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1 /012345
� E �� Banach ��������� E∗, 〈∗, ∗〉 � E 6 E∗ 7�������� ! J

�� E � 2E
∗
�8��� ! [1], �

J(x) =
{
x∗ ∈ E

∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2
}
, ∀x ∈ E.

9: 1.1 � E �� Banach ��� C � E ;���<Æ� T �� C � E � !�

F (T ) � T �"=��� !�Æ��
1) " T �#> L-Lipschitz � [2], �#$? L ≥ 1, $%

‖T nx − T ny‖ ≤ L‖x − y‖, ∀n ≥ 1, ∀x, y ∈ C;

2) " T �����@ ! [3], �#$? {kn} ⊂ [1, +∞), lim
n→∞ kn = 1, $%

‖T nx − T ny‖ ≤ kn‖x − y‖, ∀n ≥ 1, ∀x, y ∈ C;

3) " T ������@ ! [4], �# F (T ) ���$? {kn} ⊂ [1, +∞), lim
n→∞ kn = 1,

$%
‖T nx − p‖ ≤ kn‖x − p‖, ∀x ∈ C, ∀ p ∈ F (T ), ∀n ≥ 1;
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4) " T ���-./ ! [5], �#$? {kn} ⊂ [1, +∞), lim
n→∞ kn = 1, +- x, y ∈ C, $

? j(x − y) ∈ J(x − y), $% 〈T nx − T ny, j(x − y)〉 ≤ kn‖x − y‖2;
5) " T ���-./0 !��#$? {kn} ⊂ [1, +∞), lim

n→∞ kn = 1, ∀ y ∈ C, =

lim sup
n→∞

{
sup
x∈C

inf
j(x−y)∈J(x−y)

[〈T nx − T ny, j(x − y)〉 − kn‖x − y‖2]
}

≤ 0;

6) " T ����-./0 !�, F (T )���∀ p ∈ F (T ), ∃ {kn} ⊂ [1,∞), lim
n→∞ kn = 1,

=
lim sup

n→∞

{
sup
x∈C

inf
j(x−p)∈J(x−p)

[〈T nx − p, j(x − p)〉 − kn‖x − p‖2]
}

≤ 0,

�;� kn "� ! T ���12.

3-�.=��������@ !�#> L-Lipschitz����-./0 !�4/�
/5������@ !0.=������-./ !0.=������-./0 
!1����-./0 !�4/.

E 1.1 ��-./0 !67 [6] F 2004 18292��3��:�#4 ! T :
D(T ) ⊂ E → E "���-./0���#$?;3 {kn} ⊂ (0, +∞), lim

n→∞ kn = 1, 5���

44 x ∈ D(T ), $?�6;3 {rn(x)}, $%�44 y ∈ D(T ), 054 j(x − y) ∈ J(x − y), =
〈T nx − T ny, j(x − y)〉 ≤ kn‖x − y‖2 + rn(x), lim

n→∞ rn(x) = 0. (1.1)

/5�?7 [6] 7 269 <;G926�:70���-./ ! T : D → D:

lim sup
n→∞

{
sup
y∈D

inf
j(x−y)∈J(x−y)

[〈T nx − T ny, j(x − y)〉 − kn‖x − y‖2]
} ≤ 0, ∀x ∈ D, (1.2)

�;� lim
n→∞ kn = 1, 8=96#4:8>?.���7 [6] ;92�H97 !�@A� 

!.B�:�, (1.1) !;�I T : D → D, 8�� (1.2) 3-!;;<7�, (1.2) !;�<

αn(x) = sup
y∈D

inf
j(x−y)∈J(x−y)

[〈T nx − T ny, j(x − y)〉 − kn‖x − y‖2
]
, ∀x ∈ D, (1.3)

I lim sup
n→∞

αn(x) ≤ 0, ∀x ∈ D. < rn(x) = max{αn(x), 0} + 1
n , ∀x ∈ D, I lim

n→∞ rn(x) = 0 �

rn(x) > 0, ∀x ∈ D. 6 (1.3), ∀x ∈ D, ∀ y ∈ D, ∃ j(x − y) ∈ J(x − y), $%

〈T nx − T ny, j(x − y)〉 − kn‖x − y‖2 ≤ αn(x) +
1
n
≤ rn(x).

