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ABSTRACT A two–dimensional (2–D) model coupling cellular automaton–lattice Boltzmann
method (CA–LBM) was developed for the simulation of dendritic growth in the presence of natu-
ral convection. The present model adopts the CA approach for the simulation of dendritic growth
and the LBM for the numerical solution of flow dynamics as well as the species and heat transports
controlled by both diffusion and convection. The validation of the LBM was performed by testing
the calculated natural convection in a square cavity. The CA–LBM model was applied to simulate
single and multi–dendritic growth in alloys under natural convection. The simulated single dendritic
steady–state growth data of the upstream tip can be compared well with the analytical predictions. It
is found that the dendritic growth is obviously influenced by natural convection.
KEY WORDS dendritic growth, natural convection, cellular automaton, lattice Boltzmann

method, numerical simulation
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RaT  � Rayleigh �,

RaT = gβT(Tmax − Tmin)H3/να

rs "#�#$��%, m

Sc Schmidt �, Sc = ν/D

T , T0  ���$ �, K

Th, Tc ���!�� �, K

Tm, ΔT �#��%�� !�, K

Tmax, Tmin �!���"&�����! �, K

u, v x � y "$�����, m/s

vg �/� �#$'���, m/s

vs "#�#$�'���, m/s

w, w0  ���$ �, ���� (%)

wmax, wmin �!���"&�����! �,

���� (%)

x, y �� &5��#$"$
α ����, m2/s

βC  �&'$!��, (mass fraction, %)−1

βT  �&'$!��, K−1

Γ �( Gibbs–Thomson ��, m·K
Δt ()��, s

Δx *)��, m

δT, δC  ��� ���  +�, m

ε !�%%$"%&���

θ �/� �#$#)�"$�,&, deg

θ0 �#�$Æ'�"$, deg

μk  �&����, m/(s·K)

ν %&6�, m2/s

ρ, ρ0 '���$'�, kg/m3

τ , τα, τD "�" ��� ���&�'*#

()

ϕS ��&'��

ωi (���, i=0—8

'+-,)()$&%*'(*&.'()-)+,

(+*7*.)+-,+.-,(, /,-'*///0
.///./-/0.-, 0+-+0112,-.0)
(2-34, /1+12-.3)(12042,3/-
10. 534, 35(056.1-,04-, 7*1*
(phase field, PF) 62(7358 (front tracking, FT)
62692/+7 (cellular automaton, CA) 6284
8( Navier–Stokes(NS) 6$--*4:95674:
*.-7*5;;-6388 [1−8]. 456-7+09
5628<9-=9:7><-?9:@5-, 6A;4
(9571-7-+, :-)()$&,-((';1, 8
(114A9<, -*95:8=<, 2,*959=. ;
(, >* NS 6$6795/0.-<=;>, A?>:.

<? Boltzmann 67 [9](lattice Boltzmann
method, LBM) 85 20 34;?=@/4-<A-7
+04:95-=67. >67>(-7+0->91?

++0620=9:762,B, CD;5B?, =DC
959=@(4:?A@B(><=A(8(?@(+DB

0@C;>-@EDA.395?/EFB;>$/E

C,FD5667E76A-EBBC. B7, LBM -

D-+(D1-3D4><-,FDCG&FA-*6A

+G-7* [10]B534, LBM -)(CGGHGA-*

7* [11−15]. 4C(7* LBM 6A4--/0.-7
*5;;63886D-CD/AE.

CA 62E6A>H.9E--HA)(>934

BI=FDCA@-959=, J:534->9346
A6DFFCK=A-*A9-=@ [16−18]. >I70
95;;63- CA 67E95-*(./*0*/*

- LBM HA84, <9*<JKI- CA–LBM 62,
.4-)()$&-/0.-7*57;;0D;;-
6388HA*6A4:.

