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∂u

∂t
+ σ(x, t)u + β(x, t) · ∇u − ε∆u = f(x, t) in Ω × (0, T ), (1)

u(x, t) = 0 on ∂Ω × [0, T ], (2)
u(x, 0) = u0(x) in Ω . (3)

��� -���� !�5 Ω �����!β(x, t) = (β1(x, t), β2(x, t)), β1, β2 ���W 1,∞(D),
D = Ω × [0, T ], σ(x, t) ∈ L∞(L∞(Ω)), f(x, t) ∈ L2(L2(Ω)), ε ≤ h �6"�!� ε << K, 7�
K = sup

D

√
(|β1|2 + |β2|2).
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(FDSD method) E�/2G�75��F�!?-2.?6. SD F�+7@. !GÆH
# SD �IH@I!A.=# SD . �BHC.+

D [4]5JI#�!��Æ���.:�FDSD JE�%�K?"F$!!L,# FDSD
JE%�G��H!D [6] 56.# Crank-Nicolson �� - ���� '/2�)"31#
2 J+ID6. [4] �. E�/275?&��F�!-2%6.@IJJ!?K�!�
��-25!K. [7,8] 5�M<&>9LL!M� FDSD JE%�-2�)N1K�+

2 LMN FDSD OPQRSNTU
N Γh = {τk} ����� Ω �$V��M�!JJO� h < 1. ���-2

V h = {v : v ∈ H1
0 (Ω)

⋂
C(Ω), v|τk

∈ Q1(τk), ∀τk ∈ Γh},

�5
Q1(τk) = span{1, x, y, xy},

V h (�1ON!HK?P h QP�"� C̃, ∀v ∈ V h Q�

‖∇v‖0 ≤ C̃h−1‖v‖0, ‖�v‖0 ≤ C̃h−1‖∇v‖0,

�5 ‖v‖0 =
( ∑

τk∈Γk

‖v‖2
0

) 1
2 . ‖v‖2

0 =
∫

τk
v2dx,

W/2M� 0 < t1 < t2 < · · · < tN = T , /2RS �t = T
N = ρh2−ε, ρ �T-6�!

ε ∈ (0, 1). O tn = n∆t, un = u(x, tn), ∂tu
n = (un+1 − un)(∆t)−1. ? t = tn+1(n ≥ 0) >!�

ut W?P��F�!U
∂tu

n+1 + σ(x, tn+1)un+1 + β(x, tn+1) · ∇un+1 − ε∆un+1 = f(x, tn+1) + en+1.

�5 en+1 = ∂tu
n+1 − (ut)t=tn+1 . R:

‖en+1‖2
0 ≤ 1

2
‖utt‖2

0∆t, n = 0, 1, · · · , N − 1.

QR en+1, �� (1–3) � FDSD JE�$ Un+1 ∈ V h, n = 0, 1, · · · , N − 1. MU

a(U, v; n + 1) = f(v; n + 1), ∀v ∈ V h, (4)

�5
a(U, v; n + 1) = (∂tU

n+1 + βn+1 · ∇Un+1 + σn+1Un+1, v + δβn+1 · ∇v)
+ε(∇Un+1,∇v) − ε(∆Un+1, δβn+1 · ∇v) (5)

f(u, v; n + 1) = (fn+1, v + δβn+1 · ∇v), (·, ·) =
∑

τk∈Γh

(·, ·)τk
.

O Kβ = sup
D

√∑
β2

i,xi
. δ �+V��O�!�SX. � 1) c̃δKβ ≤ 1

4 ; 2) δc̃K ≤ 1
8h. ?B

H125"S+VO� δ = Ch. D [4] JI#JE (4) �%�K?W)-"F$!!��)
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N1#VK�+ID'JI[ ε ≤ h /!WW&>9!��)/1N1K�!�L,#VK
��G�\1+

3 YZ[O\N]^_`a
O W (t) =

∏
h

u(t), Wn+1 = W (tn+1), ηn+1 = Un+1 − Wn+1, θn+1 = un+1 − Wn+1. X.

