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Abstract

In this paper, we introduce and study some new Ishikawa iterative procedures with
errors for multi-valued mappings in real normed linear spaces. General results on
the convergence of the new Ishikawa iterative procedures with errors for multi-valued
Φ-hemicontractive mappings without Lipschitz assumption and without boundedness
conditions are given in real normed linear spaces.
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1 Introduction

Let X be a real normed linear space, andX∗ its dual space. Let〈∗, ∗〉 denote the general-
ized duality pairing betweenX andX∗, andJ stand for the generalized normalized duality
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mapping fromX to 2X∗given byJ(x)

J(x) := { f ∈ X∗ : 〈x, f 〉= || f || · ||x||, || f ||= ||x||}, x∈ X.

Definition 1.1 ([4],[5]). Let X be a real normed linear space,D a nonempty convex subset
of X, CB(D) the family of all nonempty bounded closed subsets ofD. A multi-valued
mappingT : D →CB(D) is said to be uniformly continuous onD if for any givenε > 0
there exists aδ > 0 such thatH(Tx,Ty) < ε for any givenx,y∈ D with ||x−y||< δ,
whereH(., .) denotes the Hausdorff metric onCB(D) defined by

H(A,B) := max
{

sup inf
y∈Bx∈A

||x−y||, sup inf
x∈Ay∈B

||x−y||}, A,B∈CB(D).

Definition 1.2 ([4],[5]). Let D be a nonempty subset ofX. T : D→ 2D is said to be a multi-
valuedΦ-strongly pseudocontractive mapping if there exists a strictly increasing function
Φ : [0,∞)→ [0,∞) with Φ(0) = 0such that for eachx,y∈D, there exists aj(x−y)∈ J(x−y)
such that

〈u−v, j(x−y)〉 ≤ ||x−y||2−Φ(||x−y||) · ||x−y||,
for all u∈ Tx andv∈ Ty.
T is said to be a multi-valuedΦ-strongly pseudoaccretive mapping ifI−T is a multi-valued
Φ-strongly pseudocontractive mapping.

Definition 1.3 ([4]). Let D be a nonempty subset ofX. T : D → 2D is said to be a multi-
valuedΦ-hemicontractive mapping if the fixed-point setF(T) of T is nonempty, and there
exists a strictly increasing functionΦ : [0,∞) → [0,∞) with Φ(0) = 0 such that for each
x∈ D andx∗ ∈ F(T), there exists aj(x−x∗) ∈ J(x−x∗) such that

〈u−x∗, j(x−x∗)〉 ≤ ||x−x∗||2−Φ(||x−x∗||) · ||x−x∗||,

for all u∈ Tx.
T is said to be a multi-valuedΦ-hemiaccretive mapping ifI − T is a multi-valuedΦ-
hemicontractive mapping.

If T is a single-valued mapping, then the example in [1] shows that the class ofΦ-
strongly pseudo-contractive mappings is a proper subset of the class ofΦ-hemicontractive
mappings.

The iterative approximation of fixed points for the class of pseudocontractive mappings
has been studied extensively by various authors (see [1-11] and the references therein).
For single-valued cases, Osilike[11, Theorem 2] obtained the convergence of the Ishikwa
iterative sequence for LipschitzΦ-hemicontractive mappingsT in real Banach spaces. Un-
der the boundedness condition of the range ofT, Liu and Kang [7, Theorem 3.3] got the
convergence of the Ishikwa iterative sequence forT without Lipschitz assumption.

For multi-valued cases, Huang et al [4] defined the Ishikwa iterative sequence{xn} with
errors forT, and any givenx0 ∈ X,

xn+1 = αnxn +βnen + γnun, ∃en ∈ Tyn,

yn = α̂nxn + β̂n fn + γ̂nvn, ∃ fn ∈ Txn,
n = 0,1,2, · · · , (1.1)
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where{αn},{βn},{γn},{α̂n},{β̂n} and{γ̂n} are six sequences in[0,1], and{un}, {vn} are
two bounded sequences inX satisfying the following conditions:

αn +βn + γn = α̂n + β̂n + γ̂n = 1;

lim
n→∞

βn = lim
n→∞

β̂n = lim
n→∞

γ̂n = 0;

∞

∑
n=0

βn < ∞,
∞

∑
n=0

γn < ∞.

