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����

�� � Cr = (rCr)∪ (rCr + 1− r) �����,�� r ∈ (0, 1/2),� Aut(Cr) � Cr �

���� Lipschitz ��������. ����� f∗ ∈ Aut(Cr), ��

blip(f∗) = inf{blip(f) > 1 : f ∈ Aut(Cr)} = min
[
1/r,

1 − 2r3 − r4

(1 − 2r)(1 + r + r2)

]
,

��

lip(g) = sup
x,y∈Cr

x �=y

|g(x) − g(y)|
|x − y| ,

�

blip(g) = max(lip(g), lip(g−1)).

��� �� � Lipschitz ��� Cantor �

MSC(2000) ���� 28A80

1 ��

��� Lipschitz �������������, ��������� Lipschitz ��

����������	�����. 
����� Lipschitz �����������.

Cooper � Pignatro[1], Falconer � Marsh[2−4], David � Semmes[5], ��� [6, 7] �����

Cantor ����, �� Lipschitz ��, BPI ���� Lipschitz ��.

��� [8]�, Lyapina��� Cantor ��� C ��� Lipschitz���: � f � C �

�� Lipschitz ���, �

blip(f) = 1 � blip(f) � 74/39,



	��: Cantor��� Lipschitz�����	Lipschitz��

�� lip(g) = supx �=y
|g(x)−g(y)|

|x−y| , blip(g) = max(lip(g), lip(g−1)). � Cr = (rCr)∪ (rCr + 1− r)

�
�� r ∈ (0, 1/2)�����, Aut(Cr)� Cr �� Lipschitz��������, �� [8]

��������������� f ∈ Aut(Cr),

blip(f) = 1 � blip(f) � min
[
1/r,

1 − 2r3 − r4

(1 − 2r)(1 + r + r2)

]
. (1)

�� [9] �	�	��� R
1 ��������. � {Si}N

i=1 �
��� {ri}N
i=1 ��

��
���	, �
 {0, 1} ⊂ ⋃N
i=1 Si([0, 1]) ⊂ [0, 1], 
� {Si([0, 1])}N

i=1 ���
. �

{δi}N−1
i=1 ��� [0, 1] \ ⋃N

i=1 Si([0, 1]) ��������. �� [9] ��������: �

E =
⋃N

i=1 Si(E), 
� (mini δi)/(maxi δi · maxi ri) > 1, ����� c > 1, �� E ����

� Lipschitz ��� f ,

blip(f) = 1 � blip(f) � c. (2)

��� [10]�,�� R
1���Moran����	���������:���� c0 > 1,

�������� f , blip(f) = 1 � blip(f) � c0.

��
�������� Cr, min[1/r, 1−2r3−r4

(1−2r)(1+r+r2) ] ����	����	��. 


��, �����
����:

�� 1 �� Cr ��� Lipschitz ��� f∗
r , ��

blip(f∗
r ) = min

[
1/r,

1 − 2r3 − r4

(1 − 2r)(1 + r + r2)

]
. (3)

���, �� f∗ ∈ Aut(C) �
 blip(f∗) = 74/39.

�	� 1 ����, ��
��
������� f∗
r �����.

�������,��������.� {Si}N
i=1 �
��� {ri}N

i=1 ����
��

�	, �
 {0, 1} ⊂ ⋃N
i=1 Si([0, 1]) ⊂ [0, 1], 
� {Si([0, 1])}N

i=1 ���
. � {δi}N−1
i=1 ���

[0, 1] \ ⋃N
i=1 Si([0, 1]) ��������.

�� 2 � E =
⋃N

i=1 Si(E),�� {Si}N
i=1
�	�,
� (mini δi)/(maxi δi·maxi ri)>1.

��� g ∈ Aut(E), ��

blip(g) = inf{blip(f) > 1 : f ∈ Aut(E)} > 1.

2 ����

��������� [11, 12]. �	 r ∈ (0, 1/2), � S0(x) = rx, S1(x) = rx + (1 − r). �

K = S0(K) ∪ S1(K) ��������, � K = Cr.

����� i1 · · · in ∈ {0, 1}n, �

Si1i2···in = Si1 ◦ Si2 ◦ · · · ◦ Sin , Ki1···in = Si1i2···in(K),

		 Si1i2···in(x) = rnx + (1 − r)
∑n

k=1(r
k−1ik) 

Ki1···in =
{

(1 − r)
∞∑

k=1

(rk−1jk) : jk ∈ {0, 1} � j1 · · · jn = i1 · · · in
}

,

����� π : Σ2 → K, ��

{π(x1x2 · · · )} =
⋂
n�1

Sx1x2···xn(K),
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�� Σ2 = {0, 1}N.