: (1) �X�EYE (4) /UG�.:

(∂tη
n+1, v + δβn+1∇v) + (σn+1ηn+1 + βn+1 · ∇ηn+1, v + δβn+1∇v)

+ε(∇ηn+1,∇v) − ε(∆ηn+1, δβn+1 · ∇v)
= (∂tθ

n+1, v + δβn+1∇v) + (βn+1 · ∇θn+1, v + δβn+1∇v) + (σn+1θn+1, v + δβn+1∇v)
+ε(∇θn+1,∇v) − ε(∆θn+1, δβn+1 · ∇v) + (en+1, v + δβn+1∇v). (6)

1OY9Y-95�Z- u (�1O][! u ∈ L∞(H3
⋂

H1
0 ), ut, utt ∈ L2(H2). ? (6) E5

S v = ηn+1, ^�b_`Z75\1!�/! ∀τ ∈ Γh, Y\G�]�

E(x) =
1
2
((x − xτ )2 − h2

x),

F (y) =
1
2
((y − yτ )2 − h2

y),

�5 (xτ , yτ ) �a� τ �5[bc#! hx, hy �c�a� τ � x " y .?%dS�$e+

de 3.1 N βn+1 = (βn+1
1 , βn+1

2 ) ∈ L∞(W 1,∞(Ω)), h = max{hx, hy}, ∀v ∈ V h. �
n = 0, 1, 2, · · · , N − 1.

|(βn+1 · ∇θn+1, v)| ≤ Ch2‖un+1‖3‖v‖0.

f ��^f\_a� τ1 " τ2, `] 3.1. O hx, hy �c� x .?" y .?S)�$

e!<gN z = (xi, yj), z1 = (xi, yj − 2hy), z4 = (xi + 2hx, yj), V (zi) � V ? zi b�]�<+
z1, z � τ1 P τ2 �ab+

τ2 τ1

τ4 τ3

z′
3

z′
4

z′
5

z3

z4

z5

z1

z

z2

^ 3.1

Na��^d�cb5P xg" y g+ϕz(x, y)����-2 V h �Æ]�!z = (xi, yj)
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h

ϕz(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(xi + h2x − x)(y + 2hy − yj)
4hxhy

, (xi, yj) ∈ τ1,

(x + 2hx − xi)(y − yj + 2hy)
4hxhy

, (xi, yj) ∈ τ2,

(xi + 2hx − x)(yj + 2hy − y)
4hxhy

, (xi, yj) ∈ τ3,

(x − xi + 2hx)(yj + 2hy − y)
4hxhy

, (xi, yj) ∈ τ4,

0, �#+

Æ_! ∀v ∈ V h, X

v(x, y) = v(x1, y1) + (x − x1)vx(x1, y1) + (y − y1)vy(x1, y1) + (x − x1)(y − y1)vxy

vx(x1, y1) = vx(x, y) − (y − y1)vxy, vy(x1, y1) = vy(x, y) − (x − x1)vxy.

U
|v(x1, y1)| ≤ hx|vx| + hy|vy| + hxhy|vxy|.

&

(βn+1
1 · ∇θn+1, v) = −(βn+1

1x θn+1, v) − (βn+1
1 θn+1, vx) − (βn+1

2y θn+1, v) − (βn+1
2 θn+1, vy),

X Schwartz <@EYM<ÆI-9
|(βn+1

1x θn+1, v) + (βn+1
2y θn+1, v)| ≤ Ch2‖un+1‖2‖v‖0,

? τ2 5c X = x + hx, Y = y,∣∣∣ ∫
τ1

⋃
τ2

βn+1
1 θn+1vxdxdy

∣∣∣
=

∫
τ1

⋃
τ2

βn+1
1 θn+1v(z1)

(2hy − y)
4hxhy

dxdy

=
∫

τ1

(βn+1
1 (x, y)θn+1(x, y) − βn+1

1 (x + 2hx, y)θn+1(x + 2hx, y))v(z1)
(2hy − y)

