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MR(2000) #$%&' 90C30

1 ( )
*��������� !"#$����%&� ��!"�"Æ�#$ (NLP)

P

⎧⎪⎪⎪⎨⎪⎪⎪⎩
min f(x)

s.t. ci(x) = 0, i ∈ E,

ci(x) ≤ 0, i ∈ I

(1)

!�'+%�(�, f(x) : Rn → R, c(x)(= (c1(x), c2(x), · · · , cm(x))T) : Rn → Rm �)*�

&�'!& E = {1, 2, · · · , me}, I = {me + 1, · · · , m}.
+� �& Fletcher and Leyffer[1] (���-�.!+%!�""�"Æ�#$&)!

,*-+!#/$�!+%&. �/,.!-!&0.1*�/,."2!-!�/#3
!&*�+%%&!4+'���5,6 (.(���0)12$)*Æ� (SQP) .#$
78) 9*%2&+2':$�/,34(5;3$�//<=!!-()6&>+%!.
�/0"11&*�+20)1 SQP .#$!,�-."7 Fletcher, Gould 3 Leyffer[2];
Fletcher, Leyffer 3 Toint[3] 0/(?�0)1!+%&4/�08@+%9)�.!51&
A����!+% [4,5]; 26% [6−9]; 67% [10] 334���% [11]. �5!+%B�9)�

* 8916:�;�23 (10371089, 10571137) <�� 05 :7;8 (800008).

9C:;D2004-06-24.
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�.!+%&E45B??@':%@!<@(F�&A@+%BA)8�B"BGCH&
*CDDEAI!.�=(*�& Ulbrich. M 3 Ulbrich. S[12] (���->�J44(#
$!"#$!0)1 SQP +%&0KEA�.&FE�B"BGCH&GKEA/$�(
"#$!+%HI 1986 �7 Grippo,Lampariello 3 Lucidi[13] (�&2!99)84(%@
#$30)1+%5&F [14−24]. *J+%B�/G�0)1!+%(

IE��%,&H"#$!<@3���!+%K/G&�5A<@?�H"�"J4
4(3KJ44(#$I�L@':%@#$(��5,69*%&2&+2':$�/,
34(5;3$�//<=!!-(F�&% Ulbrich.M 3 Ulbrich.S[12] !AL&KEA�

.!+%&0�9)"#$!���+%&M84(5;3$�/"#$!!-&B7I*
%MN+C&A�.!+%ADJ7@(>�%KEA/$�,3DK!LMNE$�!O
N5,M!�*%"&. �/O�!-!()6&KEA�B"BGCH&DPFI=!

.�(+2&�����>�%!�/.�!/0(.(3�0�%/0!AQ&��R�
*��%�"1/O!(

I*���!P)'=&HPQSG>�%!TR(Q(IPH'=&HR*�� !
��� SQP #$!,�-."6�0/(IPI'=&H��� !�%!�//0(

I��*��%3,�-."0/7J&S8��JST(U$� f(x) !U3L ∇f(x),
∇Tc(x) L4($� c(x) !VVA9 (Jacobian), L(x, λ) = f(x) + λTc(x) L Lagrange $�&
λ � Lagrange T.& Bk ∈ Rn×n � Lagrange $�!WK9 (Hessian)∇2

xxL(x, λ) !�L&!
: k :!�>� NLP #$5,!*�( E = {1, 2, · · · , me}, I = {me + 1, me + 2, · · · , m},
gk = ∇f(xk), I(x) = {i|ci(x) ≤ 0, i ∈ I}, Ak = ∇Tc(xk), λk � QP (xk) .#$! KKT T.&
U �#WX9(

2 ;<=>?@ABCDE
L+UMF&I*���,&U x∗ � P #$!�'�(I>�%,&-X SQP +%6

L?E!5,+%(I2J5,6 xk, >�%! QP .#$L

QP(xk)

⎧⎪⎪⎨⎪⎪⎩
min ∇f(xk)Td + 1

2dTBkd

s.t. ∇ci(xk)Td + ci(xk) = 0, i ∈ E,

∇ci(xk)Td + ci(xk) ≤ 0, i ∈ I.