� (1.1) !;.H=J>67 [6] 92�97 !�A#7 !�CD=?@67 [6] =9�
:8>?.KE� J(x − y) = −J(y − x), Æ7-9���-./0 !�3�6 (1.2) �>
A��"F�Æ7-9���-./0 !�3��B:�7 [6] ;92���-./0 
!�C#L?GHI.

E 1.2 @D�����@ !�3��Æ7-9����-./0 !��.=��
����-./0 !�M-J�.
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9: 1.2[2] � C � Banach �� E ;���L<Æ� T �� C � C � !�I T �

CMD�NE� Ishikawa FG;3 {xn} 3��
{

xn+1 = (1 − αn − γn)xn + αnT nyn + γnun,
yn = (1 − βn − δn)xn + βnT nxn + δnvn, n ≥ 0,

(1.4)

�;�x0 � C;-3�#��{un}0 {vn}� C;=G�3�{αn}, {βn}, {γn} 0 {δn}1�
[0, 1];�23�8�HN αn +γn ≤ 1, βn + δn ≤ 1 (∀n ≥ 0). 4HI�, γn = δn = 0 (n ≥ 0),
I {xn} "� T �NE� Ishikawa FG;3;J4HI�, γn = δn = βn = 0 (n ≥ 0), I
{xn} "� T �NE� Mann FG;3.

�I�=OKOP (J7 [2–12] >) PK6CMD�NE� Ishikawa FG;3LNE�
Ishikawa FG;30NE� Mann FG;3 {xn} L���-./ !L����@ !>
�QR !�����>?. 2001 1�7 [2] ?#>MM�� Banach ��:���-./
 ! T -96CMD� Ishikawa FG;3NSOF T �����NOTP0PUTP�Q

UQ C =G. 2004 1�7 [7] �#> L-Lipschitz ���-./ !?#VWQTP:J>
6NE� Ishikawa FG;3�SOR�/X��YU+R=GRS� (J7 [7] ;3T 2.1),
Q���CMD�NE� Ishikawa FG;3�UYU T �RS=G�S���V# (J7 [7]
;3T 3.1) �:.

9T Z � D � E ;���LÆ�T : D → D �.�23 {kn} ⊂ [1, +∞) � lim
n→∞ kn = 1

�#> L-Lipschitz ���-./ !.S� T �RS=G�� F (T ) 
= φ, {αn}, {βn}, {γn}
0 {δn} � [0, 1] ;�Z423�HNTP

i) αn + γn ≤ 1, βn + δn ≤ 1;

ii) αn → 0 (n → ∞),
∞∑

n=0
αn = ∞;

iii)
∞∑

n=0
α2

n < ∞,
∞∑

n=0
γn < ∞;

iv)
∞∑

n=0
αn(βn + δn) < +∞,

∞∑
n=0

αn(kn − 1) < +∞.

-3 x0 ∈ D, {xn} �6 (1.4) "3��CMD�NE� Ishikawa FG;3.�# q ∈ F (T ) �
#-3���5�$?#[RUWS2 φ : [0,∞) → [0,∞), φ(0) = 0, $%

〈T nxn+1 − q, j(xn+1 − q)〉 ≤ kn‖xn+1 − q‖2 − φ(‖xn+1 − q‖), ∀n ≥ 0,

�; j(xn+1 − q) ∈ J(xn+1 − q) �T��-./ !3�;6 xn+1 0 q "X3�V�I {xn}
NSOF q.