(1.2)

Huang et al also proved that if{en} and{ fn} are both bounded, then the sequence{xn}
defined in (1.1) converges strongly to the unique fixed point ofT ([4, Theorem 3.2]). The
following problem arises naturally then:Can we relax the boundedness condition of{en} or
{ fn}? In other words, if either{en} or { fn} in (1.1) is unbounded, or more general, if both
{en} and{ fn} in (1.1) are unbounded, then the{xn} defined by (1.1) still converges strongly
to the unique fixed point ofT? Actually, in many cases, the boundedness conditions of the
sequences{en} and{ fn} in (1.1) are not easy to examine in advance. Hence, this is an
interesting and important problem.

In order to solve the problem, in this paper we introduce and study some new Ishikawa
iterative procedures with errors for multi-valued mappings in real normed linear spaces,
see (2.1)-(2.3) in Theorem 2.2 and (2.15)-(2.17) in Theorem 2.4 below. General results
on the convergence of the new Ishikawa iterative procedures with errors for multi-valued
Φ-hemicontractive mappings without Lipschitz assumption and without boundedness con-
ditions are obtained in real normed linear spaces. Our results improve essentially the corre-
sponding results of [1, 3-7, 10-11].

Lemma 1.4. ([6]) Let X be a real normed linear space andJ be the normalized duality
mapping. Then, for any givenx,y∈ X,

||x+y||2 ≤ ||x||2 +2 < y, j(x+y) >, f or all j (x+y) ∈ J(x+y).

Lemma 1.5. ([6],[9]) Let A,B∈CB(X) anda∈ A. If λ > 0, then there exists ab∈ B such
that dist(a,b)≤ (1+λ)H(A,B).

2 Main Results

Lemma 2.1. Let{an},{bn} and{cn} be nonnegative real sequences such that

a2
n+1 ≤ (1+bn)a2

n +cnan+1, ∀ n≥ n0 (some integer),

with
∞

∑
n=1

bn < ∞,
∞

∑
n=1

cn < ∞. Then{an} is bounded.

Proof. By the assumption, we have

0≤ an+1 ≤ cn +
√

c2
n +4(1+bn)a2

n

2
≤ cn +(1+bn)an ∀ n≥ n0 .
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Lettingdn := max{bn,cn}, we get∑∞
n=n0

dn < ∞. Further, we obtain

an+1 +1≤ (1+dn)(an +1), ∀ n≥ n0,

k

∏
n=n0

(an+1 +1)≤
k

∏
n=n0

(1+dn)
k

∏
n=n0

(an +1), ∀ k≥ n0,

ak+1 +1≤ (an0 +1)
k

∏
n=n0

(1+dn)≤ (an0 +1)exp(
∞

∑
n=n0

dn), ∀ k≥ n0.

Hence,{an} is bounded.

Theorem 2.2. Let X be a real normed linear space andD a nonempty convex subset ofX.
Let T : D →CB(D) be uniformly continuous onD andΦ-hemicontractive. For any given
x0,v0,u0 ∈ D, let {xn} be the modified Ishikawa iterative sequence with errors, defined by

{
yn = ânxn + b̂n ξn + ĉnvn, ∃ξn ∈ Txn,

xn+1 = α̂nxn + β̂n ηn + γ̂nun, ∃ηn ∈ Tyn,
n = 0,1,2, · · · , (2.1)

where{un},{vn} are both bounded sequences inD(Let their bound beL≥ 2),

ân = 1− b̂n− ĉn, b̂n =
bn

L+ ||xn||+ ||ξn|| , ĉn =
cn

L+ ||xn||+ ||ξn|| ,

α̂n = 1− β̂n− γ̂n, β̂n =
βn

L+ ||xn||+ ||ηn|| , γ̂n =
γn

L+ ||xn||+ ||ηn|| ,
(2.2)

{βn},{γn},{bn} and{cn} are four sequences in[0,1] satisfying the following conditions:

∞

∑
n=0

βn = ∞,
∞

∑
n=0

β2
n < ∞,

∞

∑
n=0

γn < ∞, lim
n→∞

bn = 0, lim
n→∞

cn = 0. (2.3)

Then{xn} converges strongly to the unique fixed point ofT.