(2)

U>#$!� (�0VI) L dk, WX dk 6L��+Y(.(Y#2Z% 8MN α ∈ (0, 1],
U x = xk + αdk, N x OF5,A>&[U xk+1 = x, αk = α.

\I!R�%(I NLP #$,&/P�':EA]QOF&Z
min f(x)

3
min h(c(x)),

�, h(c(x)) = ‖c(−)(x)‖1 =
m∑

i=1

c
(−)
i (x),

c
(−)
i (x) =

{ |ci(x)| i ∈ E,

max{0, ci(x)} i ∈ I
(3)
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(2S*P�':]QOF�/#3!).
U �f = f(xk)− f(xk + αdk) L f(xk) 5,!T\!-=& �l = −∇f(xk)Tdk L f(xk)

!�"!-=&UV f(xk) !<=!-"`]L

�f ≥ σα�l, σ ∈ (0, 1).

R? h(c(x)) !-+C&)^L Ulbrich I [12] ,!51&B7 h(c(x)) "#$4!-(
U Ktk = ‖Akλk + gk‖1. L�B h(ck) 3 Ktk _`4!-&aWXZ= Rk. 2 Ktk A h(ck)
IA@Q&a&R h(ck) !!-=bBXZ&TR8%�!(

�0 h(ck) << Ktk, [!��A h(ck) cI!� Rk !XZ�!-=&FL�B h(ck) +
GY? 0, Z[\ xk +GY?�B6&E-!��dH Rk !]e�$ ajk

. ajk
!!-Z3A

[&�^8B h(ck) !!-=XZ!'!(! a0 = min{0.1 max{1, h(ck)}, Ktk + h(ck)}, aj =
a0

j+1 , j ≥ 1. UV2 j → +∞ Q& aj → 0, &/ 1
2 ≤ ai+1

ai
< 1. \S��cb Rk !�%(

IJ A(KL Rk)
] 0 < η1, η2 < 1

2 , �0
h(ck) < min{η1ajk

, η2Ktk}, (4)

[M
Rk = min{ajk

, Ktk}, (5)

�0 gT
k dk ≥ − 1

2dT
k Bkdk & Rk ≥ Mhlk, [M jk+1 = jk + 1; _[M jk+1 = jk;

_[N (1) K`^&[M Rk = h(ck), jk+1 = jk.
!C] l ���I? 1 !NO�&U

Mhlk = max
k−l+1≤i≤k−1

h(ci), (6)

Reahk = max{Rk, Mhlk}, (7)

A>_�5,MOF
Reahk − h(ck+1) ≥ αηReahk. (8)

!C��*�� !"#$����%(
IJ B(PQRSTU SQP)

M 1 �Sa`6 x0 ∈ Rn, σ ∈ (0, 1), η ∈ (0, 1), B0 ∈ Rn×n, 0 < δ < 1, 0 < ε < 1, 0 < t <
1, k := 1;

M 2 >� QP (xk) .#$&78� dk 3 λk, �0 h(c(xk)) ≤ ε & Ktk ≤ ε , [cVb_
[M α = 1, WWM 3;

M 3 cb Rk. �0 Reahk − h(c(xk + αdk)) ≥ αηReahk & gT
k dk ≤ − 1

2dT
k Bkdk, [WW

M 4; _[WWM 5;
M 4 .� �fk = f(xk) − f(xk + αdk), �lk = −gT

k dk, �0 �fk ≥ σα�lk, [WWM 7;
_[WWM 6;

M 5 �0 Reahk − h(c(xk + αdk)) ≥ αηReahk, [WWM 7; _[WWM 6;
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M 6 α = tα, WWM 3;

M 7 M αk = α, xk+1 = xk + αkdk, k = k + 1; .� Bk+1; WWM 2.