\/�]YM-Z>�?3T Z;�,[U T �RS=G�S��CMD�NE� Ishikawa
FG;3�VNSOF#> L-Lipschitz ���-./ !����\WJ#XI�,[U
T �RS=G�S��CMD�NE� Ishikawa FG;3�VNSOF#> L-Lipschitz �
���-./0 !����\WÆ7�]^�HV>?-9^_`3�aY�8�b^
-9CMD�NE� Ishikawa FG;3NSOF#> L-Lipschitz ����-./0 !�
����NUTP."%V#C��7 [2–12] ;@_!#�Ec0J�.
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2 WX/Y
ZT 2.1[8] , E �� Banach ���I�+E-3� x, y ∈ E, =

‖x + y‖2 ≤ ‖x‖2 + 2〈 y, j(x + y)〉, ∀ j(x + y) ∈ J(x + y).

ZT 2.2[9] � {an}, {bn}, {cn} �d4�623�HN
∞∑

n=n0

bn < ∞,
∞∑

n=n0

cn < ∞, an+1 ≤ (1 + bn)an + cn,

�; n0 �5�6[2�IeW lim
n→∞ an $?.

ZT 2.3 � ϕ(s) � [0, +∞) :�[RUWS2� ϕ(0) = 0; n0 �5�6[2�,Z
n ≥ n0 X� an, bn, cn 0 αn 1��628�HN�:d4TP

i) an+1 ≤ (1 + bn)an − αnϕ(an+1) + cn;

ii)
∞∑

n=n0

bn < +∞,
∞∑

n=n0

cn < +∞;

iii)
∞∑

n=n0

αn = +∞.

I lim
n→∞ an = 0.

\ 6S� i)] an+1 ≤ (1+bn)an +cn, @D9T 2.2, eW lim
n→∞ an $?��5�23 {an}

=G.� lim
n→∞ an = a � an ≤ M (∀n ≥ n0), �; a 0 M ��6[2.f dn = Mbn + cn, I

Z n ≥ n0 X� an+1 ≤ an − αnϕ(an+1) + dn �
∞∑

n=n0

dn < +∞.

:gJ> a = 0. <� a > 0, +Eh3 r ∈ (0, a), I$?M-2 n1 ≥ n0, Z n ≥ n1 X�

an+1 ≥ r. 6 ϕ(s) �\]R% an+1 ≤ an − αnϕ(r) + dn (n ≥ n1), �5�=

ϕ(r)
∞∑

n=n1

αn ≤ an1 +
∞∑

n=n1

dn < +∞.

6F ϕ(r) > 0, "F�
∞∑

n=n1

αn < +∞, 6S�TP iii) i^.H=^!69T 2.3 �J>.
ZT 2.4 � ϕ(s) � [0, +∞) :�[RUWS2� ϕ(0) = 0, n0 �5�6[2�,Z

n ≥ n0 X� an, bn, cn, εn 0 αn 1��628�HN�:d4TP
i) an+1 ≤ (1 + bn)an − αnϕ(an+1) + αnεn + cn;

ii)
∞∑

n=n0

bn < +∞,
∞∑

n=n0

cn < +∞, lim
n→∞ εn = 0;

iii)
∞∑

n=n0

αn = +∞.

I lim
n→∞ an = 0.
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\ � lim inf
n→∞ an = a, :gJ> a = 0. <� a > 0 L a = +∞, +h r ∈ (0, a), I$?M

-2 n1 ≥ n0, Z n ≥ n1 X�= an ≥ r > 0 � εn < 1
2ϕ(r) ≤ 1

2ϕ(an+1), 6TP i) %

an+1 ≤ (1 + bn)an − αnϕ(an+1) + αn × 1
2
ϕ(an+1) + cn

= (1 + bn)an − 1
2
αnϕ(an+1) + cn,

69T 2.3, eW lim
n→∞ an = 0, 6S� a > 0 L a = +∞ i^.�5

lim inf
n→∞ an = 0. (2.1)

∀ ε > 0, 6TP ii), ∃n2 ≥ n0, Z n ≥ n2 X�=

εn < ϕ(ε),
∞∑

n=n2

bn < ln2,
∞∑

n=n2

cn < ε, (2.2)

6 (2.1), ∃N ≥ n2, $% aN < ε. :J

ak ≤
(

ε +
k−1∑
n=N

cn

)
exp

( k−1∑
n=N

bn

)
, ∀ k ≥ N. (2.3)

