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Abstract

In this paper, a general theorem dealing witk, p, |x summability factors has been
proved. This theorem also includes some known results.
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1 Introduction
Let S a, be a given infinite series with the sequence of partial s(gy)sandw, = na,. By

ud andt® we denote the-th Cesiro means of ordex, with a > —1, of the sequences,)
and(wy), respectively. i.e,

1 n
ur == AiUs, (1.1)
n Ag V;An \"
o 1§ oy (1.2)
n Aﬁ v; —V ’
where
AS=0(n"), a>-1, Aj=1 and A, =0. (1.3)
The series a, is said to be summableC, a |, k> 1, if (see [5],[7])
> U= Y S <o, (1.4)
n=1 n=1

If we takea = 1, then| C,a |x summability reduces tpC, 1 | summability.
Let (pn) be a sequence of constants, real or complex, and let us write

Ph=po+p1+p2+..+prn#0, (Nn>0). (1.5)
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n

1
On = B Pn—vSy (1.6)
n S

defines the sequende,) of the Norlund mean of the sequengs,), generated by the
sequence of coefficien{pn). The serie§ a;, is said to be summableN, p, |, if (see [8])

> [on—0n-1[<e, (1.7)
n=1

and it is said to be summab|&, p, |k, k > 1, if (see [3])

00

Nt 0p—on1 [ < . (1.8)
n=1
In the special case when
rn+a)
P Forinr 1) % (1.9)

the Norlund mean reduces to th€,a) mean and N, p, [x summability becomegsC, a |k
summability. Forp, = 1, we get thg(C,1) mean and thenhN, p, [x summability becomes
| C, 1 |x summability. For any sequen¢k,), we writeA\n = Ap — Apy1.

2 The known results

Concerning theéC,1| and| N, p, | summabilities Kishore [6] has proved the following the-
orem.

Theorem 2.1. Let pp > 0, p, > 0 and (p,) be a non-increasing sequence. Jfa, is
summablé C, 1|, then the serie§ a,Pn(n+1)~1is summablé N, pn |.

Varma [11] has also generalized Theorem 2.1 fdr p, [x summability.

Theorem 2.2. Let pp > 0, p, > 0 and (pn) be a non-increasing sequence. Jlfa, is
summable C, 1 |k, then the serie§ a,P(n+ 1)~1is summablé N, py |k, k > 1.

Recently Bor [2] has proved the following theorem on this subject.
Theorem 2.3. Let(p,) be as in Theorem 2.1. If
n
1
> < It [=0(X) as n— e, (2.1)

v=1

where(t,) is the n-th (C,1) mean of the sequertioe,) , (Xy) is a positive non-decreasing
sequence an@\y) is a sequence such that

S | A% | X < oo, (2.2)
n=1

[ An [ %o =0O(1) as n— e, (2.3)
then the serie§ anPyAn(n+ 1)~1is summablé N, py |k, k> 1.
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3 Main Result

The aim of this paper is to prove Theorem 2.3 in a more general forfiNfpp, |x summa-
bility. Now we shall prove the following theorem.

Theorem 3.1. Let (p,) be as in Theorem 2.1 an@,) be a positive non - decreasing
sequence. If the conditions (2.2)-(2.3) of Theorem 2.3 are satisfied and the setw&nce
defined by (see [10])

W=ty |, a=1 (3.1)
_ a
wﬁ_lrg%nv |, O<a<1 (3.2)
satisfies the condition
m
Wik =0(Xn) as m— oo, (3.3)

n=1

then the serie§ anPsAn(n+ 1)1 is summabléN, pn [k, k>1and0< a < 1.

It should be remarked that if we take = 1, then we get Theorem 2.3.
We need the following lemmas for the proof of our theorem.

Lemma 3.2. ([4]) If 0<a <landl<v<n,then
- 1 u 1
o— a—
| pZOAn—pap |< lrgr%xv\ DZOA’m_pap | (3.4)

Lemma 3.3. ([2]) Under the conditions on(X,) and (A,), as taken in the statement of
Theorem 3.1, the following conditions hold :

NXA\, = O(1) as n— oo, (3.5)

i MApX < 0. (3.6)
n=1

Lemma 3.4. ([9]) If —1 < a <B,k> 1and the serie§ a, is summabl¢C,a |y, then itis
also summabléeC, B |k.

The case k =1 of this Lemma is due to Kogbetliantz [7]. The &asdl is a special case of
a theorem of Flett ([5], Theorem 1).
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4 Proof of Theorem 3.1.

In order to prove the theorem, we need to consider only the special case in (Migf)
is (C,a), that is, we shall prove thgt anA, is summablg C,a |x. Our theorem will then
follow by mean of Lemma 3.4 ( fdB = 1) and Theorem 2.2. L€flY) be the n-th(C, a),
with 0 < a < 1, mean of the sequenc¢ea,An). Then, by (1.2), we have

T = & > Alival. (4.1)

By applying Abel’s transformation, we find from (4.1) that

1 n-1 v

h VL
T — — AM a:l + n cx:lvav’
n Af(;l( VZ:L VpZIA’ﬂ ppap A\'{g‘I V;An \

which, in view of Lemma 3.2, yields

1 1 v B A n B
TS g 3 10N S Aea + | 5 Aiva
v=1 p=1 V=
1 n—1
<

EVZA?\N\?IMVHIMIWE‘

Since,
k k k k
‘Tn(i(1+Tn?2| §2 (|Tno,(1| +|Tn0,(2| )a

in order to complete the proof of the Theorem, by (1.4) it is sufficient to show that

8

TS f<o for r=12

n=1
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Whenevek > 1, we can apply dlder’s inequality with indicek andk’, where + £ = 1,
we get that

m+1

-1 k
; n | Tno,(l |
n=

m+1

n; AZ) (" z ASWE | DA (¢
o) Yy n'n ‘“"{Zl\/"k K[ AA [} {Z!M v
" S
Z |Amn:§+1W
Z e dx
z KON e

m

O(1) ;V!N\v v (ug)"

iAv|A)\\, er

O(1)m| M| zv- ()

—1

m-1

1) > [ANV[AA]) [ X+ O(1)m| A | Xm
v=1

m-1

1Y [ (vH1) A% | = [ AN || X +O(1)m | M | Xm
v=1

m-1 m-1
1) S v 8% | X +0(1) 3 |8 | X+ O[L)m| A | X
v=1

v=1

O(1) as m— oo,

by virtue of the hypotheses of the Theorem and Lemma 3.3. Again, we have that

n

=1

k
! ‘ Tno,(z ‘

SCERIMLRT
- ow mzllA hal 3V H0)+O) [ hm| 5 10"

m-1
= 0(1) 21 | AAn | X0+ 0O(1) | Am | Xm=0(1) as m— o,

by virtue of the hypotheses of the Theorem and Lemma 3.3. Therefore, we get that

m
St Te [*=0(1) as m—ow, for r=12

This completes the proof of the Theorem.
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