IM 7 ,! Bk+1 �c) BFGS +%>�&G�c)� ! Broyden +% [25,26] >�(

�%f`Q&�S x0 6La`6&II_M!5,,&M 2 ÆM 7 dL6dg&M 3 ÆM 6
dL2dg(2dgT\�a)2Z%>7 α ∈ (0, 1], B xk+1 OF<=!-"`](

3 XYZ[\
I*�'=&H��e� !����%!,�-."!0/(I��0/7J&S8

��!!h]f

A1 ] {xk} �7� !��� SQP �%gb!5,6$&W&h] {xk}, {xk + αdk}
Æi?��je7 S ∈ Rn;

A2 f(x) 3 ci(x), i ∈ E ∪ I I S 5)*�&�'b

A3 Rcf! k, Bk, λk ��]/k!&�, λk � QP(xk) ! KKT T.b
A4 Rcf! k, Bk �]NS(
^ 7h] (A2)–(A4), VI1� δ, M > 0, B7 δ‖d‖2 ≤ dTBkd ≤ M‖d‖2, R�d k 3

d ∈ Rn `^&G/ ‖λk‖∞ ≤ M `^(

!Cle QP(xk) .#$! KKT `](U λk L0! Lagrange T.&[/
gk + Bkdk = −∇ci(xk)λk,

λi

(
ci(xk) + ∇ci(xk)Tdk

)
= 0, i ∈ E ∪ I,

ci(xk) + ∇ci(xk)Tdk = 0, i ∈ E,

ci(xk) + ∇ci(xk)Tdk ≤ 0, λi ≥ 0, i ∈ I.

_` 3.1 ] dk � QP(xk) .#$!�&UVRcf xk ∈ S, dk ∈ Rn, xk 8 xk + αdk !

�HÆi? S ,&&
h(c(xk + αdk)) ≤ (1 − α)h(c(xk)) +

1
2
α2mM‖dk‖2.

a 7gm (Taylor) hfSI&R*/! i ∈ E ∪ I,

ci(xk + αdk) = ci(xk) + α∇ci(xk)Tdk +
1
2
α2dT

k ∇2ci(yi)dk,

�, yi I xk 8 xk + αdk 7n(
7 dk !�B"3h] (A2) �b&

ci(xk + αdk) = (1 − α)ci(xk) + αci(xk) + α � ci(xk)Tdk +
1
2
α2(dk)T∇2ci(yi)dk

≤ (1 − α)ci(xk) +
1
2
α2M‖dk‖2.
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R? i ∈ E,

|ci(xk + αdk)| ≤ |(1 − α)ci(xk)| + 1
2
α2M‖dk‖2 ≤ (1 − α)|ci(xk)| + 1

2
α2M‖dk‖2.

]C&R? i ∈ I /

hi(ci(xk + αdk)) ≤ (1 − α)hi(ci(xk)) +
1
2
α2M‖dk‖2,

�, hi(ci(xk)) = max(0, ci(xk)), i ∈ I. ,e

h(c(xk + αdk)) =
me∑
i=1

|ci(xk + αdk)| +
m∑

i=me+1

hi(ci(xk + αdk))

≤ (1 − α)h(c(xk)) +
α2mM‖dk‖2

2
.

0h(
c` 3.1 N?Eh]`^&[2dg/iMGV(
a N xk �#$ P ! KKT 6&UV dk = 0 � QP(xk) .#$!�&W&�%GV&K

bW2dg(o�h] dk �= 0. 7aI 3.1 3 (7) 4�7

h(c(xk + αkdk)) ≤ (1 − αk)h(c(xk)) +
1
2
α2

kmM‖dk‖2

≤ (1 − αk)Reahk + 1
2α2

kmM‖dk‖2

.

*�2

αk ≤ 2(1 − η)Reahk

mM‖dk‖2 .

Q&/
h(c(xk + αkdk)) ≤ (1 − αkη)Reahk

N gT
k dk > −1

2
dT

k Bkdk, [jp�% B b&2dgGV(N gT
k dk ≤ −1

2
dT

k Bkdk, [

f(xk) − f(xk + αkdk) = −αkgT
k dk + o(‖αkdk‖)

= σαk�l + (1 − σ)αk�l + o(‖αkdk‖).
,L�S�� 8�� αk, B7 (1 − σ)αk�l + o(‖αkdk‖) > 0 , *�

f(xk) − f(xk + αkdk) > σαk�l.

