}V'~A(b/a)*/?) = Ellog V/b/al,

for V = 69/0. When A > 0, 6° shrinks 6 towards the geometric mean v/ab of
the two endpoints a and b.
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PROPOSITION 4.2. If A > 0, then the shrinkage estimator ° given by (4.6)
dominates &g relative to the Ls-loss, and the estimator &¢ is not minimaz.

PROOF. The risk function of the estimator 6° is written by

R(0,6%) = E[6° /o —1og° /o — 1]
= E[VI™A(Vab/o)* — (1 — A)logV + Alogo/Vab — 1].

Noting that a < o < b and A > 0, we see that

(4.8)  R(0,6%) < E[V'"(\/b/a)* — (1 - A)log V + Alog \/b/a — 1],

which can be minimized when A is the solution of the equation (4.7). Hence, the
risk difference of the two estimators & and 6° is evaluated as

A = R(0,60) — R(0,6%)
> E[V —logV —1] — E[VYA(y/b/a)? — (1 — A)log V + Alog \/b/a — 1]
= BV A0/ Y2V A (/)2 ~log VA(a/)? ~ 1)),
which is positive, since  — logz — 1 > 0 for x # 1. This shows that the risk of

the estimator 6° is bounded by the constant strictly smaller than the constant
risk R(o, 69), and the proof is complete. O

Corresponding to (2.11), we can consider a Bayes estimator against a two-
point prior. The prior putting mass on the two endpoints {a,b} is provided
by

wP(0) = pPlo = a] + (1 — p)Plo = 1],

where p is a known constant in the interval [0,1]. Then the Bayes estimator
against the two-point prior is given by

(49) 48U = pa " f(X /a)+ (1 —p)b " f(X/b)
. pa_n—lf(X/a) + (1 _ p)b—n—lf(X/b)

where for Z = X /6,

= 609" (60, Z),

p(w/a)"f(zw/a) + (1 — p)(w/b)" f(zw/b)

6P (w, ) = -
)T plw/ay I f(zw/a) + (1= p)(w/6)" f(zw]b)

Ezample 4.1 (Gamma distribution). Consider the estimation of the scale
parameter of the gamma distribution Ga(r,o) whose density is described by
{T(r)} o "z"Lexp{—2/c}. The best scale equivariant estimator under the
loss (4.1) is 69 = X/r, which is unbiased. Let us consider the restrictiona < o <b
where a and b are positive constants satisfying the equation

ael/® = pel/b,
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The Bayes estimator against the prior 7¥(0) = 0~!'doI(a < o < b) is given by

b b

where the function ¢Y () satisfies

x/a z/a
(4.10) Y (x) = r/ v e Vdw // v"e Vdw.
z/b /b

The integration by parts gives the equation

z/a - . z/a 4
/ ve v = [—v"e TV, + r/ v eV do,
z/b z/b

which implies that the function ¢! (z) in (4.10) is rewritten by
z/a z/a
Y () :/ vrle”dv/ g(x)—i—/ v e dv p
z/b z/b

g(z) = T_l[—vre_”]gz = %{(x/b)re_w/b — (z/a) e,

where

Since ael/® = bel/b| it follows that
g(r) = " HET ey — (a7t ey} =0,

which shows that ¢U(r) = 1, and the constant ¢ = ¢(z) given in Theorem 4.2
corresponds to r. From the theorem, it is seen that the estimator 67V dominates
60.

It seems difficult to derive an improved two-points prior Bayes estimator
corresponding to (4.9) even in the above simple example. However, the expecta-
tion of such an improved two-point Bayes estimator can be demonstrated in the
following example.

Ezample 4.2 (Specific distribution related to F'). Let X be a positive ran-
dom variable having the density
1 (x/a)(r—l)/2—1
B((r—1)/2,(r+1)/2) o(l+z/o)" "’

x>0,

where r is a constant such that » > 1. The best scale equivariant estimator is
6o = X. When the scale ¢ is restricted to the interval B = {¢ | 1/b < o < b}
for b > 1, the Bayes estimator against the prior 7V (0) = 0~ 'doI(1/b < o < b)
is given by

fyo 21+ X/o) " do

5FU —
flb/b O_—(r+1)/271(1 + X/O')frdO'

= Xo¥(X),




ESTIMATION OF BOUNDED PARAMETERS 247

where
bx bx
oY (x) = / D27 4) T dw / / o V2(1 4 4) " dw.
z/b z/b
By the integration by parts, it is noted that

b v (r—1)/2 1 (r—1)/2+1
(4.11) / ( ) ( > dv
i \1+v 1+wv

9 (r-1)/2 1° b
- 16 71

and the first term in the r.h.s. of (4.11) is equal to zero, which implies that
¢V (1) = 1.