2.1 ��� D∗ �����

���� D∗ �	� [8]. ��
������ Lipschitz ��� f : K → K �	��

D∗: �������� i1 · · · in ∈ {0, 1}n, �������� j1 · · · jn ∈ {0, 1}n, ��

f(Ki1···in) = Kj1···jn .


�� [8] �	, ��� D∗ ��
���:

(i) � f ∈ D∗, � f(Ki1···it) = Kj1···jt , �⎧⎨
⎩

f(Ki1···it0) = Kj1···jt0,

f(Ki1···it1) = Kj1···jt1,
�

⎧⎨
⎩

f(Ki1···it0) = Kj1···jt1,

f(Ki1···it1) = Kj1···jt0.

(ii) � f ∈ D∗, � f(Ki1···in) = Kj1···jn , ����� m � n,

f(Ki1···im) = Kj1···jm .

(iii) � f ∈ D∗, � f−1 ∈ D∗.

�� 1[8] � f ∈ Aut(K), � blip(f) < 1/r, � f ∈ D∗.

�

[1]l =

l︷ ︸︸ ︷
1 · · · 1, [0]l =

l︷ ︸︸ ︷
0 · · · 0.

��������:

�� 2 � f ∈ D∗. ���� x, y ∈ K, � x ∈ Ki1···in0, y ∈ Ki1···in1, �

|f(x) − f(y)|
|x − y| � max

( |f(x∗) − f(y∗)|
|x∗ − y∗| ,

1
1 − r

)
, (4)

�� {x∗} =
⋂

l�1 Ki1···in0[1]l = Ki1···in0[1]∞ , {y∗} = Ki1···in1[0]∞ .

�� �����, ��� i1 · · · in ���. 
��, � f(Ki1···in) = Kj1···jn , ��	�

� Lipschitz��� g = S−1
j1···jn

◦ f ◦Si1···in ,
��� g ∈ D∗. 
������ x′ ∈ [0, r]∩K

� y′ ∈ [1 − r, 1] ∩ K, �

|g(x′) − g(y′)|
|x′ − y′| � max

( |g(1 − r) − g(r)|
|(1 − r) − r| ,

1
1 − r

)
, (5)

������� (4), ���� x = Si1···inx′ � y = Si1···iny′, �
|f(x) − f(y)|

|x − y| =
|f(Si1···inx′)] − f(Si1···iny′)|

|Si1···inx′ − Si1···iny′| =
|g(x′) − g(y′)|

|x′ − y′| ,

|f(x∗) − f(y∗)|
|x∗ − y∗| =

|g(1 − r) − g(r)|
|(1 − r) − r| .

��
���� (5). �� K0[1]t−1 ��� r � x′ �������,� x′ ∈ K0[1]t−10,�

|x′ − r| � (1 − r)rt. ��� g(K0[1]t−1) ��� t �����, �

|g(x′) − g(r)| � rt � |x′ − r| � (1 − r)rt,

���������
� l, �


|g(1 − r) − g(y′)| � rl � |(1 − r) − y′| � (1 − r)rl .
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	��: Cantor��� Lipschitz�����	Lipschitz��

��
|g(x′) − g(y′)|

|x′ − y′| � |g(r) − g(1 − r)| + |g(x′) − g(r)| + |g(y′) − g(1 − r)|
|(1 − r) − r| + |x′ − r| + |y′ − (1 − r)|

� |g(r) − g(1 − r)| + rt + rl

|(1 − r) − r| + (1 − r)(rt + rl)

� max
( |g(1 − r) − g(r)|

|(1 − r) − r| ,
1

1 − r

)
.

2.2 �������

� Σ∗
2 = {i1 · · · ik : k ∈ N, ���� r � 1, ir = 0 � 1}���� 0� 1�������

����, Σ2 = {0, 1}N ���� 0 � 1 ���	�����. � Σ∗
2 ��� A ��� [4],


�����	�� (i1i2 · · · ) ∈ Σ2, ��
��
� k, �� (i1i2 · · · ik) ∈ A.