Z k = N X� (2.3) `j!;.� (2.3) �M-2 k ≥ N !;�a?J> (2.3) �M-2 k + 1

k!;.<� ak+1 >
(
ε +

k∑
n=N

cn

)
exp

( k∑
n=N

bn

)
, I ak+1 ≥ ε, �5� ϕ(ak+1) ≥ ϕ(ε), 6T

P i) 0 (2.2) %

ak+1 ≤ (1 + bk)ak − αkϕ(ak+1) + αkεk + ck ≤ (1 + bk)ak − αkϕ(ε) + αkϕ(ε) + ck

≤ (1 + bk)
(

ε +
k−1∑
n=N

cn

)
exp

( k−1∑
n=N

bn

)
+ ck ≤

(
ε +

k−1∑
n=N

cn

)
exp

( k∑
n=N

bn

)
+ ck

≤
(

ε +
k∑

n=N

cn

)
exp

( k∑
n=N

bn

)
,

i^.\/� (2.3) �M-2 k + 1 k!;.62b_l`� (2.3) �+R�cF N �M-2
k m!;.6 (2.2) 0 (2.3), =

lim sup
k→∞

ak ≤
(

ε +
∞∑

n=N

cn

)
exp

( ∞∑
n=N

bn

)
< 2(ε + ε) = 4ε,

6 ε �+ER�% lim sup
k→∞

ak = 0, �5� lim
n→∞ an = 0. 9T 2.4 Ja.

3 ^_`a
9T 3.1 � C �� Banach �� E ;���LÆ� T : C → C �#> L-Lipschitz �

���-./0 !����12� kn ≥ 1. S� {αn}, {βn}, {γn} 0 {δn} � [0, 1] ;�Z
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i) αn + γn ≤ 1, βn + δn ≤ 1 (∀n ≥ 0);

ii)
∞∑

n=0
αn = ∞;

iii)
∞∑

n=0
α2

n < ∞,
∞∑

n=0
γn < ∞,

∞∑
n=0

αn(kn − 1) < ∞;

iv)
∞∑

n=0
αnβn < ∞,

∞∑
n=0

αnδn < ∞.

-3 x0 ∈ C, {xn} �6 (1.4) 3��CMD�NE� Ishikawa FG;3.+- p ∈ F (T ), I
{xn} NSOF p �NUTP�$? [0, +∞) :�[RUWS2 φ(s), φ(0) = 0, $%

lim sup
n→∞

inf
j(xn−p)∈J(xn−p)

[〈T n−1xn − p, j(xn − p)〉 − kn−1‖xn − p‖2 + φ(‖xn − p‖)] ≤ 0. (3.1)

\ 6F T : C → C ����-./0 !�"F� F (T ) 
= φ. +h p ∈ F (T ), 8d�]
YJ>NOR.S�? [0, +∞) :$?#4[RUWS2 φ(s), φ(0) = 0, $ (3.1) !;�<

εn = inf
j(xn+1−p)∈J(xn+1−p)

[〈T nxn+1 − p, j(xn+1 − p)〉 − kn‖xn+1 − p‖2 + φ(‖xn+1 − p‖)],

εn = max{εn, 0} +
1
n

, ∀n ≥ 1.

I$? j(xn+1 − p) ∈ J(xn+1 − p), $%

〈 T nxn+1 − p, j(xn+1 − p)〉 − kn‖xn+1 − p‖2 + φ(‖xn+1 − p‖) < εn +
1
n
≤ εn. (3.2)

8�6 (3.1) ] lim sup
n→∞

εn ≤ 0, �5� lim
n→∞ εn = 0. 6F {un} 0 {vn} � C ;=G�3�f

M = sup{‖un − p‖ + ‖vn − p‖ : n ≥ 1},
I M < +∞. 6F T �#> L-Lipschitz � (L ≥ 1), 6 (1.4) 0 (3.2), @D9T 2.1, %