75�be2dg/iMGV(0h(
!CU h(c(xk)) L h(ck).
_` 3.2 I�% A ,&N5,M!: k OF jk+1 = jk + 1, [R?cf! k′ ≥ k, B/

h(ck′) ≤ ajk
`^(ki4&R?cfOF jk ≥ 1 !5,M!: k, B/

h(ck) ≤ 2ajk
(9)
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`^(

a N jk+1 = jk + 1, [jp�% A q (6) 4&�7

h(ck) < min{η1ajk
, η2Ktk} ≤ η1ajk

,

&
ajk

≥ Rk ≥ Mhlk = max
k−l≤i≤k−1

h(ci).

j0R? k′ = k − l + 1, · · · , k, / h(ck′) ≤ ajk
`^(

!C)�lrf%0/R? k′ ≥ k − l + 1, / h(ck′) ≤ ajk
`^(

R? k′ = k − l + 1, · · · , k, m0 h(ck′ ) ≤ ajk
`^&\h]R? k − l + 1, · · · , k′(≥ k), /

h(ck′) ≤ ajk
, dE0/R? k′ + 1, / h(ck′+1) ≤ ajk

`^(

jp�% A q ajk
!STb&R? k′ ≥ k, /

Rk′ ≤ max{h(ck′), ajk′ } ≤ max{h(ck′), ajk
}.

7�% A 3SI 3.1 b&VI α > 0 B7

Reahk′ − h(ck′+1) ≥ αηReahk′ > 0.

osprfh]q Mhlk !STb
h(ck′+1) ≤ Reahk′

= max{Rk′ , Mhlk′}
≤ max{h(ck′), ajk

, Mhlk′} ≤ ajk
.

j07�lrf%b&R?cf! k′ ≥ k, B/ h(ck′) ≤ ajk
`^&�, k OF jk+1 = jk + 1.

!C0/ (9) G`^(N k OF jk+1 = jk + 1, [e*�j�% A 78

h(ck) ≤ 2ajk
, jk ≥ 1.

\h]cf! k′ OF jk′ = jk+1, k
′ > k + 1, [n7 ajk

!STb
h(ck′) ≤ ajk

= ajk′−1 ≤ 2ajk′ , jk′ ≥ 1.

,e (9) R?cf k(jk ≥ 1) B`^(
_` 3.3 N/Fi@*5,&B7 Reahk �= max{h(ck), Mhlk} 3 gT

k dk ≥ − 1
2dT

k Bkdk

`^&[ jk → +∞ & h(ck) → 0.

a 7aI`]b&VIFi.$ {k′}, B7 Rk′ = min{ajk′ , Ktk′} > h(ck′ ) & Rk′ >

Mhlk′ . 7 Rk cb�%b& jk′+1 = jk′ + 1, R?cf! k′. ,e/ jk → ∞. n7aI 3.2
b&

h(ck) ≤ 2ajk
,

?� ajk
= a0

j
k

+ 1 → 0, jk → +∞. j0 h(ck) < 2ajk
→ 0. 0h(

_` 3.4 N�% B Kg/iGV&[ lim
k→+∞

h(ck) = 0.

a ;0%(N h(ck) KY? 0, 7aI 3.3 b&VI<=I!O� k1 > 0, B72 k ≥ k1

Q&/
Reahk = max{h(ck), Mhlk}. (10)
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o7 (6) 3 (10) �b
Reahk = max{h(ck), Mhlk} = max

k−l+1≤i≤k
h(ci). (11)

R? k ≥ k1, 7 (8), (11) 3�% A b&VI αmin > 0 B7⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h(ck+1) < (1 − αminη) max
k−l+1≤i≤k

h(ci),

h(ck+2) < (1 − αminη) max
k−l+2≤i≤k+1

h(ci),

...

h(ck+l) < (1 − αminη) max
k≤i≤k+l−1

h(ci),

(12)

&

max
k−l+1≤i≤k

h(ci) ≥ max
k−l+2≤i≤k+1

h(ci) ≥ · · · ≥ max
k≤i≤k+l−1

h(ci). (13)

j (12) 3 (13) �7

max
k≤i≤k+l−1

h(ci) ≤ (1 − αminη)�
k−k1

l � max
k1−l+1≤i≤k1

h(ci), (14)

