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We propose nonlinear Fourier-transform spectroscopy using a broadband pulse, which can 
discriminate the origin in Four-wave mixing (FWM) process. By taking account of the 
function of a sample in the third-order interferometric autocorrelation (IAC) signal, we 
theoretically analyze FWM-FTS using a broadband pulse. The discrimination of the origin is 
achieved by taking advantage of the FWM power spectrum obtained by the Fourier-transform 
of the IAC signal. In the FWM power spectrum, there are frequency components, which 
indicate the effects of the two-photon electronic resonance and the Raman resonance. By 
focusing into the frequency components, the origin in FWM process is identified. Based on 
theoretical analysis, we experimentally demonstrate nonlinear FTS employing the tightly 
focused pulse with a pulse duration of 5 fs and measure the Raman and two-photon electronic 
spectra in FWM process. 
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1.  Introduction 
 
Four-wave mixing (FWM) microscopy has become an 

important tool for the investigation of biological phenomena 
1-3) because of its capability to produce three-dimensional 
images without fluorescent labelling.4-6) In FWM microscopy, 
molecules are identified by taking advantage of the spectral 
information in FWM process. However, it has been difficult to 
distinguish the origin of the FWM signal because the 
wavelength of the FWM signal does not depend on the 
contributions from the Raman resonance, electronic resonance 
and nonresonance. 

In this paper, we propose a novel technique for 
discriminating the origin in FWM process. This technique is 
based on nonlinear Fourier-transform spectroscopy (FTS) 7-9) 

combined with a broadband pulse. It has been reported that 
nonlinear FTS can be applied to Raman-resonance FWM,7) 
two-photon excited fluorescence (TPEF) 8) and sum-frequency 
generation.9) The power spectrum is obtained by the 
Fourier-transformation of an interferometric autocorrelation 
(IAC) signal. Thus, the spectral resolution is determined not 
by the spectral width of excitation light source by but the 
inverse of maximum delay time between the excitation pulses. 
Therefore, high spectral resolution can be achieved even 
though a single broadband pulse laser, which produces 
sub-10-fs pulses and enables simultaneous measurement over 
a wide range of the spectrum, is used. In the case of the use of 
broadband pulses, it would be advantageous that the pulses are 
tightly focused with a high-numerical-aperture objective lens 
because the phase matching condition in FWM process is 
largely relaxed due to the wide cone of wave vectors and the 

short interaction length. However, it is difficult to generate the 
tightly focused pulse of which pulse duration is shorter than 10 
fs because lens chromaticity and spherical aberration lead not 
only to the spatial distortion but also to an unfavorable pulse 
broadening at larger apertures 10) and the dispersion of a 
high-numerical-aperture objective becomes serious. In spite of 
some efforts on nonlinear FTS, this technique has not been 
used for the measurement of the effect of the two-photon 
electronic (TPE) resonance in FWM process. A possible 
reason is that it is hard to generate a tightly focused pulse with 
a pulse duration of sub-10 fs.  

By taking account of the third-order IAC signal including 
the response function of a sample, we theoretically analyze 
FWM-FTS using a broadband pulse. When a broadband pulse 
is employed as an excitation light source, the FWM power 
spectrum shows not only the Raman resonance but also the 
TPE resonance. By comparison of the FWM power spectrum 
from a resonant sample with that from a nonresonant reference 
sample, the origin in FWM process is identified. In the 
experiment, by generating a tightly focused pulse with a pulse 
duration of 5-fs, we demonstrate that FWM-FTS can be 
applied to the measurement of the effects of not only Raman 
resonance of but also TPE resonance and achieve the 
discrimination of the origin in FWM process. 

 
2. Theory 

 
In FWM process, a photon with a frequency of 2ω1-ω2 is 

generated by the interaction between the medium and the 
photons with frequencies of ω1 and ω2. In the two-photon 
resonance FWM process, there are the electronic resonance 
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and Raman resonance (see Fig. 1). The frequency of the FWM 
signal is 2ω1-ω2 for both cases of the electronic resonance and 
the Raman resonance. In order to discriminate the signal under 
the electronic resonance from that under the Raman resonance, 
it has been necessary to measure the dependence of the signal 
intensity on the pump frequency (2ω1) and on the frequency 
difference (ω1-ω2) so far. In this section, we show that the 
origin of the FWM signal can be distinguished by taking 
advantage of the FWM power spectrum obtained by FTS 
technique. 