1 9:;<=
1.1 >?@ABCDEF Boltzmann >G

E56-95-7+0-<6GJ:H, <? Boltz-
mann 67 (LBM) 0-7GKL'9GMAH?.3+
-I47. 0+MAH?H<A-6I-IJ<?KHA
JL0KNOÆ:)+*=9--7-+:K. - LBM
&MAH?*<A10L44IL, -<JLM<A-.
J@:@-8NP<&. Boltzmann 6$HAIJMJ
4NMMAH?10L4-OÆ88, =MK10L49
5-7-O/0?/. J;, >67JL<? Boltzmann
67. >QK*8( Bhatnagar–Gross–Krook (BGK)
?9-7<2L<B-KIL? (D2Q9)LB 62 [19,20]

495KI--+DA, P10L4-OÆ6$N5:

fi(�x + �eiΔt, t + Δt) − fi(�x, t) = −τ−1·

[fi(�x, t) − f eq
i (�x, t)] + Fi (1)

I&, fi(�x, t) LMAH?-10L4, MI*-ÆO �x 0

<B t N:<JMAH?-N=. f eq
i (�x, t) L17-QM

10L4, Fi L(+1G, �ei LMAH?3 i 6R-IJ

?/. - D2Q9 62&, <JMAH?OC 9 JIJ?/
(N i=0—8), N �ei -9S'5IPN:

�ei =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

{0, 0} (i = 0)

c{cos[(i − 1)π/2], sin[(i − 1)π/2]}
(i = 1 − 4)

√
2c{cos[(2i − 9)π/4], sin[(2i − 9)π/4]}

(i = 5 − 8)
(2)

I (1) &-QM10L4 f eq
i (�x, t) 'O/ ρ 0?/

�u OAN5:
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f eq
i (�x, t) = ωiρ

[
1 + 3

�ei · �u
c2

+ 4.5
(�ei · �u)2

c4
− 1.5

|�u|2
c2

]

(3)

I&, ωi LTSW4: ω0=4/9, ω1−4=1/9, ω5−8=1/36.
I (3) &- ρ 0 �u P'H?10L4 fi(�x, t) 1P

MNN5:

ρ =
8∑

i=0

fi(�x, t) (4)

ρ · �u =
8∑

i=0

�eifi +
Δt

2
�F (5)

I (1) &-EGS7<2L<B τ E-7-T+H
/ ν CN5CW:

τ = 3ν/(c2Δt) + 0.5 (6)

MK Boussinesq 5P, T+B&-O/ ρ L*//

/0.///-X@L4 [9]. J;, Q6/0.--T+

�F = �gρ0βT(T − T0) + �gρ0βC(w − w0) (7)

R:, I (1) &-(+1G Fi P'5I95:

Fi = (1 − 1
2τ

)ωi

[
3
�ei − �u

c2
+ 9

�ei · �u
c4

�ei

]
Δt · �F (8)

1.2 >?IJKLMNDEF Boltzmann OP
LBMGP7*(95F.-0UJQ+-./*0

*/*-SÆ. E-7-10L4OÆ6$1VP, ./
*0*/*-10L4OÆ6$1PN5 [21]:

gi(�x + �eiΔt, t + Δt) − gi(�x, t) = −τ−1
D ·

[gi(�x, t) − geq
i (�x, t)] + Gi (9)

hi(�x + �eiΔt, t + Δt) − hi(�x, t) = −τ−1
α ·

[hi(�x, t) − heq
i (�x, t)] + Hi (10)

I&, gi(�x, t) 0 hi(�x, t) 1PL./0*/-10L4;
Gi 0 Hi 1PL;;63)$&'(Q<U1W0RU

)(XD:V+-Q<DB0*/DB, 1P'.5;I
MA:

Gi = ωiw(1 − kp)ΔϕS (11)

Hi = ωiΔϕSL/cp (12)

I&, ΔϕS L<J<B<35<JEDP<&-(11

4WG. E gi(�x, t) 0 hi(�x, t) 1.7-QM10L4
geq

i (�x, t) 0 heq
i (�x, t) 1PN5:

geq
i (�x, t) = ωiw

[
1 + 3

�ei · �u
c2

+

4.5
(�ei · �ui)2

c4
− 1.5

|�u|2
c2

]
(13)

heq
i (�x, t) = ωiT

[
1 + 3

�ei · �u
c2

+

4.5
(�ei · �ui)2

c4
− 1.5

|�u|2
c2

]
(14)

I (11—14) &-TSW4 ωi EI (3) &-1H.
I (13) 0I (14) &/V?/ �u -BMI*.-7*.
Q<0D5S-WY. ./ w 0*/ T P'P17-1

0L4MNN5:

w =
8∑

i=0

gi(�x, t) (15)

T =
8∑

i=0

hi(�x, t) (16)

