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An optical processor for modulo operations is estimated. Large scale information processing
for modulo operations is effective in an algorithm in prime factorization. This processor is
based on a method for modulo multiplication using phase modulation of light wave. And it
consists of a Michelson interferometer. Desired interference fringes are obtained by tilting
reflection mirrors put at optical arms in the interferometer. Target operations are executed in
parallel by measuring fringe patterns with photodetector array. One of the features of the
processor is that it achieves parallel data processing for modulo multiplication with only
simple operation. In terms of optical implementation, the presented processor seems to give
us correct results even though there are some misalignment and noise signals in the processor.
Therefore, error tolerance of the presented processor is discussed analytically. Influence of
random noises in plane wave is analyzed. As results of analysis, it is verified that the
presented processor has robustness against alignment and random errors.
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1. Introduction

algorithm with SIMD processing. The method executes the

Recently,  single-instruction-stream  multi-data-stream
(SIMD) parallel processing is attractive in various research
fields. In a super computer, SIMD processors are utilized as
key components and contribute to large scale simulations such
as bio simulation, environmental simulation, and so on.

Also, quantum computing and molecular computing are
studied as novel schemas. In these technologies, effective
algorithms have been presented for some problems not to be
solved in polynomial time with electronics. Shor's quantum
method for prime factorization and DNA computation for
Hamilton-path problem are mentioned as famous examples*?.

On the other hand, optical parallel processing has been
researched. This is because light has various characteristics
useful for large scale information processing. Especially, the
inherent spatial parallelism of light is one of the most
attractive features. A lot of methods for data processing have
been developed. Two-dimensional parallel processing (2D)
or three-dimensional parallel processing is used in almost of
such methods.

In last year, some interesting optical methods for the
traveling salesman (TSP) problem have been presented. One is
to solve it with low coherence interferometry® and another

utilizes on an optical system for the joint transform correlator®.

The TSP is well-known as a problem not to be able to solve in
polynomial time. These proposals seem to be important as
novel optical methods for information processing requiring
huge computational costs.

In such a situation, we study on a novel optical method for
prime factorization. And a novel optical method for realizing
modulo multiplication has been presented®. Modulo
multiplication is one of the key operations in a factorization
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operations with phase modulation of light waves. In the
method, a divisor and a dividend in a modulo operation are
mapped to the wavelength and phase of monochromatic plane
wave, respectively. The method is implemented on an
Michelson interferometer. Results of modulo are provided by
measuring interference fringes and analyzing the optical phase
corresponding to target divisors. Because various phase
information is detected simultaneously by using simple phase
modulation, the form of implementation is suitable for parallel
processing.

In Ref. 5, we report a demonstration with the constructed
prototype interferometer. As the principle of the presented
method is simple, it is improved easily. As one of the
improvements, 2D parallel processor has been developed ©.
This architecture is suitable for an area sensor. From the
experiments, it is found that the prototype gives us correct
results even though the prototype is affected by some
misalignment and noise signals.

In this paper, therefore, error tolerance of the presented
processor is discussed analytically. Influence of random noises
in plane wave is investigated. As results of analysis, it is
verified that the presented processor has robustness against
alignment and random errors.

2. Parallel modulo operations in an algorithm for prime
factorization

Prime factorization is a process to extract prime factors
from a target positive integer N. In our research, as represented
as Eq. (1), N is assumed to consist of only two factors.
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N = pq @

An algorithm to obtain prime factors has been presented®.
In the algorithm, an integer a is selected. a should satisfy both
0<a<N. The greatest common divisor between a and N should
be 1. Next process is to derive the period r of the function f (x)
called modulo exponentiation. Eq. (2) represents f (x).

f(x)=a*mod N )

If r is an even number, p’ and g’ are obtained by Eqgs. (3)
and (4), respectively.

p'=ged@@?-1,N) 3)
q'=gcd@’2+1,N) (4)

In these equations, gcd(x, y) shows the greatest common
divisor of x and y. In case of p’, " #N, p’ and g’ are output as
the results. Figure 1 summarizes of the procedure.

In this algorithm, process for derivation of f (x) requires
huge computation costs. In digital electronics, a method with
polynomial time costs has been not reported. Shor has
presented a polynomial time algorithm for the derivation?. In
the algorithm, f (x) is provided in parallel with sequence of the
circuits for modulo multiplication”. Considering present
hardware technology for quantum computer, however, it is
difficult to demonstrate massive data processing.

3. An optical method for parallel modulo multiplication

3.1 Principle of modulo operations by use of phase

modulation

We have been presented an optical method for parallel
modulo operation®. This method is based on phase modulation
of plane wave.

Here, positive integer s defined as Eq. (5) is considered.

s=tu+v (5)

In this equation, it is assumed that t, u, and v are integers.
Therefore, Eq. (5) shows that s is divisible by u with a
remainder of v.

Next, a monochromatic wave represented as Eq. (6) is
analyzed.

U@)=A exp(%”i w} ®)

In Eq. (6), A, 4, and ¢ indicate the amplitude, the
wavelength, the phase of the light wave, respectively. As
described in Eq. (7), specific optical fields can be generated by
setting ¢ = sA/u.

U@)=A exp(z—mﬁj
A U
. v
=A exp(Zm {t +U}J @
=A exp[Z;zi lj
u
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Select integer a (1 <a <N)

Derive the period r of f(x) = a*mod N

yes

p’=ged (@2-1, N), ¢’ =ged (a"?+1, N)

no

Outputp (=p’ Yand g (=¢" )

Fig.1 Flow chart of an algorithm for prime factorization.

From Eq. (7), U (s) corresponds with v. Moreover, in case of s
= ax, U (s) provides wave fields depending on the result of
modulo multiplication.