We show the principle of FWM-FTS combined with a single 
broadband pulse laser. FWM-FTS is based on the IAC 
measurement. The third-order IAC signal S3(τ) is given by  
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where τ is the delay time between the broadband pulses and   
P(3)(t,τ) is the nonlinear polarization. We first analyze the 
FWM power spectrum obtained by Fourier-transform of 
third-order IAC signal by FWM process under the TPE 
resonance. The polarization in FWM process under the TPE 
resonance is described by 
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where Ei(t,τ)=[Ai(t)+ Ai(t-τ)exp(-iωiτ)]exp(iωit), (i=1, 2). Here, 
we define the electric fields as Ei(t)=Ai(t)exp(iωit), where Ai(t) 
is slowly-varying amplitude. The absolute square of PTPE(t,τ) 
is expressed as 
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where, CC indicates the complex conjugate. Bi(t,τ) is the 
function of Ai(t), Ai(t-τ), R(TPE), ωi, and τ. From eq. (3) we find 
that the FWM-IAC signal by the TPE resonance includes the 
fringe components around frequencies of 0, ω1, ω2, ω1-ω2, 
ω1+ω2, 2ω1, 2ω1-ω2 and 2ω1+ω2. We focus on the fringe 
component around a frequency of 2ω1. The FWM power 
spectrum around a frequency of 2ω1 is given by 
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where Ãij
(2#)(ω)=ʃÃi(Ω1)Ãj

*(Ω1-ω)dΩ1 and 
Ãij

(2)(ω)=ʃÃi(Ω1)Ãj(ω-Ω1)dΩ1. For the case of the sample 
whose spectral bandwidth of absorption is narrow such as an 
atomic vapor and fluorophores at extremely low temperatures, 
we can assume that R(TPE)(Ω) is δ(Ω−Ω0) , then we obtain 
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In the FWM power spectrum around a frequency of 2ω1, the 
only resonant frequency component remains in existence. Thus 
the Fourier spectrum of the response function can be obtained. 

On the other hand, if the spectral bandwidth of R(TPE) is 
broader than that of Ã11

(2)(Ω-2ω1), we can regard eq. (4) as 
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Ã11
(2)(Ω-2ω1)[ʃÃ22

(2#)(Ω-Ω1)Ã22
(2)(Ω1-2ω1)dΩ1]* can be 

derived from the IAC signal by FWM in a nonresonant sample. 
Therefore we can obtain the response function of a resonant 
sample by measuring IAC signals by FWM from the TPE 
resonant sample and a nonresonant reference sample. We also 
consider the FWM power spectrum obtained by 
Fourier-transform of IAC signal by FWM process under the 
Raman resonance. The polarization in FWM process under the 
Raman resonance is described by 
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By calculating the absolute square of PRaman(t,τ), we found 
that the FWM-IAC signal under the Raman resonance is also 
composed of the fringe components around frequencies of 0, 
ω1, ω2, ω1-ω2, ω1+ω2, 2ω1, 2ω1-ω2 and 2ω1+ω2. The FWM 
power spectrum around a frequency of ω1-ω2 is expressed by 
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If the delay time τ is longer than the pulse duration and is 

shorter than the Raman coherence lifetime, IAC signal under 
the Raman condition is expressed by 
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where, Gi is the function of Ai(t), Ai(t-τ), R(Raman), ωi, and τ. 
Equation (9) indicates that when the Raman coherence is not 
induced, the FWM signal is not generated by the interaction 
between the two pulses that are not temporally overlapped. 
Even though the nonresonance FWM signal and/or the 
electronic resonance FWM signal are mixed into the Raman 
resonance FWM signal, the FWM-IAC signal shown in eq. (9) 
can be obtained in the delay time that is longer than the pulse 
duration. From eq. (9) the FWM-IAC signal under the Raman 
resonance condition is composed of only the fringe 
components around frequencies of 0 and ω1-ω2. The FWM 
power spectrum around a frequency of ω1-ω2 is obtained by 
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Since the Raman bandwidth is typically on the order of 10 