4hxhy
dxdy

=
∫

τ1

(βn+1
1 (x, y) − βn+1

1 (x + 2hx, y))θn+1(x, y))v(z1)
(2hy − y)

4hxhy
dxdy

+
∫

τ1

βn+1
1 (x + hx, y)(θn+1(x, y) − θn+1(x + hx, y))v(z1)

(2hy − y)
4hxhy

dxdy

≤Ch2(‖un+1‖2,τ1

⋃
τ2

+ ‖un+1‖3,τ1

⋃
τ2

)‖v‖0,τ1

⋃
τ2

≤Ch2(‖un+1‖3,τ1

⋃
τ2
‖v‖0,τ1

⋃
τ2

�5
|(θn+1(x, y) − θn+1(x + 2hx, y))|

=|[un+1(x, y) − un+1(x + 2hx, y)] − [Wn+1(x, y) − Wn+1(x + 2hx, y)]|
≤Ch2‖un+1(x, y) − un+1(x + 2hx, y)‖2

=Ch2
∥∥∥ ∫ x

x+2hx

∂un+1

∂x
(z, y)dz

∥∥∥
2
≤ Ch3‖un+1‖3,τ1

⋃
τ2
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h&

|(βn+1
1 θn+1, vx)| ≤ Ch2‖un+1‖3‖v‖0

39/J
|(βn+1

1 θn+1, vy)| ≤ Ch2‖un+1‖3‖v‖0

id1%`EIY9UJ+
de 3.2[7] ?Y9 3.1 �`eO!if

(θn+1
x , vx) ≤ Ch2‖un+1‖3‖v‖1.

(θn+1
y , vy) ≤ Ch2‖un+1‖3‖v‖1.

f

(θn+1
x , vx) =

∑
τ∈Γh

∫
τ

[
Fvx − 1

3
(F 2)yvxyun+1

xyy

]
dxdy

≤Ch2‖un+1‖1‖v‖1.

g$E39/J+
de 3.3 N u ∈ H3(Ω)

⋃
H1

0 (Ω), h = max{hx, hy}, ∀v ∈ V h, if

(θn+1
y , vx) ≤ Ch2‖un+1‖3‖v‖1.

(θn+1
x , vy) ≤ Ch2‖un+1‖3‖v‖1.

f

(θn+1
x , vy) =

∑
τ∈Γh

∫
τ

Fun+1
xyy (vy − (x − xτ )vxy)dxdy

+
∑

τ∈Γh

∫
τ

un+1
xxy E(x)vx −

( ∫
∂Ω
a

−
∫

∂Ω
b

)
un+1

xx E(x)vxdxdy

[ v ∈ V h /! vx|∂Ω
a

= vx|∂Ω
b

= 0, j

∫
Ω

θn+1
x vydxdy ≤ Ch2‖un+1‖3‖v‖1.

39/J
|(θn+1

y , vx)| ≤ Ch2‖un+1‖3‖v‖1.

de 3.4 ?Y9 3.2 �`eO!if1O<@E

|(βn+1 · ∇θ, δβn+1 · ∇v)| ≤ Ch2‖un+1‖3‖v‖0.

f Y\ βn+1
i , (i = 1, 2) �b�]�

β
n+1

i |τ =
∫

τ

βn+1
i dxdy

1
|τ | ,
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7� |τ | �a� τ �hi!h

|βn+1
i − β

n+1

i |τ | ≤ ChKβ.