� [i1 · · · it] ⊂ Σ2 ���� i1 · · · it ������. � A0, A1, A2, . . . , Am � m ���,

� Lipschitz ��� g0, . . . , gn ����	 G∗(Σ2), �	�
�:

G∗(Σ2) = {f : Σ2 → Σ2 | ���� k ∈ N �� i1 · · · ik ∈ Σ∗
2,

�� j1 · · · jk ∈ Σ∗
2, �� f([i1 · · · ik]) = [j1 · · · jk]}.

������

τi : Ai → Σ∗
2, i = 0, . . . , m,

β :
m⋃

i=0

{i} × Ai → {0, 1, . . . , m},

γ :
m⋃

i=0

{i} × Ai → {0, · · · , n},

��		

g0(x) ≡ f0(x) ≡ x, A0 = {0, 1}



τ0(0) = 0, τ0(1) = 1, β(0, 0) = γ(0, 0) = β(0, 1) = γ(0, 1) = 0.

���	��, ����������	��
�����:

�� 3 ��
����	 {f1, . . . , fm} : Σ2 → Σ2, ���� (i, j) ∈ ⋃m
t=1{t} × At, �

�� w ∈ Σ2, �


fi(jw) = τi(j)[gγ(i,j) ◦ fβ(i,j)](w).

�� ��� |τi(j)| � 1. �� {gi}n
i=0 ⊂ G∗(Σ2), ���������� j1j2 · · · jk, �

� jt ∈ Ait , i1 = i, it+1 = β(it, jt), ��
����� u1 · · ·us, ���� s � k, 
����

�� w ∈ Σ2,

fi(j1j2 · · · jkw) ∈ [u1 · · ·us].

� k → ∞, ����� {fi}m
i=1 ���
�.

3 �� 1 ���

��������.
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�� 1 1/r � 1−2r3−r4

(1−2r)(1+r+r2) .

� f∗ : K → K, 	�
�:

f∗|K00(x) = x/r,

f∗|K01(x) = x + (1 − r)2,

f∗|K1(x) = rx + (1 − r),

� f∗(K00) = K0, f∗(K01) = K10 � f∗(K1) = K11. 		

blip(f∗) =
1
r
. (6)

�� 2 1/r > 1−2r3−r4

(1−2r)(1+r+r2) .

��
� Σ2 ��
���	���. �

g0 = id : Σ2 → Σ2,

g1 = F : Σ2 → Σ2.

���� w = x1x2x3 · · · ∈ Σ2, �


g0(w) ≡ w � g1(w) = F (w) = (1 − x1)(1 − x2)(1 − x3) · · · .

���

A1 = {00, 01, 1},
A2 = {000, 001, 01, 1},
A3 = {0, 100, 101, 110, 111},
A4 = {00, 01, 1}.

���� 3, ��
�� {f1, f2, f3, f4} �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f1(00w) = 11f2(w),

f1(01w) = 10F (w),

f1(1w) = 0[F ◦ f1](w),

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f2(000w) = 001f2(w),

f2(001w) = 000f3(w),

f2(01w) = 01w,

f2(1w) = 1f1(w),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f3(0w) = 1F (w),

f3(100w) = 001f2(w),

f3(101w) = 000f3(w),

f3(110w) = 010w,

f3(111w) = 011f4(w),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f4(00w) = 11f2(w),

f4(01w) = 10F (w),

f4(100w) = 001f2(w),

f4(101w) = 000f3(w),

f4(110w) = 010w,

f4(111w) = 011f4(w).

����� f4(1w) = f3(1w), 
�

|τi(j)| = |j| ����� i  j ∈ Ai. (7)
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	��: Cantor��� Lipschitz�����	Lipschitz��

����, �������

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f−1
1 (0w) = 1[f−1

1 ◦ F ](w),

f−1
1 (10w) = 01F (w),

f−1
1 (11w) = 00f−1

2 (w),

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f−1
2 (000w) = 001f−1

3 (w),

f−1
2 (001w) = 000f−1

2 (w),

f−1
2 (01w) = 01w,

f−1
2 (1w) = 1f−1

1 (w),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f−1
3 (000w) = 101f−1

3 (w),

f−1
3 (001w) = 100f−1

2 (w),

f−1
3 (010w) = 110w,

f−1
3 (011w) = 111f−1

4 (w),

f−1
3 (1w) = 0F (w),



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f−1
4 (000w) = 101f−1

3 (w),

f−1
4 (001w) = 100f−1

2 (w),

f−1
4 (010w) = 110w,

f−1
4 (011w) = 111f−1

4 (w),

f−1
4 (10w) = 01F (w),

f−1
4 (11w) = 00f−1

2 (w).

