CHAPTER 4
TRANSIENT HEAT CONDUCTION
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4.1 Lumped System Analysis

Consider a body which is exchanging heat with the ambient
by convection.
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A special case of transient heat transfer in which
temperature does not change with the space, only
change with the time.
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¢ Objective: Determine the transient temperature and
amount of heat transfer
Assume: Bi< 0.1, then T =T (t)
Assume no heat generation and heat is removed
from the body

Heat balance during time interval dt:
Qin = Qo =AU
—hA( =T, )dt = medT
Separate variables
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® This is the lumped-system governing equation for all
bodies exchanging heat by convection. Valid for Bi < 0.1

® Initial condition: T (0)=T;

® Solution:
Assume constant ¢ ,, h and T,,. Integrate governing eq.
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e 1/b (s) is called the time constant of lumped system. It’s
a measure of how fast temperature change in a system.

e 1/b |, t {, the faster temperature change




1) Transient heat transfer rate

Q(t)= hAIT (1) ~T, 1= hA(T, ~T,)e™ (W)
2) Total amount of heat transfer (0—~1?)
Q= [' )t =hA(T, ~T) [ eat

=AW e = pve, 1, ~T)a-e) ()

or basing on energy conservation
Q=pVC ITMH-T;] (kJ)

3) Total heat transfer from the system
to the ambient

Quax =PVC,(T_-T)) (KJ)

t> o

4.2 One-dimensional Transient Heat Conduction

* For Bi, > 0.1, lumped system analysis is not applicable

¢ Spatial temperature variations must be accounted for

¢ 1-D conditions:
1) large plane wall T = f(x,1)

4.2.1 1-D transient cond. in an infinite large plate

® no energy generation and constant conductivity
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LC. T(x0)=T,

2) long cylinder T = f(r,t)
3) sphere T = f(r,0)
Solution:

Introduce temperature excess

O(x,1) =T(X,0) =T (X,1)
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Use separation of variables. Assume a product solution

A(x,t) = X (X)z(t)

~\1dr_ 1dX/—
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Integrate E =
T = CleaDt L 0 L

t—oo, T (x,t) >T, (reach steady state) ,

So D has to be negative. -

Otherwise, T (x,t)—oo (be physically meaningless !)
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e General solutions of the above 2 egs. are

r(t)=C,e "
X(x)=C, cos(fXx)+C,sin(fXx)
So get

O(X,7) = X(X) z(t) = e " [Acos(BX)+ Bsin(SX)]

e Determine A, B and £ by B.C.s and I.C.
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Get infinite solutions:
0,(x,t) = e [A, cos(B,X)]
6,(x,t)= e"e"’zz‘[A2 cos(f,x)]
6, (x,t)=e "' [A cos(B,X)]

Sum all solutions: & (X,t) = Z e"a"""Z‘[An cos(f,x)]
n=1

1.C. 2sin(fB,L)
(x,0)=T,; -T, =A== ﬂ L +sin(8,L)cos(8,L)
o Final solution (infinite series):
TGH-T, _§ 2sin(g,L) "“"‘cos(ﬂ X)
T,-T, o=t B,L+sin(B L)cos(S,L)

o Rearrange the solution, let 8 L=A4,
T(x t) -T, & 2sin(4,) A:a‘
e A, —
,Zl +sin 4, cos 4, os( )

TxD-T,

dimensionless temperature  @(x,t)= T_T

dimensionless distance X = x/L

dimensionless time 7 =at/L> Fourier number (Fo)
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The rate at which heat is conducted across L of a body of volume L3

The rate at which heat is stored in a body of volume L2
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Dimensionless quantities:

g(x, 1) =10 Te X = x/L
Ti _Too
r=at/ L Bi=hk/L (4,-Bi)

o(x,t)= f(Bi, 7, X)
e 7 >0.2, one term approximation : (error <2%)
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® Center of plane wall (x=0) 4, , = T" T =Ae™""
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0 =cos(4X/L)  Table 4-1: A, A,
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1)
Q(x,t) = _kAg—I =—KA(T, -T,)Ae™" "—Ll[-sin(xlx/ L))
= k%(Ti -T)Are™ sin(A,x/L) (W)
2) heat transfer from the system to the ambient

Quax =PVC,(T_-T)) (KJ)

3) Total amount of heat transfer

%=iILT(x,t)—Ti cop L rTOD-T,

heat transfer rate

energy conservation (7 o)

Q)= pC,A[ ITOLH-TId (v =2AL)
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¢ Graphical Representation of Solutions:
Non-dimensional Form (Heisler’s Charts)

¢ Express the result in non-dimensional form.

< 2sin(4, S
O(x,t) =" - (4,) e™ cos(4, X)

o= A, +sin4 cos A,
Characteristic length : L

Dimensionless quantities
T(x,D-T,
Ti _Tao

a(x,t)= X=x/L r=at/> Bi=hk/L

a(x,t)= f(Bi, 7, X)

¢ Heisler charts: Dimensionless quantities are used to
construct charts to determine transient temperature in

plates

Fig. 4-7 (a) Midplane transient temperature of a plate of thickness 2L

Fig. 4-7 (b) Temperature distribution in a plate of thickness 2L
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Qu =pVC, (T ~T) (J) = Q=[QQ ]Q
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Fig. 4-7 (c) Heat transfer rate in a plate of thickness 2L

4.2.2 1-D transient Cond. in an infinite long Cyl.

® no energy generation and constant conductivity

10 (raT]_ 10T

ror or) aot
B.C.
or| _
or|_,
oT
—k=—1| =h|[T(r,,t)-T
ar - [ (0 ) w]

LC. T(r,0)=T,

Non-dimensionalization

* Dimensionless temperature:

ox, =0T (1.0 (p06)_06
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Characteristic length : r,
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Solution and Heisler’s Charts for Cylinders
® Temperature distribution Fig. 4-8 (b
a(r,t)= f(Bi, 7, R) Zero-order Bessel function

T(r,)-T of the first kind
» =# = A4 (4R), 7>0.2

® Midpoint temperature
T,-T,

— o _ -Ai7
b =3 7. =AE Fig. 4-8 (a)

® Heat transfer rate

(2] -1-0,,, 2

Qmax = pVCp(Tw _Tl) (kJ)

o(r,t)




4.2.3 1-D transient conduction in spheres

® no energy generation and constant conductivity

10(.0T) 10T
T. i rror\ or) a ot
[T B.C
""""""" > X Cull
7' or|_,
; oT
-k=—| =h[T(,t)-T
ar [ (0 ) m]

r=r,

LC. T(r,0)=T,

Solution and Heisler’s Charts for Spheres

¢ Temperature distribution | gjg. 4-9 (b T _
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® Heat transfer rate Fig. 4-9 (¢)
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Characteristic length : r,

< Applicability

® no energy generation and constant conductivity
(g =0, k = const)

e T(X,0)=T. (uniform)

e h,T_=const (h—>o, T, >T_,specified temperature B.C.)
+» Note

® Bi, < 0.1, alternative lumped system analysis.
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