�, 
 � khY!!O(*�2 k → +∞ Q&

lim
k→+∞

max
k≤i≤k+l−1

h(ci) = 0,

o/
lim

k→+∞
h(ck) = 0.

ph] h(ck) KYY? 0 Kil&*� lim
k→+∞

h(ck) = 0. 0h(
c` 3.2 N?Eh]`^&[�%gb!/0/�!P-jtf
1) 5,8#$ P ! KKT 6b

2) ÆkVI��u6� KKT 6(

a dE0/�%!/0�P)-jtZ�(7SI 3.1, 2dg�/iMGV!&dA
le6dg�FidgZ�(

26dg�FiQ&Z/Fi�5,M&7?Eh]b& {xk} ⊂ S �/k!&*�m

VI��u6 x∗. Kn] lim
k∈K0, k→+∞

xk = x∗, �,::7 K0 �Fi7(7aI 3.4 �7

h(ck) → 0, k → +∞, k ⊂ K0, o�7 x∗ ��B6(
N x∗ OF4(Æo`]&FK� KKT 6&7;0%�bK`^(=P-jtqlfÆ

K1 = {k|gT
k dk > −1

2
dT

k Bkdk, k ∈ K0}.

P�-jtf K1 �Fi::7(NVI K2 ⊂ K1 B7 lim
k∈K2, k→+∞

‖dk‖ = 0, [�7

x∗ � KKT 6&ilp*�h]VI ε > 0, B7Rcf k ∈ K1, / ‖dk‖ > ε, 7aI 4 b
lim

k→+∞
h(ck) = 0.
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oVI j0 > 0, B72 k > j0, k ∈ K1 Q&/

h(ck) ≤ ε2δ

2M
≤ δ‖dk‖2

2M
≤ dT

k Bkdk

2M
. (15)

0j QP(xk) .#$! KKT `]b gk + Akλk + Bkdk = 0. ?�/G (15), �bR? k ∈
K1, k > j0, /

gT
k dk = −dTAkλk − dT

k Bkdk

= λT
k ck − dT

k Bkdk

≤ ‖λk‖∞h(ck) − dT
k Bkdk

≤ Mh(ck) − dT
k Bkdk

≤ −1
2
dT

k Bkdk.

p K1 STKil&o x∗ � KKT 6(
P)-jtf K1 �/i7&[VI j0 > 0, B72 k > j0 Q&/ gT

k dk ≤ − 1
2dT

k Bkdk. 7
�% A b& ajk

Kn!-&n/GaI 3.1 b&VI αmin > 0, B7 (8) 3 �f ≥ σα�l `^

& αk ≥ αmin. 2 k > j0 Q&7SI 3.1 bVI αk B7

f(xk) − f(xk + αdk) ≥ σαk∆l > σαmin∆l ≥ σαmindT
k Bkdk

2
≥ σαminδ‖dk‖2

2
.

PqR k j j0 + 1 8FmI>3&7

∞∑
k=j0+1

(f(xk) − f(xk + αkdk)) = f(xj0+1) − f(x∗),

≥
∞∑

k=j0+1

σαminδ‖dk‖2

2
,

≥ αminδσ

2

∞∑
k=j0+1

‖dk‖2.

,Lfq�/i�&*�
∞∑

k=j0+1

‖dk‖2 < +∞.

?�/ ‖dk‖ → 0, k → +∞. j078 x∗ G� KKT 6(0h(

4 ghijkl
>�%�.(n h(c(x)) , f(x) /<=!-&�B�^8,�-."&-! Matlab r

Q�T\>�%(I*�P&5Aql>�%!T\&TR���%,EA!O�&WR�
p/0bB=r(
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I�%!T\(Q,&�! 6EAo/�!f
a) GV`]f�0 h(c(xk)) ≤ ε & Ktk ≤ ε, [�%GV(
b) BFGS 5,fÆf`! B0 = U , W&a)!C! BFGS v4bB5,78 Hk, v4

�!