�� f−1
4 (0w) = f−1

3 (0w). ����� 3 ���,�������
�	��� {f−1
i }4

i=1 �

���
��.

� π : Σ2 → K ������������. �� i = 1, 2, 3, 4,�

Fi = π ◦ fi ◦ π−1 : K → K.

��
������� x � y,
|Fi(x) − Fi(y)|

|x − y| � 1 − 2r3 − r4

(1 − 2r)(1 + r + r2)
=̂ ζr.

��

π(x) = j1j2 · · · jk · · · , π(y) = j1j2 · · · jk · · · .

���������:

�� 4 �� u1 · · ·us, ��� s = |j1j2 · · · jk|, ��

fi(j1j2 · · · jkw) = u1 · · ·us[g ◦ fik+1 ](w), ���� w ∈ Σ2, (8)

�� ik+1 = β(ik, jk), 
� g = id � F .

�� ���� w ∈ Σ2, �

F (x1 · · ·xtw) = (1 − x1)(1 − x2) · · · (1 − xt)F (w). (9)

��

id(x1 · · ·xtw) = x1 · · ·xt id(w). (10)

��, � F ◦ F = id, � {F, id} ���. ��, 
�� (9) � (10) ���

fi(jw) = τi(j)[gγ(i,j) ◦ fβ(i,j)](w),

�� gγ(i,j) ∈ {id, F},��	
��� (8) �.

��, �������.

�� A � jk ∈ Aik
�
 β(ik, jk) = 0, ��

fβ(ik,jk) = id.
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� (8) �,

fi(j1j2 · · · jkw) = u1 · · ·us[g](w),

�� g = id � F , ����
|Fi(x) − Fi(y)|

|x − y| = 1.

�� B �

π(x) = j1j2 · · · jkjk+1 · · · ,

π(y) = j1j2 · · · jkj′k+1 · · · ,

��

jk+1 �= j′k+1, ik+1 = β(ik, jk) > 0.

� (8) �,

fi(j1j2 · · · jkw) = u1 · · ·us[g ◦ fik+1 ](w),

�� g ∈ {id, F}.
�

x = Sj1j2···jkx′, y = Sj1j2···jky′,

��

x′ ∈ Kjk+1 , y′ ∈ Kj′
k+1

. (11)

� blip(πgπ−1) = 1, �
|Fi(x) − Fi(y)|

|x − y| =
|π ◦ fi(j1j2 · · · jkπ−1(x′)) − π ◦ fi(j1j2 · · · jkπ−1(y′))|

|Sj1j2···jkx′ − Sj1j2···jky′|

=
|Su1···us ◦ π[g ◦ fik+1(π

−1(x′))] − Su1···us ◦ π[g ◦ gik+1(π
−1(y′))]|

|Sj1j2···jkx′ − Sj1j2···jky′|

=
|(πgπ−1) ◦ (πfik+1π

−1)(x′) − (πgπ−1) ◦ (πfik+1π
−1)(y′)|

|x′ − y′|
=

|Fik+1(x
′) − Fik+1(y

′)|
|x′ − y′| .

������

Fik+1 ∈ D∗. (12)

��, ��� 4 	������� i1 · · · it, �� j1 · · · jt �
 fi([i1 · · · it]) = [j1 · · · jt], ��

Fi(Ki1···it) = (πfiπ
−1)π([i1 · · · it]) = π([j1 · · · jt]) = Kj1···jt .

��, � f−1
i : Σ2 → Σ2 ����	 F−1

i : K → K ��, �� Fi ∈ D∗. �������

� (11) � (12) ��� 2 ��
|Fi(x) − Fi(y)|

|x − y| � max
(

1
1 − r

, max
p,q

|Fp(apq) − Fp(bpq)|
|apq − bpq|

)
,

�� {π−1(apq), π−1(bpq)}pq 
� 1 ��. �� f4(1w) = f3(1w), ���� 1 �����

����.
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	��: Cantor��� Lipschitz�����	Lipschitz��

�	, ������ i = 1, 2, 3, 4,

lip(Fi) = ζr =
1 − 2r3 − r4

(1 − 2r)(1 + r + r2)
.