(a) (b)

ω1

ω1
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2ω1−ω2 ω1
ω2 ω1 2ω1−ω2

Fig. 1 Energy diagram for FWM processes under the 
TPE resonance (a) and the Raman resonance (b).
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cm-1, the bandwidth of Ã12
(2#)(Ω) in a sub-10-fs pulse is much 

broader than the Raman bandwidth. Therefore, we can regard   
R(Raman)(Ω) as δ(Ω−Ω0) and simplify eq. (10) as  
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Equation (11) indicates the Fourier spectrum of the response 
function. By measuring the FWM-IAC signal in the delay time 
range that is longer than the pulse duration and is shorter than 
the Raman coherence time, we can obtain the response 
function of a Raman resonance sample. It should be noted that 
the origin of the FWM signal can be discriminated by focusing 
on the FWM power spectrum around frequencies of 2ω1 or 
ω1-ω2. 

 
3. Experiments 

 
3.1 Experimental setup 
A schematic of the experimental setup is shown in Fig. 2. As 

a broadband light source, we used a Ti:sapphire laser 
(Nanolayers, Venteon) operating at a repetition rate of 80 MHz. 
The laser spectrum ranged from 660 nm to 1100 nm. In order 
to compensate for the dispersion of optical components before 
the focal point of microscope objectives (OB1 and OB2), the 
laser pulse passed through a fused silica prism pair and a 
grating-pair-formed pulse shaper with a liquid-crystal spatial 
light modulator (SLM) (Cambridge Research & 
Instrumentation, Inc., LC-SLM-128) placed at a Fourier plane. 
At the SLM, the excitation spectrum was limited to the region 
from 660 nm to 1000 nm for improving the spectral resolution 
of the spectral phase modulation. The prechirped laser pulse 
was sent into a Michelson interferometer. One half and the 
other half of the output were focused into a sample and a 
nonresonant reference sample, respectively, by microscope 
objectives (OBs) (Olympus Corporation, UPLSAPO40×, NA 
0.9) whose chromatic aberration and spherical aberration were 
optimized for the spectral region from visible to near-infrared. 
The each resultant signal was detected with a photomultiplier 
tube (PMT) (Hamamatsu Photonics, R7400U-6) after the 
excitation light was eliminated by an excitation-light cut filter 
(Showa Optronics Co., Ltd., Broadband dichroic filter for 
Ti:sapphire laser). IAC signals were obtained by scanning a 
piezoelectric transducer stage with a step size of 5 nm, which 
corresponds to a delay time of 33 as. The maximum delay time 

was 533 fs.  
We generated Fourier-transform limited (FTL) pulse with a 

pulse duration of 5.3 fs at the focal point of the objectives with 
the SLM phase-mask obtained by simulated annealing (SA) 
method. In the SA method, the pulse from one arm of the 
interferometer was focused onto a 10-μm thickness 
beta-barium borate (BBO) crystal and an SLM phase-mask to 
maximize the resultant SHG was searched. The optimized 
pulses were measured by the SHG-IAC method.  

To demonstrate identification of the origin of the FWM 
signal, we measured the FWM-IAC signals that were due to 
the Raman or TPE contribution. Taking advantage of the 
broadband spectrum, we utilized the intra-pulse FWM effect 
induced by electric field components with frequencies of ω1 
and ω2 in the single broadband pulse. The wavelength of the 
FWM signal was around 580 nm. The short wavelength 
components around 700 nm acted as two pump pulses with a 
frequency of ω1, while the long wavelength components 
around 900 nm served as a pulse with a frequency of ω2.  