Bk+1 = Bk − BksksT
k Bk

sT
k Bksk

+
ykyT

k

sT
k yk

,

�,

yk =

⎧⎨⎩
ŷ, ŷT

k sk ≥ 0.2sT
k Bksk,

θkŷk + (1 − θk)Bksk, �p,

3 ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

sk = xk+1 − xk,

ŷk = ∇f(xk+1) −∇f(xk) +
(

Ak+1 − Ak

)
λk,

θk = 0.8
sT

k Hksk

(sT
k Hksk − sT

k ŷk)
.

c) .� Rk. 2 h(ck) A Ktk sA@Q&! Rk = min{ajk
, Ktk},

a0 = min{0.1 max{1, h(c0)}, Ktk + h(c0)}, aj =
a0

j + 1
, j ≥ 1;

_['! Rk = h(ck). *C'DB7 h(ck) 3 Ktk _`!-(

d) "#$!-(WKA> h(c(x)) I_�MB!-&dA0gI l(l > 1) 2[\!-Z
�&Z Reahk − h(ck+1) ≥ αηReahk.

e) sq$�3O�!]S(!rsq$�_-m [27]. I�% A 3�% B ,)8!O�
]S�!f σ = 0.1, B0 = U, l = 5, η = 0.1, ε = 10−6, t = 0.6, η1 = η2 = 0.2, αmin = 10−16,
�, I �#WX9(

LANCELOT [28] ��-c)0)1 – /$�%>�4(%@#$!s]&I*t&tu
)>s]>� [27] ,!sq#$&pE��%/0KAQ(R>s]!O�]M�!f 1)
GVw3L 10−5(4(3U3!w3); 2) c)u`]!xnU3%� 2– o�!0)1.#
$b 3) +I5,*�L 1000 *(

R!k,!ty6�!o/f
Problem: #$!ry(
NIT: 5,!*�(
NF: ':$�!.�*�(
NG: ':$�U3!.�*�(
NC: 4($�!.�*�(
NA: 4($�U3!.�*�(
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� 1 �� A � LANCELOT �����
vu A LANCELOT

Problem NIT NF NG NC NA NIT NF
NC

NG
NA

HS6 9 14 10 14 10 49 49 43
HS7 11 14 12 14 12 27 27 20
HS8 4 6 5 6 5 10 10 9
HS10 11 12 12 12 12 27 27 22
HS11 7 8 8 8 8 14 14 15
HS12 9 11 10 11 10 103 103 101
HS14 5 6 6 6 6 87 87 68
HS22 1 2 2 2 2 12 12 13
HS26 34 55 35 55 35 30 30 29
HS27 25 34 26 34 26 25 25 25
HS28 8 10 9 10 9 3 3 4
HS29 13 18 14 18 14 79 79 68
HS39 12 13 13 13 13 37 37 29
HS40 6 7 7 7 7 21 21 17
HS42 8 12 9 12 9 11 11 12
HS43 13 18 14 18 14 172 172 166
HS46 34 39 35 39 35 20 20 20
HS47 23 37 24 37 24 24 24 24
HS77 14 19 15 19 15 28 28 24
HS78 7 8 8 8 8 29 29 19
HS79 9 12 10 12 10 14 14 14
HS100 18 44 19 44 19 271 271 271

HS109 27 28 28 28 28 wv
HS111 50 51 51 51 51 165 165 141

HS113 14 22 15 22 15 wv
HS119 9 16 10 16 10 43 43 42
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AN SQP METHOD WITH

A REVISED NON–MONOTONE LINE SEARCH

Xue Wenjuan

(Department of Mathematics, Tongji University, Shanghai 200092)

Shen Chungen

(Department of Mathematics, Shanghai Finance University, Shanghai 201209)

Abstract In the paper, a kind of revised non–monotone line search SQP method for
constrained NLP problems is introduced, and the global convergence of this method is proved
without using a penalty function as a merit function, a filter or the feasibility restoration
phase. This method is based on the concept of multi–objective optimization: a trial point can
be accepted if and only if either object function value decreases or the measure of violation
constraints decreases. Numerical results, compared with LANCELOT, show that the approach
is effective.

Key words NLP, global convergence, line search, SQP.