I (1—16) X+*<J95'*///0.///
:Q6/0.-.3F/0.-0UJQ+-*/*0

./*- LBM 62.
@E:@-?@67- LBM 4:95&/XSZ

7*. ->I7&, .(-*95, K*YT<I [22] ?@

(/'ED095YG- 4 J@EK-ERN@E:@.
.(./*95, 95YG- 4 J@EK*EUJ-@E
:@. JL>I7YZSUQ<-'1&F/0.-0U
JQ+-5S3P.;;63-2,, ::T3C((1
UJ.Q<-(1&>92--2,. L*TÆ?@, P
UZ(1&-Q<UJ, K*YT<I?@(/'ED?
-./SÆ. .(*/*95, ?9(10'1D5V1
H, =095YG- 4 J@E*/9ALW4, K*QY
[23] &-ZQM([67>:.
1.3 >?QRSTDUV@WXOY

- CA 67&, ;;-63'VX)[/.\+. -
tn <W, VX)[/

ΔT (tn) = Tm − T (tn) + m · w(tn) − Γ (θ)K (17)

I&, T (tn) 0 w(tn) 1PL tn <W-ED*/0./,
Γ (θ) LS]*EDEHRZ@JU- Gibbs–Thomson
W4. ED^=

K =
[
(
∂ϕS

∂x
)2 + (

∂ϕS

∂y
)2

]−3/2

·
[
2
∂ϕS

∂x
· ∂ϕS

∂y
· ∂2ϕS

∂x∂y
−

(∂ϕS

∂x

)2

· ∂2ϕS

∂y2
−

(∂ϕS

∂y

)2 ∂2ϕS

∂x2

]
(18)

>62K*56-XVED6295ED63?/

E)[/,B-CWN5:

vg = μkΔT (tn) (19)

I&, ED++0W4 μk W)<AY[7HAXA. Zhu
0 Stefanescu[24] YN*<J8(EDQM./E>Y.

/,YXAED63++0- ZS62. J;,>62:\
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ED++0W4, =]Z)H[, DC_B-AG6AE
+. 0 CA–LBM 0 ZS 62-^Z1H-1UJ:@5
HA6A95, 6A;J6295-;;X[?/, .;
XA->I7-_@Z495:@5` μk=0.8×10−2

m/(s·K). LS]EDE-HRZ@JU, Gibbs–
Thomson W4

Γ (θ) = Γ{1 − 15εcos[4(θ − θ0)]} (20)

I&, ED7R6RE[Q6R-[\

θ = arctan
(∂ϕS/∂y

∂ϕS/∂x

)
(21)

1.4 >GDZ[
>I7W).5<=0 CA E LBM 184:
(1) ``-*95-EGS7<2L<B τ=2.0, M

K.0- Sc 40 Pr 4, W) τD = (τ − 0.5)/Sc + 0.5
0 τα = (τ − 0.5)/Pr + 0.5 CW1PMN95./*0
*/*-2L<B τD 0 τα.

(2) * LBM .I (1—16) HA4:95, ]AaJ
<B<3--*(*/*0./*10. 'I (1, 7, 8) P
\, /0.-F*///0.///-2,. :'I (9,
10, 13, 14) P\, /0.--,-]2,**/*0./
*-10.

(3) *I (17—21) 95;;63. I (17) &ED
*/ T (tn) 0ED./ w(tn) ' LBM .I (1—16) H
A4:95:]A. -;;63)$&, EDP<(11
4-W^0Q6Q<U1W0RUXD, >*I (9) 0I
(11) 0RUN-Q<WG^PHP<-\^'1-Q<
10L4, >*I (10) 0I (12) 0RU-XD_ÆL
*/WG^PHP<-*/10L4, R:>:;;63
../*0*/*10.Q6-2,. ;(, -*95-
(/'ED-ERN@E:@]A:\39-;;.-*
-10Q6*2,. R:>:*' LBM 95--*(*

/*(./*0' CA 95-;;63-^Z84.
(4) S;<= (2) 0<= (3), 1`6A_^.

1.5 \]>G
L*. CA–LBM 62HAH[, MK Cantor 0

Vogel[25] [V.-:@5aa-_I Ivantsov J-6
7, [VN/V.-7*-aaKI Ivantsov J, NS]
.-7*<KI-EGS*/)[/ ΩT 0./)Æ0

/ ΩC P'5I95:

ΩT =
√

πPeT ePeT [erfc(
√

PeT )−

erfc(
√

PeT(1 + 2δT/rs) )] (22)

ΩC =
√

πPeC ePeC [erfc(
√

PeC )−
erfc(

√
PeC(1 + 2δC/rs) )] (23)

UMK Li 0 Beckermann[26] NM-670aa-K

I Ivantsov JM`KI- Lipton–Glicksman–Kurz
(LGK) 62 [27] -)[/95&, <9N595/0.
-7*5;;63-J-62:

ΔT =
( L

cp

)
ΩT +

kpΔTeΩC

1 − (1 − kp)ΩC
+

Γ
rs

(24)

I&, ΔTe = mw0(1 − 1/kp), LQM)(*/YB.