Proof. SinceT is Φ-hemicontractive, it follows that the fixed-point setF(T) of T is nonempty,
and there exists a strictly increasing functionΦ : [0,∞)→ [0,∞) with Φ(0) = 0 such that
for eachx∈ D andx∗ ∈ F(T), there exists aj(x−x∗) ∈ J(x−x∗) such that

〈ξ−x∗, j(x−x∗)〉 ≤ ||x−x∗||2−Φ(||x−x∗||) · ||x−x∗||, ∀ ξ ∈ Tx. (2.4)

If q∈ F(T), i.e. q∈ Tq, then, by (2.4), there exists aj(q−x∗) ∈ J(q−x∗) such that

||q−x∗||2 = 〈q−x∗, j(q−x∗)〉 ≤ ||q−x∗||2−Φ(||q−x∗||) · ||q−x∗||.

SoT has a unique fixed pointx∗.
SinceD is a convex subset ofX andT : D →CB(D), it follows from (2.1), (2.2) and

(2.3) that

||xn+1−yn||= (b̂n + ĉn − β̂n− γ̂n)xn− b̂n ξn− ĉnvn + β̂n ηn + γ̂nun||
≤ 2(bn +cn +βn + γn)→ 0 (n→ ∞)

(2.5)
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Notingηn ∈ Tyn, we see by Lemma 1.5 that there exists a pointξ̃n+1 ∈ Txn+1 such that

||ηn− ξ̃n+1|| ≤ (1+
1
n
)H(Tyn,Txn+1). (2.6)

From (2.1), (2.4), (2.6) and Lemma 1.4, it can be concluded that

||xn+1−x∗||2 =||α̂n(xn−x∗)+ β̂n(ηn−x∗)+ γ̂n(un−x∗)||2

≤ α̂2
n||xn−x∗||2 +2β̂n〈ηn− ξ̂n+1, j(xn+1−x∗)〉

+2β̂n〈ξ̂n+1−x∗, j(xn+1−x∗)〉 + 2γ̂n〈un−x∗, j(xn+1−x∗)〉
≤(1− β̂n− γ̂n)2 ||xn−x∗||2 +2β̂ngn · ||xn+1−x∗||+2β̂n

(||xn+1−x∗||2
−Φ(||xn+1−x∗||) · ||xn+1−x∗||)+2γ̂n||un−x∗|| · ||xn+1−x∗||,

wheregn := ||ηn− ξ̂n+1||. By (2.5), (2.6) and the uniform continuity ofT, we havegn → 0
asn→ 0. Then, further, we obtain

||xn+1−x∗||2 ≤||xn−x∗||2 +
(β̂n + γ̂n)2−2γ̂n

1−2β̂n
||xn−x∗||2− 2β̂n

1−2β̂n
||xn+1−x∗||

·(Φ(||xn+1−x∗||)−gn)+
2γ̂n||un−x∗||

1−2β̂n
||xn+1−x∗||

≤||xn−x∗||2 +
2(β̂2

n + γ̂2
n)

1−2β̂n
||xn−x∗||2− 2β̂n

1−2β̂n
||xn+1−x∗||

·(Φ(||xn+1−x∗||)−gn)+
2γ̂n(||un||+ ||x∗||)

1−2β̂n
||xn+1−x∗||. (2.7)

Next, we will show
liminf

n→∞
Φ(||xn+1−x∗||) = 0.

If it is not true, then there exists a positive constantm0 such that

liminf
n→∞

Φ(||xn+1−x∗||) = m0 > 0.

Combining the definition ofΦ, (2.3) with the fact thatgn → 0 as n→ ∞, there exist a
n0 ∈ N (positive integer set) and a positive constants0 such that forn≥ n0,

Φ(||xn+1−x∗||)≥ m0

2
, ||xn+1−x∗|| ≥ s0, gn ≤ m0

4
, β̂n ≤ βn ≤ 1

4
.