‖xn+1 − p‖2

= ‖(1 − αn − γn)(xn − p) + αn(T nyn − p) + γn(un − p)‖2

≤ (1 − αn − γn)2‖xn − p‖2 + 2αn〈T nyn − p, j(xn+1 − p)〉 + 2γn〈un − p, j(xn+1 − p)〉
≤ (1 − αn − γn)2‖xn − p‖2 + 2αn〈T nxn+1 − p, j(xn+1 − p)〉

+ 2αn〈T nyn − T nxn+1, j(xn+1 − p)〉 + 2γn‖un − p‖ · ‖xn+1 − p‖
≤ (1 − αn)2‖xn − p‖2 + 2αn{kn‖xn+1 − p‖2 − φ(‖xn+1 − p‖) + εn}

+ 2αnL‖yn − xn+1‖ · ‖xn+1 − p‖ + 2γnM‖xn+1 − p‖. (3.3)

C#bg�6 (1.4), %

‖yn − xn+1‖
= ‖(αn − βn)(xn − T nxn) + αn(T nxn − T nyn) + γn(xn − un) − δn(xn − vn‖
≤ |αn − βn| · ‖xn − T nxn‖ + αnL‖xn − yn‖ + γn‖xn − un‖ + δn‖xn − vn‖. (3.4)
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6F
‖xn − un‖ ≤ ‖xn − p‖ + ‖p − un‖ ≤ ‖xn − p‖ + M, (3.5)

‖xn − vn‖ ≤ ‖xn − p‖ + ‖p − vn‖ ≤ ‖xn − p‖ + M, (3.6)

‖xn − T nxn‖ ≤ ‖xn − p‖ + ‖p − T nxn‖ ≤ (1 + L)‖xn − p‖, (3.7)

6 (1.4), (3.6) 0 (3.7), %

‖yn − xn‖ = ‖βn(T nxn − xn) + δn(vn − xn)‖ ≤ βn(1 + L)‖xn − p‖ + δn(‖xn − p‖ + M).

^:I0 (3.5), (3.6) 0 (3.7) G2 (3.4) 8[T%
‖yn − xn+1‖ ≤ dn‖xn − p‖ + en, (3.8)

�;
dn = (1 + L) · |αn − βn| + L(1 + L)αnβn + Lαnδn + γn + δn,

en = LMαnδn + M(γn + δn).

^ (3.8) G2 (3.3), =
‖xn+1 − p‖2

≤ (1 − αn)2‖xn − p‖2 + 2αnkn‖xn+1 − p‖2 − 2αnφ(‖xn+1 − p‖) + 2αnεn

+ 2Lαn(dn‖xn − p‖ + en)‖xn+1 − p‖ + 2Mγn‖xn+1 − p‖, ∀n ≥ 1. (3.9)

a?�]Y92:3fc
an = ‖xn − p‖2, ∀n ≥ 1; ϕ(s) = 2φ(

√
s), ∀ s ≥ 0;

λn = Lαndn = L(1 + L)αn · (|αn − βn| + Lαnβn) + L2α2
nδn + Lαn(γn + δn); (3.10)

µn = Lαnen + Mγn = L2Mα2
nδn + LMαn(γn + δn) + Mγn, ∀n ≥ 1. (3.11)

I (3.9) no�

an+1 ≤ (1 − αn)2an + 2αnknan+1 − αnϕ(an+1) + 2αnεn + 2(λn‖xn − p‖ + µn)‖xn+1 − p‖,

pe�>I 2ab ≤ a2 + b2 %

an+1 ≤ (1 − αn)2an + 2αnknan+1 − αnϕ(an+1) + 2αnεn

+λn(an + an+1) + µn(1 + an+1)

= (1 − 2αn + α2
n + λn)an + (2αnkn + λn + µn)an+1

−αnϕ(an+1) + 2αnεn + µn. (3.12)

@DS�TP iii) 0 iv), 6 (3.10) 0 (3.11), =
∞∑

n=1

α2
n < +∞,

∞∑
n=1

λn < +∞,

∞∑
n=1

µn < +∞, (3.13)
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\/� 2αnkn + λn + µn → 0 (n → ∞). ∃n0, Z n ≥ n0 X� 2αnkn + λn + µn ≤ 1
2 , <

bn =
1 − 2αn + α2

n + λn

1 − 2αnkn − λn − µn
− 1 =

2αn(kn − 1) + α2
n + 2λn + µn

1 − 2αnkn − λn − µn
,

cn =
µn

1 − 2αnkn − λn − µn
,

Z n ≥ n0 X� 0 ≤ bn ≤ 2
[
2αn(kn − 1) + α2

n + 2λn + µn

]
, 0 ≤ cn ≤ 2µn, 6 (3.12), %

an+1 ≤ (1 + bn)an − αnϕ(an+1) + 4αnεn + cn, ∀n ≥ n0.