2 ^_;`a
2.1 LB >?@ABCDbc

L*H[95/0.-- LB 62-aX@, >Q.
][6b&-/0.-DAHA*6A95, =06A_
^EQY&-_^HA6A. >-+DA-`_X)L<
J[QUO-KI6b, 6b-b\0c\*/aA, F
b\-*/ Th @(c\*/ Tc, :0K(5;\9OL
bD (cb 1).

]a:@N5:

u = v = 0, T0 = (Th + Tc)/2

@E:@N5:

b\ u = v = 0, T = Th

c\ u = v = 0, T = Tc

K(5\ u = v = 0, bD@E

-6A&` Pr=0.71, RaT - 103—106 `c5`

:H-]a:, ?/0*/-]a10L41P`PQM
+10L4-:. -*-@EK-10L4K*YT6

7XA, */*-@EK-10L4K*ZQM([67
XA.

b 2 L:H RaT :@5-+^-?+<--X1

0. >_^EQY [28] -_^1a.
I 1LN* LBM95-:H*/ Rayleigh4 RaT

5D\ Nusselt 4 Nu -95_^, =EQY [29] &]
*-L4 – dGY167A--_dJHA*6A. _^
Ic, >Q- LB 62-95_^E>QY&PN-_d

d 1 	�����becfg
Fig.1 Illustration of natural convection in a square cavity
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d 2 `dhb Rayleigh 	���a��i

Fig.2 Streamlines of the steady flow with different thermal

Rayleigh numbers (RaT)

(a) RaT=103 (b) RaT=104

(c) RaT=105 (d) RaT=106

Æ 1 bj Rayleigh e RaT f Nusselt e Nu ccd
Table 1 Comparison of Nusselt numbers (Nu) computed at

different Rayleigh numbers (RaT) with the results

presented in Ref.[29]

RaT Ref.[29] Present work Error, %

103 1.117 1.116 0.09

104 2.238 2.223 0.67

105 4.506 4.437 1.60

106 8.817 8.565 2.80

Jk4_B.
RKM-6A01-P.eN, 7*>Q- LBM

6205795/0.-8PA-, .A6A_^8P
l-.

2.2 efghijkQRDST
gm7* CA–LBM 626A*1UJ:@57;

;63-)d. 95Z4`: kp=0.103, m=−2.16 K/
(mass fraction, %), Tm=331.24 K, Γ=6.62×10−8

m·K, ε=0.0267, L=5×103 J/kg, cp=1937.5 J/(kg·K),
ν=6.0×10−9 m2/s, D=1.0×10−9 m2/s, α=3.0×
10−9 m2/s. 095YGf1+ 400×400 Jgea6
)P<, P<de Δx=0.4 μm. 6Aha<, -95Y
G-&nUO<J+1L w0kp 3fB`R θ0=0◦ -;
d.b 3LN-6A1UJ:@5, 4-]a+1 w0=0.3
(<G14, %)()[/ ΔT=1 K 0)(<B t=34.0×
10−2 s <7;;-)d(./*0*/*-10. RbP
.eN, -1UJ:@5;;-)d(./*3*/*-
10F8.J-.

2.3 @ABClmjkQRDST
b 4 L6A/0.-7*5F)(<B t=31.0×

d 3 �	f
	hi	�eib��
����of

Fig.3 Simulated dendritic morphology (t=34.0×10−2 s,

ϕS=0.1) in an undercooled melt without flow

(w0=0.3%, ΔT=1 K)

(a) concentration field (w—mass fraction, %)

(b) temperature field

10−2 s <-7;;63)d (RaT = RaC=5×103, Pj
95:@Hb 3). 6Ab 4 Eb 3 Pc, -/0.-7*
5, ;;63-.J@ggj. ;;63<, -(/'ED
KQ<0XD-RUV+*)(73-*/0.///,
-S+7*5k./*/0.-, N)+Nb 4 &.L
--*. 'bPc, /0.-eS**/*0./*-1
0, R:.;;63)dQ6*f92,: h1R5;;
i-63A-*jH, :h1RK;;i-63F-*p
+. ;(, 8;;63-1H-(114 ϕS=0.1 <, /0
.-7*5.\-)(<BL 31.0×10−2 s, 61UJ:
@5.\-)(<B (34.0×10−2 s) Zg. 08JL/0
.--,-^l*Q<0D-k75-5S?/.