By (2.2) and (2.7), for anyn≥ n0 we have

||xn+1−x∗||2 ≤||xn−x∗||2 +
2(β̂2

n + γ̂2
n)

1−2β̂n
||xn−x∗||2− 2β̂n

1−2β̂n
||xn+1−x∗|| · m0

4

+
2γ̂n(||un||+ ||x∗||)

1−2β̂n
||xn+1−x∗||

≤||xn−x∗||2 +4(β2
n + γ2

n)||xn−x∗||2− 2β̂n

1−2β̂n
||xn+1−x∗|| · m0

4

+4γn(L+ ||x∗||)||xn+1−x∗||. (2.8)
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Denoting
ãn := ||xn−x∗||, b̃n := 4(β2

n + γ2
n), c̃n := 4γn(L+ ||x∗||),

from (2.8) it follows that

ã2
n+1 ≤ (1+ b̃n)ã2

n + c̃nãn+1, ∀ n≥ n0. (2.9)

By (2.2) and (2.3), we obtain

∞

∑
n=1

γ2
n < ∞,

∞

∑
n=1

b̃n < ∞,
∞

∑
n=1

c̃n < ∞.

Using Lemma 2.1 and (2.9), we get{ãn} is bounded (Let its bound beM0 > 0). It implies
{xn} is bounded. By (2.5) and the uniform continuity ofT, we know{yn} and{Tyn} are
both bounded. Sinceηn ∈ Tyn, {L + ||xn||+ ||ηn||} is bounded. Let its bound beM > 0.

Denoting
2β̂n

1−2β̂n
by tn, it follows from (2.3) that

tn ≥ 2β̂n ≥ 2βn

M
,

∞

∑
n=n0

tn = ∞.

By (2.8), we have that

ã2
n+1 ≤ ã2

n + b̃nã2
n− tns0

m0

4
+ c̃nãn+1, ∀ n≥ n0 (2.10)

Takingn = n0,n0 +1, · · · , r in (2.10) above, we obtain

ã2
r+1 ≤ ã2

n0
+

r

∑
n=n0

b̃nã2
n−

s0m0

4

r

∑
n=n0

tn +
r

∑
n=n0

c̃nãn+1,

s0m0

4

r

∑
n=n0

tn ≤ ã2
n0

+M2
0

r

∑
n=n0

b̃n +M0

r

∑
n=n0

c̃n

This leads to a contradiction asr → ∞. Hence,liminf
n→∞

Φ(||xn+1−x∗||) = 0.

Thus there exists a subsequence{xni+1} of {xn+1} such thatxni+1→ x∗ asi →∞. Com-
bining the definition ofΦ, (2.3) with the fact thatgn→ 0 asn→∞, for any givenε in (0,1),
there exists an j ∈ N such that the followings hold





||xn j+1−x∗||< ε
2
,

∞

∑
n=n j

β2
n <

ε
64

,
∞

∑
n=n j

γ2
n <

∞

∑
n=n j

γn <
ε

64(L+ ||x∗||) ,

gn ≤ 1
2

Φ(
ε
2
), β̂n ≤ βn <

1
4
, ∀ n≥ n j .

(2.11)

Next, we will show that for everym∈ N, the following inequality holds

||xn j+m−x∗||< ε. (2.12)
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For m = 1, by (2.11) we have||xn j+1− x∗|| < ε
2

< ε, So (2.12) holds form = 1 . Now
suppose

||xn j+r −x∗||< ε, r = 1,2, · · ·m. (2.13)

Set
p := max{r ∈ N, ||xn j+r −x∗||< ε

2
, 1≤ r ≤m+1}.

Considering(2.11), p is well defined. Ifp = m+1, then

||xn j+m+1−x∗||< ε
2

< ε.

By induction, (2.12) holds for anym∈ N. If 1≤ p≤ m, then, by the definition ofp , we
have

||xn j+r −x∗|| ≥ ε
2
, p+1≤ r ≤m+1. (2.14)

Combining (2.7), (2.11), (2.14) with the definition ofΦ, we obtain, forr = p, p+1, · · · ,m

||xn j+r+1−x∗||2 ≤||xn j+r −x∗||2 +
2(β̂2

n j+r + γ̂2
n j+r)

1−2β̂n j+r
||xn j+r −x∗||2−||xn j+r+1−x∗||

·(Φ(
ε
2
)− 1

2
Φ(

ε
2
))

2β̂n j+r

1−2β̂n j+r
+

2γ̂n j+r(||un j+r ||+ ||x∗||)
1−2β̂n j+r

||xn j+r+1−x∗||

≤||xn j+r −x∗||2 +
2(β̂2

n j+r + γ̂2
n j+r)

1−2β̂n j+r
||xn j+r −x∗||2

+
2γ̂n j+r(||un j+r ||+ ||x∗||)

1−2β̂n j+r
||xn j+r+1−x∗||.

