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Abstract

In this paper, we introduce and study some new Ishikawa iterative procedures with
errors for multi-valued mappings in real normed linear spaces. General results on
the convergence of the new Ishikawa iterative procedures with errors for multi-valued
®-hemicontractive mappings without Lipschitz assumption and without boundedness
conditions are given in real normed linear spaces.
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1 Introduction

Let X be a real normed linear space, axits dual space. Letx, ) denote the general-
ized duality pairing betweeK andX*, andJ stand for the generalized normalized duality
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mapping fromX to 2X" given byJ(x)
JO) ={feX o xO)=[[T[-[Ixl], [[fll=I[Ix}, xeX.

Definition 1.1 ([4],[5]). Let X be a real normed linear spad2a nonempty convex subset
of X, CB(D) the family of all nonempty bounded closed subset®of A multi-valued
mappingT : D — CB(D) is said to be uniformly continuous db if for any givene > 0
there exists & > 0 such thaH (Tx, Ty) < € for any givenx,y € D with ||x—y|| <8,
whereH(.,.) denotes the Hausdorff metric @B(D) defined by

H(A,B) := max{sup inf|x—y]||, supinfjx—y||}, A,BeCB(D).
yeBxeA xeAyeB

Definition 1.2 ([4],[5]). LetD be a nonempty subset ¥ T : D — 2P is said to be a multi-
valued®-strongly pseudocontractive mapping if there exists a strictly increasing function
®:[0,0) — [0, ) with d(0) = 0 such that for eack y € D, there exists g(x—y) € I(Xx—y)
such that

U=V, j(x—y)) < [Ix— Y2~ (|Ix—yI[) - [Ix~Yll.

forallue Txandv e Ty.
T is said to be a multi-valued-strongly pseudoaccretive mappind T is a multi-valued
®-strongly pseudocontractive mapping.

Definition 1.3 ([4]). Let D be a nonempty subset &f. T : D — 2P is said to be a multi-
valued®-hemicontractive mapping if the fixed-point $&fT ) of T is nonempty, and there
exists a strictly increasing functio® : [0,00) — [0,0) with ®(0) = 0 such that for each
x € D andx* € F(T), there exists @(x—x*) € J(x—X*) such that

(U= J(x =) < [x=x[|2 = (| [x = x*[]) - | lx =1,

forallue Tx
T is said to be a multi-valuee-hemiaccretive mapping if — T is a multi-valued®-
hemicontractive mapping.

If T is a single-valued mapping, then the example in [1] shows that the cla®s of
strongly pseudo-contractive mappings is a proper subset of the clésb@micontractive
mappings.

The iterative approximation of fixed points for the class of pseudocontractive mappings
has been studied extensively by various authors (see [1-11] and the references therein).
For single-valued cases, Osilike[11, Theorem 2] obtained the convergence of the Ishikwa
iterative sequence for Lipschite-hemicontractive mappings in real Banach spaces. Un-
der the boundedness condition of the rangd pt.iu and Kang [7, Theorem 3.3] got the
convergence of the Ishikwa iterative sequencelfevithout Lipschitz assumption.

For multi-valued cases, Huang et al [4] defined the Ishikwa iterative seqienaceith
errors forT, and any giverx € X,

Xnt1 = OnXn+Bn€r+Ynln, T€nE Ty,

~ -~ A n:071727”'7 (11)
Yn=0nXn+Bnfa+V¥aVh, TfaeTx,
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where{an},{Bn}, {¥n}, {Gn}, {f&n} and {y,} are six sequences [, 1], and{u,}, {vn} are
two bounded sequencesinsatisfying the following conditions:

an+|3n+yn:dn+én+9n:1;

lim B, = lim B, = lim §;, = O:
n;»oan nHDOBn n~>00yn (12)

00

B g

Huang et al also proved that {i,} and{f,} are both bounded, then the sequetixg}
defined in (1.1) converges strongly to the unique fixed poirft ¢4, Theorem 3.2]). The
following problem arises naturally the@an we relax the boundedness conditiof&f} or
{fn}? In other words, if eithefe,} or { fn} in (1.1) is unbounded, or more general, if both
{en} and{ fy} in (1.1) are unbounded, then tkwe, } defined by (1.1) still converges strongly

to the unique fixed point of ? Actually, in many cases, the boundedness conditions of the
sequencege,} and{f,} in (1.1) are not easy to examine in advance. Hence, this is an
interesting and important problem.