(βn+1 · ∇θn+1, δβn+1 · ∇v) ≤
∑

τ∈Γh

(β
n+1 · ∇θn+1, δβ

n+1 · ∇v)τ

+
∑

τ∈Γh

(βn+1 − β
n+1

) · ∇θn+1, δβn+1 · ∇v)

+
∑

τ∈Γh

(β
n+1 · ∇θn+1, δ(βn+1 − β

n+1
) · ∇v)

≤
∑

τ∈Γh

(β
n+1 · ∇θn+1, δβ

n+1 · ∇v)τ

+ C‖βn+1‖1,∞h2δ‖βn+1 · ∇v‖‖un+1‖2

+ Ch2δ‖βn+1‖0,∞‖βn+1‖1,∞‖un+1‖2‖v‖1

∑
τ∈Γh

(β
n+1 · ∇θn+1, δβ

n+1 · ∇v)τ =δ
∑

τ∈Γh

∫
τ

(β
n+1

1 )2θn+1
x vx + (β

n+1

2 )2θn+1
y vy

+ β
n+1

1 β
n+1

2 θn+1
x vy + β

n+1

1 β
n+1

2 θn+1
y vxdxdy

jc1\_a� τk, τl �

|βn+1

i |τk − β
n+1

i |τl| ≤ Ch.

jXY9 3.2 "Y9 3.3

∑
τ∈Γh

(β
n+1 · ∇θn+1, δβ

n+1 · ∇v)τ ≤ Ch2δ‖un+1‖3‖v‖1,

kjd δ = O(h) "N!H!IY9UJ+
de 3.5 N βn+1

1 , βn+1
2 ��� W 1,∞(Ω), h = max{hx, hy}, ∀v ∈ V h. h
(ε∆θn+1, δβn+1 · ∇v) ≤ Ch2‖un+1‖3‖v‖0.

f
(ε∆θn+1, δβn+1 · ∇v)

=(ε∆θn+1, δ(βn+1 − β
n+1

) · ∇v) + (ε∆θn+1, δβ
n+1 · ∇v)

=δ
∑

τ∈Γh

∫
τ

ε∆θn+1β
n+1

1

∂v

∂x
dxdy +

∑
τ∈Γh

∫
τ

ε∆θn+1β
n+1

2

∂v

∂y
dxdy

+ Cεδ‖βn+1‖1,∞‖un+1‖2‖v‖0.

XY9 3.2 Y9 3.3 " ε ≤ h, δ = O(h) U

∣∣∣δ ∫
τ1

⋃
τ3

ε∆θn+1β
n+1

1

∂v

∂x
dxdy

∣∣∣ ≤ δεC‖un+1‖3,τ1

⋃
τ3
‖v‖0,τ1

⋃
τ3

,
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" ∣∣∣δ ∫
τ1

⋃
τ2

ε∆θn+1β
n+1

2

∂v

∂y
dxdy

∣∣∣ ≤ δεC‖un+1‖3,τ1

⋃
τ3
‖v‖0,τ1

⋃
τ3

,

id1%kE!IY9UJ+
de 3.6 β1, β2 ��� W 1,∞(D), D = Ω × [0, T ], h = max{hx, hy}, ∀v ∈ V h. m =

0, 1, · · · , N − 1. σ(x, t) ∈ L∞(L∞(Ω)), h

m∑
n=0

ε‖∇ηn+1‖2
0∆t +

1
2

m∑
n=0

δ‖βn+1 · ∇ηn+1‖2
0∆t + ‖ηm‖2

0

≤Ch4 +
m∑

n=0

‖ηn+1‖2
0∆t + +

1
2
δ

m∑
n=0

‖∂tη
n+1‖2

0∆t.

f (6) E5S v = ηn+1 b_`Z/ll/ll\1��
(ε∇ηn+1,∇ηn+1) = ε‖∇ηn+1)‖2

0,

(∂tη
n+1, ηn+1) ≥ 1

2∆t
(‖ηn+1‖2

0 − ‖ηn‖2
0),

(∂tη
n+1, δβn+1 · ∇ηn+1) ≥ −1

2
δ‖∂tη

n+1‖2
0 −

1
2
δ‖βn+1 · ∇ηn+1‖2

0,

|(βn+1 · ∇ηn+1, δβn+1 · ∇ηn+1)| = δ‖βn+1 · ∇ηn+1‖2
0.