6 (3.13) 0
∞∑

n=0
αn(kn − 1) < ∞, %

∞∑
n=n0

bn < +∞,
∞∑

n=n0

cn < +∞. @D9T 2.4, =

lim
n→∞ an = lim

n→∞ ‖xn − p‖2 = 0,

�5 lim
n→∞ ‖xn − p‖ = 0. �� {xn} NSOF p, NOR%J.
bq�]YJ>PUR.� {xn} NSOF p ∈ F (T ), 6F xn ∈ C � T : C → C ���

�-./0 !�@D���-./0 !�3��=

lim sup
n→∞

inf
j(xn−p)∈J(xn−p)

[
〈T n−1xn − p, j(xn − p)〉 − kn−1‖xn − p‖2

]
≤ 0. (3.14)

+h#4? [0, +∞) :�[RUW�rfS2 φ(s), �HNTP φ(0) = 0(/��h φ(s) = s),
I lim

n→∞φ(‖xn − p‖) = 0, 6/0 (3.14) �] (3.1) !;.3T 3.1 Ja.
E 3.1 ?3T 3.1 ;�,[U T �#> L-Lipschitz  !�S�� (3.1) k-�CMD

�NE� Ishikawa FG;3NSOF p �PUTP;,[U T ����-./0 !�S

�� (3.1) C�CMD�NE� Ishikawa FG;3NSOF p �NOTP.

E 3.2 6FÆ73T 3.1 gs��CMD�NE� Ishikawa FG;3�\/��FN
E� Ishikawa FG;30NE� Mann FG;3�@_Vs1!;./5�6FF:Z47
0� !1�#> L-Lipschitz ����-./0 !�4/�

1) .=��������@ !;
2) #> L-Lipschitz ������@ !;
3) .=����#> L-Lipschitz ���-./ !;

4) .=����#> L-Lipschitz ���-./0 !.
"F��F:GZL4h70� !�C=@_Vs!;�?/��cdG.

E 3.3 Æ7eU?�:d4bg�7 [7] ci6Ec0J�

1) ?�FGd2 {αn}, {βn}, {γn}, {δn} 0MD;3 {un}, {vn} �WQTP63T Z e
f#>�t=:�hj63T Z ; T �RS=G�S�;

2) ^.=����#> L-Lipschitz ���-./ !J��#> L-Lipschitz ����
-./0 !;

3) Æ7-9� (3.1) �CMD�NE� Ishikawa FG;3NSOF p �NUTP�8�

Æ7-9�NOTP (3.1) CuF3T Z ;@_�TP.
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A NECESSARY AND SUFFICIENT CONDITION FOR THE

ITERATIVE SEQUENCE CONVERGENCE TO THE FIXED

POINT OF UNIFORMLY L -LIPSCHITZIAN ASYMPTOTICALLY

QUASI PSEUDO-CONTRACTIVE TYPE MAPPING

XIANG Changhe

(College of Mathematics and Computer Science, Chongqing Normal University, Chongqing 400047)

Abstract Suppose E is a real Banach space, C is a nonempty convex subset of E(C
may be a unbounded subset of E), T : C → C is a uniformly L-Lipschitzian asymptotically
quasi pseudo-contractive type mapping, under some restrictive conditions on the parameters,
a necessary and sufficient condition is given for the modified Ishikawa iterative sequence with
error to converge strongly to a fixed point of T .

Key words Asymptotically quasi pseudo-contractive type mapping, modified Ishikawa
iterative sequence with error, fixed points.