 
3.2 Measurement of Raman spectrum in four-wave mixing 
In order to confirm the Raman resonance effect in the 

FWM-IAC measurement, we used organic solvent as the 
sample with the Raman resonance. Figure 3(a) shows the 
FWM-IAC signal obtained from acetone. The 
Fourier-transform of the FWM-IAC signal is shown in Fig. 
3(b). We found that in the Fourier spectrum, there were 
frequency components of 0, ω1-ω2, ω1, ω2, 2ω1-ω2, ω1+ω2, 2ω1 
and 2ω1+ω2. We focused only on the frequency component of 
ω1-ω2. The blue line in Figure 3(c) shows the magnified view 
of the frequency component around ω1-ω2 in Fig. 3(b).  To 
compare the FWM power spectrum obtained from acetone 

Fig. 3 (a) FWM-IAC signal obtained from acetone. (b) 
FWM power spectrum obtained by 
Fourier-transform of FWM-IAC signal shown 
in (a). (c) FWM power spectra around a 
frequency of ω1 –ω2 and Raman spectrum. 
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with that from a nonresonant sample, we measured the 
FWM-IAC signal from a cover glass. The FWM power 
spectrum of a cover glass is shown by the red line in Fig. 3(c). 
We found that the frequency components around a 
wavenumber of 2937 cm-1 were enhanced. This wavenumber 
is identified with the CH stretching vibration. The black line in 
Fig. 3(c) indicates the FWM Raman spectrum obtained by 
dividing the FWM power spectrum of acetone by that of the 
cover glass. It must be emphasized that the measurable 
bandwidth at a time is 3000 cm-1. This FWM Raman spectrum 
included the nonresonant contribution that is uniform against a 
frequency. To remove the effect of the instantaneous response 
that is due to the electronic contribution, we measured the 
FWM-IAC signal in the delay time range that was longer than 
the pulse duration. The sample was ethanol. The FWM-IAC 
signal and its Fourier-transform show in Figs. 4(a) and (b), 
respectively. We found that this power spectrum did not 
include the electronic contribution. It should be noted that the 
pure Raman spectrum can be obtained without a nonresonant 
reference sample. 

 
3.3 Measurement of TPE spectrum in four-wave mixing 
Next, we measured the FWM-IAC signal that was due to 

TPE resonance contribution. The sample was an anthracene 
powder whose resonant frequency was around 350 nm. Under 
the TPE resonance condition, a TPEF was also generated from 
the anthracene powder. The bandpass filter (Semrock, Inc., 
FF01-593/40) was used for eliminating the TPEF. We used the 
quartz as the nonresonant reference sample. To confirm the 
TPE resonance effect, we focused on the frequency 
components around a frequency of 2ω1. This frequency 
corresponded to a wavelength of 350 nm. The FWM power 
spectra from the anthracene powder and the quartz are shown 
by the blue and red lines in Fig. 5, respectively. The black line 
in Fig. 5 indicates the TPE spectrum that was obtained by 
dividing the power spectrum from the anthracene by that from 
the quartz. The wavelength dependence by the TPE resonance 
appeared clearly. By using a 5-fs broadband pulse, we could 

observe the TPE resonance effect. Taking advantage of the 
power spectrum obtained by the Fourier-transform of the 
FWM-IAC signal, we could identify the origin of the FWM 
signal. FTS technique is found to be remarkable effective tool 
for discriminate the origin of the FWM signal. 

 
4. Conclusion 

 
In summary, we have demonstrated FWM-FTS with 5-fs 

broadband pulse laser. We discussed the method for the 
measurement of the response function in FWM under the 
Raman resonance and TPE resonance, and showed that the 
response function could be obtained by dividing the FWM 
power spectrum from the resonance sample by that of the 
nonresonant sample. We demonstrated the origin of the FWM 
signal could be identified by taking advantage of the FWM 
power spectra obtained by the Fourier-transform of the 
FWM-IAC signal. In the FWM power spectrum, the Raman 
resonance effect and TPE resonance effect were appeared at 
the frequency components around frequencies of ω1-ω2 and 
2ω1, respectively. The Raman spectrum over bandwidth of 
3000 cm-1 was simultaneously measured. It should be noted 
that the FWM-FTS technique with a broadband pulse is quite 
effective tool for the discrimination of the origin of FWM 
process. 
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