L*H<<AG4:/0.-.;;63-2,, 1
P0/0.-7*501UJ:@5;;X[63?/
(vtip)(*/ (Ttip) 0Q<./ (wtip) l<BSÆ-6
A95_^HA*1- (0h1R5(h1RK0[Q6
R63-;;X[1PAgLKhX[ (vup)(5hX[
(vdo) 0[QX[ (vho), _^Nb 5 .L. Rb 5a P
.eN, -)(-]amh, .CX[F.<JAl-?
/63, lX;;63-HA, Q<U1W3XD-RU
iI-(/'ED, Vi;;X[73-./0*/;?
W^, X[63?/J:;?5n. Z)<hgj-<B,
Q<0XD-ED73-RUEW).-0UJ-5S
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d 4 �	����!�	�eib��
����of
Fig.4 Simulated dendritic morphology (t=31.0×10−2 s,

ϕS=0.1) in an undercooled melt with natural con-

vection (w0=0.3%, ΔT=1 K, RaT=RaC=5×103)

(a) concentration field (b) temperature field

8>^-QM, ;;X[-63G^-<J9i-?+?
/. KhX[-?+63?/k@; 5hX[-?+63
?/kj; :[QX[>(;5,B, E1UJ-hi9
i18. 'b 5b, c P.eN, 8C/0.-,-<, ^-
?+<;;KhX[*/ (≈330.12 K) j(5hX[*
/ (≈330.30 K); '(KhX[63l, RUN-Q<D,
okC.--7*, KhX[./ (≈0.47%) mZ@(5
hX[./ (≈0.41%); :K(5hX[-^=8>1H.
W)I (17) P.l5N, KhX[-l)[/9(5h
X[. J;, KhX[63?/9(5hX[, aNb 5a
.L.

L*. CA–LBM62HAH[, 06A_^E/V
.-7*-aa LGK 62-mE_^HA*6A. b 6
LN.7(b 4 &KhX[63?/l<B-SÆ^X
0aa- LGK 62.mE-X[?+63?/. Rb&
P.eN, KhX[-?+63?/EJ-62-mE_
^f15. I 2 L:H]a+1<, Kh;;X[-?+
63Z4 (vs, rs, PeT) E17J-J-6A. RI&P
.eN, lX]a./-W^, ;A62AN-X[?+
63Z4 vs, rs 0 PeT -SÆjC1H, CA–LBM 6

2-4:95_^E@k62-mE_^k4AB.
2.4 @ABClmjnQRDST

7*.<9- CA–LBM 626A4:*/0.-

7*5D;;-63AL. 095YGf1L 450×450

d 5 ���g 3 g 4 �
������nb	hblb
�mmop�ne

Fig.5 Time histories of tip velocity (a), tip temperature (b)

and tip concentration (c) for the cases of Figs.3 and

4

d 6 ���g 4 ����!�	
��������nbp
mmop�kq

Fig.6 Upstream tip velocity vs time for the case of Fig.4,

solid line indicating the steady–state tip velocity pre-

dicted by the analytical model
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Æ 2 nqonooq, bjlrmpfspqrsqrtunoecoptrrqrossptrccd
Table 2 Comparison between the simulations and the theoretical predictions for the steady–state growth parameters

(vs, rs, PeT) of the upstream tip at various initial compositions (w0) under natural convection

w0 vs, 10−4 m/s rs, 10−6 m PeT

mass fraction, % Theory CA–LBM Theory CA–LBM Theory CA–LBM

0.1 2.44 2.13 1.808 1.741 0.0735 0.0618

0.2 2.03 1.99 1.687 1.512 0.0571 0.0501

0.3 1.74 1.67 1.632 1.391 0.0474 0.0387

0.4 1.52 1.38 1.602 1.375 0.0407 0.0316

d 7 �	����!�	������tk
Fig.7 Simulated evolution of multi–dendritic growth under natural convection

(a), (b), (c) concentration fields (d), (e), (f) temperature fields
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