In order to solve the problem, in this paper we introduce and study some new Ishikawa
iterative procedures with errors for multi-valued mappings in real normed linear spaces,
see (2.1)-(2.3) in Theorem 2.2 and (2.15)-(2.17) in Theorem 2.4 below. General results
on the convergence of the new Ishikawa iterative procedures with errors for multi-valued
®-hemicontractive mappings without Lipschitz assumption and without boundedness con-
ditions are obtained in real normed linear spaces. Our results improve essentially the corre-
sponding results of [1, 3-7, 10-11].

Lemma 1.4. ([6]) Let X be a real normed linear space arddbe the normalized duality
mapping. Then, for any giveqy € X,

Ix+¥I12 < [XP+2 <y, j(x+y) >, forall j(x+y) € I(x+Y).
Lemma 1.5. ([6],[9]) LetA,B € CB(X) anda € A. If A > 0, then there exists € B such
thatdist(a,b) < (1+A)H(A,B).
2 Main Results
Lemma 2.1. Let{an},{bn} and{cn} be nonnegative real sequences such that

82,1 < (1+Dbn)a3+Cnans1, VN> no (some integer
with Z bn < o, Z Ch < . Then{a,} is bounded.
n=1 n=1

Proof. By the assumption, we have

Cn++/C3+4(1+bp)a2
2

0<an1< <cnt+(1+by)an Vn>no.
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Letting dn := max{bn,cn}, we getyy_, dn < o. Further, we obtain

ant1+1<(1+dn)(an+1), Vn>no,

k k k
[1 @2+ < []@+dy) [ (@+1), Vk=no,

Nn=nNp Nn=nNgp Nn=nNgp

k
ar1t1<(an,+1) [](1+dn) < (ano+1exp(2dn vV k> no.

n=rg n=no

Hence {a,} is bounded.

Theorem 2.2. Let X be a real normed linear space amtla nonempty convex subsebaf
LetT : D — CB(D) be uniformly continuous ob and ®-hemicontractive. For any given
X0, Vo, Up € D, let {x,} be the modified Ishikawa iterative sequence with errors, defined by

BnXn+bn&n+EaVn,  JEn € T,
{ Yn = n hén nVn &n N=012-. 2.1)

Xn1 = Gan+Bnnn+ynUn7 INn € Tyn,

where{un},{vn} are both bounded sequencediflLet their bound bé > 2),

A n bn é Cn
dh=1-Db C7b ) )
B oY - e o - A
B B = Bn oo = Yn '
n n, PN — » N — )
L+ [[Xa[| +{Innll L+ [[%al[ [ [nnll

{Bn},{¥n},{bn} and{c,} are four sequences i, 1] satisfying the following conditions
nZOBn = o, anBn < 0, n;)Yn < ®, rllmobn =0, rllmocn =0. (2.3)

Then{x,} converges strongly to the unique fixed poinTof

Proof. SinceT is ®-hemicontractive, it follows that the fixed-point $&fT ) of T is nonempty,
and there exists a strictly increasing functidn [0, ) — [0,%) with ®(0) = 0 such that
for eachx € D andx* € F(T), there exists §(x— x*) € J(x—x*) such that

E—x j(x—x)) < =X |2 = D(x—x|)-[x—x'||, VEETx  (2.4)
If qe F(T), i.e.q € Tq, then, by @.4), there exists 4(q—x*) € J(q— x*) such that
la—x[[>= (a—x", j(a—x")) <[la—x||* = (lla—x"]) - |la—x|.

SoT has a unique fixed point.
SinceD is a convex subset of andT : D — CB(D), it follows from (2.1), (2.2) and
(2.3) that

[|[Xne1 —Yn|| = (Bn +Cn —Bn—%)xn—Bnan—énvn‘f‘ﬁnnn‘i‘VnUnH

2.5)
<2(bnh+ch+Bnt+¥n) =0 (nN— o)
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Notingnn € Ty,, we see by Lemma 1.5 that there exists a pa&mﬁ € TX,11 such that

~ 1
N0 —&nsall < (1+ H)H(TYn7TXn+1)~ (2.6)

From (2.1), (2.4), (2.6) and Lemma 1.4, it can be concluded that

X2 = X =[G (0= X*) + B (M = X") + T (U =)