3.2 Optical hardware for modulo multiplication

Based on the relation between optical fields and modulo
operations, we have developed architecture for modulo
multiplication. A brief diagram of the architecture is shown in
Fig. 1. From this figure, a Michelson interferometer is utilized
for parallel processing. In the interferometer, plane wave is
generated and divided into two signals. Both signals are
reflected at mirrors.

One mirror is tilted with angle 6 whereas the other is put to
perpendicular to optical axis. These two signals are defined the
following equations.

Uo(r+Ar(@,p)) =A EXP{ZTM (r+Ar(@, p))} ®)

U r=A exp[zTﬂi rj C)]

In Eq. (8), 4r (6, p) indicates the optical path difference
between the U, (r+4r (6, p)) and U, (r) at a pixel p on a
photodetector array. As a result, | (p) is detected at the detector
array.

I(p) = 2A2[1+ co{z—; Ar (@, p)D (10)

From Fig. 2, Ar (6, p) is represented as Eq. (11).
Ar (0, p) = pDsin26 (12)
Here D shows the pixel pitch of the detector array. We can

obtain the modulo multiplication represented as Eq. (12) by
setting 6=1/2 sin"}(a/DN).
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g(p) = apmodN (12)

In Ref. 5, a basic concept has been presented. A prototype
system is reported to show experimental verifications of the
concept. Prime factorization is demonstrated with the
prototype and post digital signal processing.

Also, 2D parallel processing based on the presented concept
has been presented in Ref. 6. In this processing, both @ rotation
stage and « rotation one are used for 2D phase modulation. An
experimental hardware has been constructed. 2D parallel
processing is considered to be suitable for area sensor. From
verification results, it has been confirmed that the hardware is
suitable for large scale information processing.

In terms of optical parallel processor, the presented method
has some advantaged features. One is that the hardware system
consists of only simple optical devices. A large array of
emitters or a spatial light modulator with ultra-high resolution
is not required. This feature is effective as practical hardware
configuration.

Another is robustness against unavoidable misalignments
and noise components. It is caused by characteristics of the
factorization algorithm. In the algorithm, we should derive
only the period of f (x). The presented method does not give a
remainder directly, but instead gives a corresponding
distribution of optical intensity. From the experimental results

@)

Reference
mirror.

Eﬁ;‘

Object
mirror
PD array
Rotation

stage

(b)

— : Wavefront of Ur
— — — : Wavefront of Us

Photodetector array

l 1 -

I 1 L] Ll Ll
0 e 1+ 15

p: pixel position

Fig.2 Modulo multiplication with optical interference: (a)
Schematic diagram of optical hardware based on a
Michelson interferometer and (b) the relation
between phase difference and a pixel p.
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in our previous works, correct period seems to be obtained
even though there are miss alignment and noise signal in the
optical system.

4. Numerical noise analysis

The relations between output results and noise signals are
investigate to discuss the robustness of the presented method.
Considering inference components of 1(p) in Eq. (10), detected
signal with noise components are defined as Eq. (13).

I'(p) = 2A2(C0{27” pDSin29:|+,’{}/j (13)

Here, y is the coefficient of noise signals, and y shows a
uniform random number satisfying Eq. (14).

O<y<l (14)

In  the numerical analysis, distribution of modulo
exponentiation is derived from a set of I’(p). The procedure of
the derivation is in accordance with our previous work ®.

First, we show an analytical result without noise signal. Fig.
3 (a) and (b) depict the result of modulo exponentiation and
the power spectrum of (a), respectively. In this case, N and a
are set to be 15 and 7. From Fig. 3 (a), it is found that
periodical profile is obtained. Also, From Fig. 3 (b), peak
signals correctly appears at u=105, 210, 315, respectively.

Next, the results containing the noise components are
discussed. Figs. 4 and 5 show the analytical results in cases of
7 = 0.1 and 1.0, respectively. From Fig. 5 (a), especially,
periodicity of the profile cannot be observed due to added
noise signals. However, peak signals in Fig. 5 (b) appear
clearly. Prime factors of 15 can be given as 3 and 5 by analysis
of peak signals.

These results show that the presented optical system is high
robust against noise signals. In other words, process to derive
the period of modulo exponentiation is suitable for optical
implementation.

This analysis is the first approach to estimate processing
performance. As future issues, we should discuss on
robustness against misalignment of optical components.
Moreover, accuracy of prime factorization should be estimated
when the value of N is much larger.
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Fig. 3 (a) Modulo exponentiation (at N=15, a=7)
without noise signals (y=0) and (b) Power
spectrum of (a).

The Review of Laser Engineering
Supplemental Volume 2008



(@)

o8

0.4

f(x)

0.0 f
-0.4
-0.6 |
-0.8 + 1
-1.2

50 100 150 200 250 300 350 400

(b)

1le+11 . . T T . . T .

1e+10 ¢

1e+09 ¢

1e+08 ¢

F(u)

s WP‘WM ‘r‘rﬂwr.‘*14[~“p‘ﬂ\%‘#%w”ﬁ’“(‘r'~*hl

100000

50 100 150 200 250 300 350 400
u

Fig. 4 (a) modulo exponentiation (at N=15, a=7) in case
of (=0.1) and (b) Power spectrum of (a).

5. Conclusion

An optical method for modulo multiplication was
summarized and advantaged characteristics of the method was
described. We have shown numerical analysis to estimate
robustness against random noises. From the analysis, it is
verify that correct prime factors are given with our optical
method.
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Fig. 5 (a) modulo exponentiation (at N=15, a=7) in case
of (=1.0) and (b) Power spectrum of (a).
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