����, �� {F−1
i }4

i=1, ������

|F−1
i (x) − F−1

i (y)|
|x − y| � max

(
1

1 − r
, max

s,t

|F−1
s (cst) − F−1

s (dst)|
|cst − dst|

)
,

�� {π−1(cst), π−1(dst)}st 
� 2 ��. �� f−1
4 (0w) = f−1

3 (0w), ���� 2 �����

����.
� 1

{apq , bpq}pq � Fp(apq), Fp(bpq)
|Fp(apq)−Fp(bpq)|

|apq−bpq|

a11
π−1
→ 00(111)∞ f1→ 11(10)∞ π→ 1+r−r3

1+r

b11
π−1
→ 01(000)∞ f1→ 10(111)∞ π→ 1 − r + r2

1−2r2

(1+r)(1−2r)
< ζr

a12
π−1
→ 01(111)∞ f1→ 10(000)∞ π→ 1 − r

b12
π−1
→ 1(000)∞ f1→ 00(011)∞ π→ r3+r4

1+r+r2

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

a21
π−1
→ 000(111)∞ f2→ 001(10)∞ π→ r2+r3−r4

1+r

b21
π−1
→ 001(000)∞ f2→ 000(111)∞ π→ r3

1−2r2

(1+r)(1−2r)
< ζr

a22
π−1
→ 001(111)∞ f2→ 000(011)∞ π→ r4+r5

1+r+r2

b22
π−1
→ 01(000)∞ f2→ 01(000)∞ π→ r(1 − r)

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

a23
π−1
→ 01(111)∞ f2→ 01(111)∞ π→ r

b23
π−1
→ 1(000)∞ f2→ 111(001)∞ π→ 1+r+r2−r3−r4

1+r+r2

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

a31
π−1
→ 0(111)∞ f3→ 1(000)∞ π→ 1 − r

b31
π−1
→ 100(000)∞ f3→ 001(001)∞ π→ r2

1+r+r2

1−r2−r3

(1−2r)(1+r+r2)
< ζr

a32
π−1
→ 100(111)∞ f3→ 001(10)∞ π→ r2+r3−r4

1+r

b32
π−1
→ 101(000)∞ f3→ 000(111)∞ π→ r3

1−2r2

(1+r)(1−2r)
< ζr

a33
π−1
→ 101(111)∞ f3→ 000(011)∞ π→ r4+r5

1+r+r2

b33
π−1
→ 110(000)∞ f3→ 010(000)∞ π→ r(1 − r)

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

a34
π−1
→ 110(111)∞ f3→ 010(111)∞ π→ r − r2 + r3

b34
π−1
→ 111(000)∞ f3→ 01111(001)∞ π→ r+r2+r3−r5−r6

1+r+r2

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

a41
π−1
→ 00(111)∞ f4→ 11(10)∞ π→ 1+r−r3

1+r

b41
π−1
→ 01(000)∞ f4→ 10(111)∞ π→ 1 − r + r2

1−2r2

(1+r)(1−2r)
< ζr

a42
π−1
→ 01(111)∞ f4→ 10(000)∞ π→ 1 − r

b42
π−1
→ 1(000)∞ f4→ (001)∞ π→ r2

1+r+r2

1−r2−r3

(1−2r)(1+r+r2)
< ζr

�	, ���� i = 1, 2, 3, 4,

lip(F−1
i ) = ζr =

1 − 2r3 − r4

(1 − 2r)(1 + r + r2)
.

4 �� 2 ���

������� C(E, E) = {f | f : E → E �� } ��	�	
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d(f, g) = sup
x∈E

|f(x) − g(x)|.

�� C(E, E) ���� (Aut(E), d). �	���	
�: ���	�� (Aut(E), d) � fn →
f , �

blip(f) � lim
n→∞

blip(fn).

��, �����������.