< @2 1% —X|[2+ 2Bn(Nn — Ens 1, § (Xnr1 — X))
+ 2Bn(Eni1 =X, ] (Xnr1 = X)) + 2n(Un— X, | (Xns1 — X))
<(L—Bn— )2 — X112+ 2BnGn - X1 — X[+ 2Bn (|[¥ns1 — X2
— (| X2 — X)) - | X2 —X*|]) + 290l [un —X|| - [[Xne1 — X7,

whereg, ;= ||Nn— §n+1\ |. By (2.5), (2.6) and the uniform continuity df, we haveg, — 0
asn — 0. Then, further, we obtain

N +A 2_2" N 2A *
B3l =22 — 2P0y |
1-2B, 1-2Bn
. ZVnHUn_X*H
(P2 =X 1D =gn)+— o

L2 2B ) plt )
<o 2B e P

1— 2B, 1— 2B,
250 lunll + |1

1— 2B,

101 = X2 < %0 =2+

X1 =X

(@[t =X ) —an) + [Xn1 —X7]]. (2.7)

Next, we will show
Iinm inf d(||Xp+1 —X||) = 0.
If it is not true, then there exists a positive constaptsuch that
IiLninf D(|[Xnr1—X||) = mp > 0.

Combining the definition ofb, (2.3) with the fact that, — 0 asn — o, there exist a
np € N (positive integer set) and a positive constgysuch that fon > n,

* nb * rTb A 1
D(|[Xny1 —X*[|) > X1 —X[| > s, gnﬁzv Bn<PBn<-.

2 4
By (2.2) and (2.7), for any > ng we have

~

2(B2+ ) 2B mo
%112 %112 n n *12 n *

Xni1 — X ||° <[ Xn — X[ |7 + ——25||%n — X[ |7 — — || Xne1 — XF|| - ==
[[Xn+2 = X[|= < [[%0 —X]] 128, [ X0 — X" l—ZBnH n+1 =X |-

2¥n([|un|| + [|x* .

3 Bl

1-2f,

2[3 10)
< V.. 2 4 2 oy 2_ n,\ RV T Y
<o =1+ 487 ) o =17 = =l =X

+ AL+ XD X2 =X (2.8)
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Denoting
Gai=|a—X]|, bni=4(B3+YR), Gni=4ya(L+[IX]),

from (2.8) it follows that
8,1 < (1+bn)&+ &8, YNn>no. (2.9)

By (2.2) and (2.3), we obtain
S V<o, 25n<oo, Y & <o
n=1 n=1 n=1

Using Lemma 2.1 and (2.9), we gid,} is bounded (Let its bound bdg > 0). It implies
{Xn} is bounded. By (2.5) and the uniform continuity Df we know{y,} and{Ty,} are
both bounded. Sincgn € Tyn, {L+ |[Xn[[ +[|Nnl[} is bounded. Let its bound ki > 0.

. 2 .
Denoting B by t,, it follows from (2.3) that
- n
ZBn -
th > 2[3 th = co.
n= <£pn = n:Zno n
By (2.8), we have that
~ N2 My . .
81 < &+ bedl —thso—~ + Enlnya, VN1 (2.10)

Takingn=ng,ng+1,---,r in (2.10) above, we obtain
5 r - 5 n-b r r
<a +nZn bnaf — 4 Z nZn Cnant1,
=Mo = =g

Som’ Z th < &, +M§ Z bn + Mo Z o

Nn=nNgp Nn=nNg Nn=nNgp
This leads to a contradiction as— «. Henceliminf ®(||xp+1 — X*||) =
n—oo

Thus there exists a subsequefgg 1} of {X,1} such thak, 1 — x* asi — . Com-
bining the definition ofp, (2.3) with the fact that), — 0 asn — oo, for any givere in (0,1),
there exists &; € N such that the followings hold

y £ AP - €
|’an+1_x|’<§7 nZn.Bn<@a ZV2< ZYn 6HL+ ||’
—

n=n;

2.11)
1 1
gn§§¢(§)> Bn§3n<za vnz=nj.

Next, we will show that for everyn € N, the following inequality holds

| [Xn;+m—X*|| <& (2.12)

17
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Form=1, by (2.11) we have|[x, 1 —X"|| < g < €, S0 (2.12) holds fom=1. Now
suppose

[[Xnj+r =X <€ r=212---m (2.13)

Set

pr=max{r € N, [[X,r —X|| < 5, 1<r <m+1}.