The Bayes estimator against the boundary uniform prior 78(¢) = 27! P[0 =
1/b] + 27 1P[o = b] is

o BUTVR2J1 4 bX)T 4 b2/ (L4 Xy

4.12 Y = =
(12) 07 = a2 (150X 4 b T (1 + X by

X" (X),

where
1 (z+b)" +b(1+bx)"

B — —
97 (w) = zb(x+b)" + (1+bx)"
It is noted that ¢ (1) = 1. To get the dominance result of 58V over 6¢, we need
to check the conditions (b) and (c) of Theorem 4.2.
We first show that ¢ (z) is nonincreasing in . Differentiating ¢”(x) with
respect to x, we see that (d/dx)¢?(z) is proportional to the quantity

wr({(z +0)" "+ (L4 b)) x {b(a +B)” + (1 + b))
—{(@+0)"+b(1+b2)"} x {blw +b)""" + b1+ ba) Y]
—{(@+D)" +b(1+bx)"} x {b(x +b)" + (1+bx)"}
=1 — I,

It is easily seen that I; = xr(b? — 1)%(z + b)"~'(1 + bz)"~!. On the other hand,
we observe that

Iy = (B* 4+ 1)(1 +bx)(z+b)(z+b)" (1 +bx) !
+b(2? + 2bz + b%) (z + b)* "2 + b(b*® + 2bx + 1)(1 + ba)* 2.

It is noted that
b(x? + 2bx + b2)(x + b)* 2 + b(b?2? + 2bx 4 1)(1 + bx)* 2
> 2b[bz? + 2bx + b](z + b) (1 + bx) 1,
which leads to the evaluation of Iy as
(4.13) I > [(0* + 1){bx?® + (b® + 1)z + b} + 2b%2° + 4b%x 4 2b]
X (x4 b)""H(1 + bx) L.
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Combining I; and (4.13) gives that

(Iy — I)(xz + b)) (1 + bx)t~"
< ar(b® —1)% — (b 4+ 1){bz?® + (b*> + 1)z + b} — 20*(z + 1)?
= —b(b+1)222 — {(0® + 1)% +4b* — r(b* — 1)*}z — b(b+ 1),

which, since the r.h.s. is a quadratic function of z, is not positive for all z > 0 if
(4.14) r < {6 + 1) + 462}/ (b* — 1)?,

or if [(b% + 1) + 4b% — r(b* — 1)?%)2 — 4b%(b + 1)* < 0, which is equivalent to the
inequality
(4.15) (b7 +1)% 4 4% — r(b*> — 1)% = 2b(b + 1)?]

X [(b? +1)2 +4b* —r(b* —1)> +2b(b + 1)} < 0.

Since r > 1, combining (4.14) and (4.15) gives the condition

2b(b* + 6b + 1)

4.1 1 <1

Hence, the condition (b) is verified if r and b satisfy the condition (4.16).
We next show that ¢Z(z) > ¢Y(z) for x > 1 and ¢P(z) < ¢V (z) for 0 < & <
1. By making the transformation # = 1/ for 1/b < o < 1, 67V can be rewritten
as
sru_ 0TV X/0) T+ 00D (1 4 0X) )0 1dd
JPLO-0+D/2(1 + X/6)~T 4+ 00 +D/2(1 4+ 0X)~7}0-1d6’

which implies that

inf X) <6tV < X
ot G, X) <6 _liggbG(ﬁ, )

where

6—=D/2(1 4+ 2/6)"" 4+ 00—D/2(1 4 gz)~"

- 9—(7‘4—1)/2(1 +x/0)—r +9(7’+1)/2(1 + 9.%.)—7“
0(1+0x)" + (04 x)"
(1+6x)"+6(0+z)

Hence it is sufficient to show that sup;<p<, G(0,2) = G(b,x) for x > 1 and
inf1<p<p G(0,2) = G(b,z) for 0 < x < 1. For the purpose, we shall show that
G(0, ) is increasing in @ for x > 1 and decreasing for 0 < 2 < 1. The derivative
(d/df)G (0, x) is proportional to the quantity

{14 02) +r0x(1+02)" " + 70 +2)" '} x {(1+0x)" +0(0 + )"}
—{0(1+0x)"+ (0 +2x)"}
x {re(14+0z)" L+ 0+ )" +0r(@+z) 1)
=(1+602)" — (0 +2)> + (1 +02)" 1O +2)" 1r6? - 1)(z* - 1).
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Since 6 > 1, note that (14+60x)* > (resp. <)(0+z)?" if and only if z > (resp. <)1,
so that we see that (d/df)G(0,z) > (resp. <)0 if and only if z > (resp. <)1. This
means that ¢?(z) satisfies the condition (c) of Theorem 4.2.

We thus conclude that the two-point boundary uniform Bayes estimator
6BY given by (4.12) dominates 69 = X when r and b satisfy the condition (4.16),
namely, 1 < 7 < 1+ q(b) for q(b) = 2b(b* + 6b + 1)/(b* — 1)%. Since ¢(b) is a
decreasing function of b for b > 1 and limp_, q(b) = 0, for a fixed r > 1, there
exists a constant by(r) such that by(r) > 1 and 0 < r — 1 = ¢(bo(r)). Hence, the
condition (4.16) can be rewritten as 1 < b < bo(r). This condition means that
the improvement of 68V over X holds when b is bounded above by the constant
bo(r), which is the same property as observed in the estimation of the location
parameter.
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