Further, from (2.2), (2.11) and (2.13), we deduce that

||xn j+m+1−x∗||2 ≤||xn j+p−x∗||2 +
m

∑
r=p

2(β̂2
n j+r + γ̂2

n j+r)

1−2β̂n j+r
||xn j+r −x∗||2

+
m

∑
r=p

2γ̂n j+r(||un j+r ||+ ||x∗||)
1−2β̂n j+r

||xn j+r+1−x∗||

≤||xn j+p−x∗||2 +
m

∑
r=p

4(β2
n j+r + γ2

n j+r)||xn j+r −x∗||2

+4γn j+m(L+ ||x∗||)||xn j+m+1−x∗||

+
m−1

∑
r=p

4γn j+r(L+ ||x∗||)||xn j+r+1−x∗||

<(
ε
2
)2 +

1
8

ε2 +
ε
8
||xn j+m+1−x∗||+ ε

8
· ε

≤ε2

2
+

ε
8
||xn j+m+1−x∗||.
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Hence, we obtain

||xn j+m+1−x∗|| ≤ 1
2





ε
8

+

√
(

ε
8
)2 +4(

ε2

2
)



 < ε.

By induction, (2.12) holds for anym∈ N.
Therefore, for any givenε in (0,1), there exists an j ∈ N such that

||xn j+m−x∗||< ε, ∀m∈ N.

It means that{xn} converges strongly to the unique fixed point ofT. The proof is finished.

Remark2.3. Theorem 2.2 improves [4, Theorem 3.2], [5, Theorem 3.2], [7, Theorem 3.3]
[10, Theorem 1] and [11, Theorem 2] since

(1) Banach spaces in these articles are extended to arbitrary normed linear spaces.
(2) the requirement in Theorem 3.2 of [4] that the sequences{en} and{ fn} are bounded

is dispensed with. So is the similar requirement in Theorem 3.2 of [5].
(3) Theorem 3.3 of [7] is extended to the case in whichT is a multi-valued mapping

and the boundedness requirement of the range of the mappingT in Theorem 3.3 of [7] is
dropped.

(4) Theorem 1 of [10] and Theorem 2 of [11] are extended to the case in whichT is a
multi-valued mapping without the requirement that the mappingT is Lipschitz continuous.

Theorem 2.4.LetX be a real normed linear space,T : X→CB(X) be uniformly continuous
andΦ-hemiaccretive. For any givenf ∈ X, defineS: X →CB(X) by Sx:= x−Tx+ f for
all x∈ X. For any givenx0,v0,u0 ∈ X, let {xn} be the modified Ishikawa iterative sequence
with errors, defined by

{
yn = ânxn + b̂n ξn + ĉnvn, ∃ξn ∈ Sxn,

xn+1 = α̂nxn + β̂n ηn + γ̂nun, ∃ηn ∈ Syn,
n = 0,1,2, · · · , (2.15)

where{un},{vn} are both bounded sequences inX(Let their bound beL≥ 2),

ân = 1− b̂n− ĉn, b̂n =
bn

L+ ||xn||+ ||ξn|| , ĉn =
cn

L+ ||xn||+ ||ξn|| ,

α̂n = 1− β̂n− γ̂n, β̂n =
βn

L+ ||xn||+ ||ηn|| , γ̂n =
γn

L+ ||xn||+ ||ηn|| ,
(2.16)

are four sequences in[0,1] satisfying the following conditions:
∞

∑
n=0

βn = ∞,
∞

∑
n=0

β2
n < ∞,

∞

∑
n=0

γn < ∞, lim
n→∞

bn = 0, lim
n→∞

cn = 0. (2.17)

Then{xn} converges strongly to the unique solution of theΦ-hemiaccretive mapping equa-
tion f ∈ Tx.

Remark2.5. Theorem 2.4 is a new and general result on the iterative approximation of the
solution of the multi-valuedΦ-hemiaccretive mappings equation without Lipschitz assump-
tion and without boundedness conditions in real normed linear spaces, which improves [4,
Theorem 4.2], [7, Theorem 3.1], [10, Theorem 2] and [11, Theorem 1].
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