2’

Considering2.11), p is well defined. Ifp=m+1, then
. I3

|[Xnj+m1 = X[ < 5 <&

By induction, (2.12) holds for angn € N. If 1 < p < m, then, by the definition op , we
have

€
"an-"-f_X*"Zéa p+1§r§m+1 (214)

Combining (2.7), (2.11), (2.14) with the definition @ we obtain, for = p,p+1,---,m

. o 2B+ . .
[ ¥o4r41 = X2 < g = %72 = = X[ = [ — X
1_Zan+r
e 1 e B npie((|un ol + X)) \
(P(5) — 5P(5)) i+ T [Py r42 =X
l_Zan-H 1_28nj+r
208 21+ Rr)
<[y r = X2 = Xy = X2
J 1—28nj+r J
2o ([ |unj o[+ 11X )
: — [ X411 = X7
1—23nj+r
Further, from (2.2), (2.11) and (2.13), we deduce that
. vz D2BR L) .
oty =<1 <t =X 1P+ 3 = e =X
r=p - nj+r
& 2y (U [+ X))
| 1—X|
~ jHr+1—
r=p 1—2Bn; 4 '

m
2 2 2
< | Xny+p = X7+ Z 4(an+r+yﬁj+r)’|xnj+r =X
r=p

+ A, +m(L A+ X)) [Xn; +me1 — X|
m—1

+ z A, v (L4 [IX ) [ [Xny r+2 = X

<(5 5)7+ 8 +3 HXn,+m+1 XH+

g €

<§ HXn,+m+1—X I8
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Hence, we obtain
[ Xnj+me1 — X7 <

By induction, (2.12) holds for angn € N.
Therefore, for any givenin (0,1), there exists @&; € N such that

[[Xn+m—X[| <€ VmeN.

It means tha{x,} converges strongly to the unique fixed poinflofThe proof is finished.
O

Remark2.3. Theorem 2.2 improves [4, Theorem 3.2], [5, Theorem 3.2], [7, Theorem 3.3]
[10, Theorem 1] and [11, Theorem 2] since

(1) Banach spaces in these articles are extended to arbitrary normed linear spaces.

(2) the requirement in Theorem 3.2 of [4] that the sequefiegsand{ f,} are bounded
is dispensed with. So is the similar requirement in Theorem 3.2 of [5].

(3) Theorem 3.3 of [7] is extended to the case in whicks a multi-valued mapping
and the boundedness requirement of the range of the mappimgheorem 3.3 of [7] is
dropped.

(4) Theorem 1 of [10] and Theorem 2 of [11] are extended to the case in Whisla
multi-valued mapping without the requirement that the mapping Lipschitz continuous.

Theorem 2.4.LetX be areal normed linear spacg,: X — CB(X) be uniformly continuous
and ®-hemiaccretive. For any givehe X, defineS: X — CB(X) by Sx:= x—Tx+ f for

all x e X. For any givernxo, Vo, Up € X, let{x,} be the modified Ishikawa iterative sequence
with errors, defined by

Yn:éan‘FBnEn“‘énVn; 3&n € Sk,
Xnt1=OnXn+BnNn+V¥aln, 3INn € S,
where{un},{vn} are both bounded sequencesXfLet their bound bé > 2),

n=0,1,2,-, (2.15)

A r A D bn A Cn
d,=1-by—¢€,, bh= , Ch= )
T Ll TRl L Il Rl
~ 5~ B Bn N Yn .
Qn = 1_[3 —Yn, B = y Yn= )
" T L |l all” T L | Xal[ 4 [Nl
are four sequences i, 1] satisfying the following conditions:
Bh=o,F BZ< o, ¥ yy<o, limb,=0,limc,=0. (2.17)
& g g =0,

Then{x,} converges strongly to the unique solution of dxaemiaccretive mapping equa-
tion f € Tx

Remark2.5. Theorem 2.4 is a new and general result on the iterative approximation of the
solution of the multi-valued-hemiaccretive mappings equation without Lipschitz assump-
tion and without boundedness conditions in real normed linear spaces, which improves [4,
Theorem 4.2], [7, Theorem 3.1], [10, Theorem 2] and [11, Theorem 1].
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