� 2

{cst, dst}st � F−1
s (cst), F

−1
s (dst)

|F−1
s (cst)−F−1

s (dst)|
|cst−dst|

c11
π−1
→ 0(111)∞

f−1
1→ 1(100)∞ π→ 1+r−r3

1+r+r2

d11
π−1
→ 10(000)∞

f−1
1→ 01(111)∞ π→ r

1−r2−2r3

(1−2r)(1+r+r2)
< ζr

c12
π−1
→ 10(111)∞

f−1
1→ 01(00)∞ π→ r(1 − r)

d12
π−1
→ 11(000)∞

f−1
1→ 00(001)(101)∞ π→ r4+r5

1+r+r2

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

c21
π−1
→ 000(111)∞

f
−1
2→ 001(000)∞ π→ r2(1 − r)

d21
π−1
→ 001(000)∞

f−1
2→ 000(001)(101)∞ π→ r5+r6

1+r+r2

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

c22
π−1
→ 001(111)∞

f−1
2→ 000(100)∞ π→ r3

1+r+r2

d22
π−1
→ 01(000)∞

f
−1
2→ 01(000)∞ π→ r(1 − r)

1−r2−r3

(1−2r)(1+r+r2)
< ζr

c23
π−1
→ 01(111)∞

f−1
2→ 01(111)∞ π→ r

d23
π−1
→ 1(000)∞

f−1
2→ 1100(100)∞ π→ 1+r−r3

1+r+r2

1−r2−2r3

(1−2r)(1+r+r2)
< ζr

c31
π−1
→ 000(111)∞

f−1
3→ 101(000)∞ π→ (1 − r)(1 + r2)

d31
π−1
→ 001(000)∞

f−1
3→ 100(001)(101)∞ π→ 1−r3+r5+r6

1+r+r2

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

c32
π−1
→ 001(111)∞

f−1
3→ 100(100)∞ π→ 1

1+r+r2

d32
π−1
→ 010(000)∞

f−1
3→ 110(000)∞ π→ 1 − r2

1−r2−r3

(1+r+r2)(1−2r)
< ζr

c33
π−1
→ 010(111)∞

f−1
3→ 110(111)∞ π→ 1 − r2 + r3

d33
π−1
→ 011(000)∞

f−1
3→ 111(101)∞ π→ 1+r+r2−r4

1+r+r2

1−r2−r3

(1−2r)(1+r+r2)
< ζr

c34
π−1
→ 011(111)∞

f−1
3→ 111(001)∞ π→ 1+r+r2−r3−r4

1+r+r2

d34
π−1
→ 1(000)∞

f−1
3→ 0(111)∞ π→ r

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

c41
π−1
→ 0(111)∞

f−1
4→ 111(001)∞ π→ 1+r+r2−r3−r4

1+r+r2

d41
π−1
→ 10(000)∞

f−1
4→ 01(111)∞ π→ r

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

c42
π−1
→ 10(111)∞ f4→ 01(000)∞ π→ r(1 − r)

d42
π−1
→ 11(000)∞ f4→ 00(001)(101)∞ π→ r4+r5

1+r+r2

1−2r3−r4

(1−2r)(1+r+r2)
= ζr

�� 5 � c > 1, ���

Autc(E) = {f ∈ Aut(E) : blip(f) � c}
��	�� (Aut(E), d) ���.

� b∗ = inf{blip(f) > 1: f ∈ Aut(E)}. ��� [9] � [10]�	, � minj δj

(maxj δj)(max rj)
> 1 �


, � b∗ > 1.
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�� 6 � {fi}i�1 ⊂ Aut(E) �
 limn→∞ blip(fi) = b∗. 
����� c0 > 0, c1 > 1

� {(xi, yi)}i�1 ⊂ E × E, ������ i � 1,

|xi − yi| � c0 �
|fi(xi) − fi(yi)|

|xi − yi| � c1 > 1,

����� g ∈ Aut(E), ��

blip(g) = inf{blip(f) > 1: f ∈ Aut(E)}.
�� 2��� 
��,������	��,���
�� 6���.�	 b1 ∈ (1, b∗),

� c > b∗, � {fi} ⊂ Autc(E), ������� i � 1,

blip(fi) > b1 � lim
i→∞

blip(fi) = b∗.

� Si1···in = Si1 ◦ Si2 ◦ · · · ◦ Sin , ri1i2···in = ri1 · ri2 · · · · rin , Ei1···in = Si1···in(E). �

G(E) = {f : E → E | ������� i1i2 · · · in,

�������� j1 · · · jn �� f(Ei1···in) = Ej1···jn}.
��
���������	 {fi}i ���	���� {gi}i. �	 i � 1, 	� fi ��

�, ��������.

�� 1 fi ∈ G(E);

�� 2 fi /∈ G(E).

���� 1, ������������.

�� 1.1 �����
 f(Ei1···ik
) = Ej1j2···jk

���� i1 · · · ik, j1 · · · jk,�� ri1i2···ik
=

rj1j2···jk
.

