CHAPTER 2
HEAT CONDUCTION EQUATION

§ 2-6 Heat Conduction with Heat Generation
in a solid

1 Plane Wall with Uniform Heat Generation
g =0, thermal resistance is inapplicable !!

® Assume: |
(a) Steady state i
(b) One-dimensional
(c) Constant k
(d) Thermal symmetry

* Find:

(1) Temperature distribution T(X)
(2) Heat transfer rate Q,

1) The Heat Conduction Equation

0 40Ty 0 AT\ 8 JoT, «_ /0T
ax o oy Way 5. f 5 TP
It becomes d ;
d-£+E:O
dx* k
2) General Solution
d’T ¢
Rearrange =
dx k
Integrate d_T=_gX+C1
dx k

Integrate again T(x)=—% x*+C,x+C,

* Temperature distribution is parabolic, not linear.

3) Application to Special Cases
* Case (i): Specified temperatures at both Surfaces

d_T :0
B.C. dX x=0 Tma><
T(L)=T, Ts Ts
Solution T (x)= _ 9 +Cx+C, L,
Applying B.C. L

S

0=—%0+cl C, =0
g g .. == q
T =—I°+C,-L+C,=—=-1%2+C, C,=T,+=-L
2k 2k 2k

Solution becomes T (x) =T, +%(L2 -x?%)




* Case (ii): Convection at both surfaces

] -
B.C. X oo
LI RS
x=L
Solution
g
T(x)=—ZXZ+C1x+C2
Applying B.C.
O:—g-O+C1 C,=0
k )
) iL
—k(—%L+Cl) —h(T,-T,) T =T, =

T=TM)|_, =—% +cL+C, =T, +3&

C,=T, L I
h 2k

Solution becomes
gl— g > 2 h
TX) =T, +—+—=—(L"—x
() =T, +- = (=)

g 2 2
=T, +—(L"—x
o (E =)

2 Cylindricgl Wall with Uniform Healt Generation

’_\CD g = const >

/‘I\ Trmax= To /\
T ' T T ' Ts

0! lo Te T
N h Q\/ h
Case (i) Specified Temp. B.C. Case (ii) Conv. B.C.
o T(x)=TS+%(r02—r2) o ATm&=TO—TS=%rO2
s dT(r) g .. _ ar
o 4n=—k=ok(-In-9 T, =T, +=2
1) dr =" 7 2h

Q(r) =4(r)- A(r) = % r-(2zrL) = zgr’L

Note:

= For steady state, with heat generation Q(x) # const
while without heat generation Q(x) = const

= For convection B.C., another way to get
Surface Temperature T,:

Energy balance G, =Q,,, (Steady state)
gV = hA(rs _Too)
T =T, + v
hA




« Single Layer Wall with Uniform Heat Generation
g 2 2 .
(x)=T,+ o (S°—x%) T, =T, +gS/(nh)
AT ., =T, =T, = §S/(2nk) g(x) =gx/n

S — Characteristic Length, m
n — Shape factor

S |n T(X) OI’T(I’) ATmax TS q(X)
Plane wall g 2 gL? gL .

L |1 T +=—(L"—x 2= | T, +=— X
(L) T AT h| °
Cylindrical 9 2 o | 0% T .90 | g6
wall (r,) ro |2 T, +K(r0 ro) 4K ot 7 >
Spherical ; gr? gr. gr.

r 3 9.2 2 2o T +20 2o
wall (ry) | " Trac® =) | 6 | “Tan | 3

Example General Heat Cond. : Find T, T, and T,

Coolingl‘_ = I.rl p=Lo—| Thermal symmetry:
water | Al Al 1/2 system
T,/ (). To  V=A(L,/2)
h é ‘ D
: Energy balance

1) G.gen,fuel = Qconv gV =hA(T,-T,) .. T,=T, +ﬂ = oL /2)

hA  ~ h
- : o T-T ]
2) G_qen,fuel = Qcond, Al gv = L:Tk;) ST =T+ g;l(zz
9(L,/2)° : 12)°
3) A-I—max,planewall :TO _Tl :T .. To :T1+ g(Lzlkl )

§ 2-7 Variable Thermal Conductivity, k (T)
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U If thermal conductivity is a function of temperature, k=k(T), we will
use an average value over the temperature range we are dealing with

[Tkt

ave T2 _ Tl

O Example: k = ko( 1+ BT)
where k, — the thermal conductivity at zero temperature
B — the temperature coefficient of thermal conductivity

[k @+ pTYaT

K=ok |1+
ave TZ—Tl 0( ﬂ

T,+T,

T] = k0 (1+ ﬂTave) = k(Tave)




U Can use k. instead of constant k, and use heat transfer rate
equations for constant thermal conductivity.

; - =T
Qplanewall - kaveA%

-T,
¢ In(r, /1)

Qcylinder = 2”k

Tl _Tz

QSphere = 4”kave nr,

2 rl

Example 2-8 Variation of Temperature in a Wall with k(T)
k=ko(1+8T)
Find: T
(1) Heat transfer rate Q,
(2) Temperature distribution T(x) T,

Solution: Te
(1) Determine Q, : Q T
e = K(To) = koL 1200
- T,-T
—k ALz
Q ave L

(2) Determine T(x):

dar
dx

X . T
Integrate podx = —A.[T k(T)dT

Apply Fourier’slaw Q = —k(T)A

T,-T.

- -

Substitute { Q=kKaeA L = const
k(T)=k,(1+ AT)
2 2k X 2

Get T2+7T+¢T_T —Tz—fT =0
B Lk, L (T -T)-T, 5

T(X) __1i\/12_ ZkaveX(Tl_Tz)+T12+£Tl
B \B° Bl B