�����, ���� x′
i ∈ Ev1v2···vkvk+1 , y′

i ∈ Ev1v2···vkv′
k+1

, �� vk+1 �= v′k+1, �


|fi(x′
i) − fi(y′

i)|
|x′

i − y′
i|

� b1.

� fi(Ev1v2···vk
) = Ew1w2···wk

. �

gi = S−1
w1w2···wk

◦ fi ◦ Sv1v2···vk
, (13)

�

gi ∈ Autc(E) � blip(gi) � blip(fi). (14)

� xi = S−1
v1v2···vk

(x′
i), yi = S−1

v1v2···vk
(y′

i). � rv1v2···vk
= rw1w2···wk

, ����

|xi − yi| � min
j

δj �
|gi(xi) − gi(yi)|

|xi − yi| � b1. (15)

�� 1.2 ����� v1v2 · · · vk−1, ��

rv1v2···vk−1 = rw1w2···wk−1 ,  rvk
�= rwk

.

� fi ∈ G(E), �� fi(Ev1v2···vk−1) = Ew1w2···wk−1 , � rv1v2···vk−1 = rw1w2···wk−1 . �

gi = S−1
w1w2···wk−1

◦ fi ◦ Sv1v2···vk−1 , (16)

�

gi ∈ Autc(E), � blip(gi) � blip(fi). (17)

��, ��� rvn < rwn (���� f−1). � x′
i, y′

i ∈ Ev1v2···vk
, �� fi(x′

i) � fi(y′
i) �

Sw1w2···wk
([0, 1]) �����, �

xi = S−1
v1v2···vk−1

x′
i, yi = S−1

v1v2···vk−1
y′

i.
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��� rv1v2···vk−1 = rw1w2···wk−1 , 
� fi ∈ Autc(E), ��

|xi − yi| � c−1|gi(x1) − gi(yi)| � c−1 min
j

rj . (18)

� rvk
< rwk

, �
|gi(xi) − gi(yi)|

|xi − yi| � min
j,j′

{
rj

rj′
: rj > rj′

}
=̂ b2 > 1. (19)

���� 2, �����, ����� k � 0, ����������� k ����

i1 · · · it, ��� j1 · · · jt, �� f(Ei1···it) = Ej1···jt , 
������ v1v2 · · · vk+1, ���


� wk+1, w
′
k+1 ∈ {1, . . . , N}, �
 fi(Ev1v2···vk

) = Ew1w2···wk
, �

fi(Ev1···vk+1) ∩ Ew1···wkwk+1 �= ∅, fi(Ev1···vk+1) ∩ Ew1···wkw′
k+1

�= ∅. (20)


� rv1v2···vk
�= rw1w2···wk

,������� 1.2������ gi ∈ Autc(E)� (xi, yi) ∈
E × E. ����

rv1v2···vk
= rw1w2···wk

. (21)

�

gi = S−1
w1···wk

◦ fi ◦ Sv1···vk
, (22)

�

gi ∈ Autc(E) � blip(gi) � blip(fi). (23)

���

gi(Evk+1) ∩ Ewk+1 �= ∅ � gi(Evk+1) ∩ Ew′
k+1

�= ∅.
� t, t′ ∈ Evk+1 , �
 gi(t) ∈ Ewk+1 , gi(t′) ∈ Ew′

k+1
. ��� Evk

���, ����� Evk
	

���	 t = t0 < t1 < · · · < tn = t′, �


|tm+1 − tm| � (rvk
)max

j
δj, �� m= 0, 1, . . . , n − 1.

� g(tm) ∈ Ebm , ��� m∗, �� bm∗ �= bm∗+1, ��

|gi(tm∗) − gi(tm∗+1)| � min
j

δj,


�
|gi(tm∗) − gi(tm∗+1)|

|tm∗ − tm∗+1| � minj δj

(maxj δj)(max rj)
=̂b3 > 1. (24)

��� gi ∈ Autc(E), ��

|tm∗ − tm∗+1| � c−1|gi(tm∗) − gi(tm∗+1)| � c−1 min
j

δj , (25)

����

xi = tm∗ , yi = tm∗+1.

���	 {gi} ���� 6, ��������	 {gni}, �
 g = limni→∞ gni , �

blip(g) = b∗ = inf{blip(f) > 1: f ∈ Aut(E)}.
�.
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