|(βn+1 · ∇ηn+1, ηn+1)| =
∣∣∣ − 1

2
((divβn+1)ηn+1, ηn+1)

∣∣∣
0
≤ 1

2
‖β‖1,∞‖ηn+1‖2

0 ≤ C‖ηn+1‖2
0,

|(σn+1ηn+1, ηn+1 + δβn+1 · ∇ηn+1)| ≤ C‖ηn+1‖2
0,

a(η, v; n+1) ≥ ε‖∇ηn+1‖2
0+

1
2∆t

(‖ηn+1‖2
0−‖ηn‖2

0)−
1
2
δ‖∂tη

n+1‖2
0+

1
2
‖βn+1·∇ηn+1‖2

0−C‖ηn+1‖2
0.

(6) Ed_/ll\1�`E�

|(∂tθ
n+1, ηn+1)| ≤ 1

∆t
h2‖un+1 − un‖2‖ηn+1‖0,

‖∂tu
n+1‖2 ≤ ‖∂tu

n+1 − ut(tn+1)‖2 + ‖θt(tn+1)‖2,

‖∂tu
n+1 − ut(tn+1)‖2 ≤ (∆t)−1

∥∥∥ ∫ tn+1

tn

(s − tn)utt(s)ds
∥∥∥

2
≤

∫ tn+1

tn

‖utt(s)‖2ds,

|(∂tθ
n+1, δβn+1 · ∇ηn+1)| ≤ Ch2‖un+1 − un‖2‖ηn+1‖0

1
∆t

,

|(σn+1θn+1, ηn+1)| ≤ Ch2‖un+1‖2‖ηn+1‖0,

|(σn+1θn+1, δβn+1 · ∇ηn+1)| ≤ Ch2‖un+1‖2δ‖βn+1 · ∇ηn+1‖0 ≤ h2

4
‖un+1‖2‖ηn+1‖0,

∆ta(θ, v; n + 1) ≤ Ch2
(∫ tn+1

tn

‖utt(s)‖2ds + ‖un+1
t ‖2 + ‖un+1‖3

)
‖ηn+1‖0,

id1%`EYY9 3.1–3.6 m12UJ+
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de 3.7[4] � m = 0, 1, · · · , N − 1, �

δ2
m∑

n=0

‖∂tη
n+1‖2

0∆t ≤ C

m∑
n=0

‖ηn+1‖2
0∆t + C1(h4 + (∆t)2).

de 3.8 � m = 0, 1, · · · , N − 1, if1O<@E

δ
(3

4
− 3

8ε1

) m∑
n=0

‖∂tη
n+1‖2

0∆t −
(ε1

2
+

1
8

)
δ

m∑
n=0

‖βn+1 · ∇ηn+1‖2
0∆t

≤C

m∑
n=0

‖ηn+1‖2
0∆t + C(h4 + (∆t)2).

f ? (6) E5S v = ∂tη
n+1 ^\1`Z!b_`Z
(∂tη

n+1, ∂tη
n+1) = ‖∂tη

n+1‖2
0,

X δ �k-U

(∂tη
n+1, δβn+1 · ∇∂tη

n+1) = −1
2
δ((divβn+1)∂tη

n+1, ∂tη
n+1) ≥ −1

8
‖∂tη

n+1‖0,

|βn+1 · ∇ηn+1, ∂tη
n+1| ≤ ε1

2
‖βn+1 · ∇ηn+1‖2

0 +
1

8ε1
‖∂tη

n+1‖2
0,

%EK.# ε <@E+

|(βn+1 · ∇ηn+1, δβn+1 · ∇(∂tη
n+1))| ≤δKC̃h−1‖βn+1 · ∇ηn+1‖0‖∂tη

n+1‖0

≤1
8
(‖βn+1 · ∇ηn+1‖2

0 + ‖∂tη
n+1‖2

0),

|(σn+1ηn+1, ∂tη
n+1 + δβ · ∇∂tη

n+1)| ≤ C

δ
‖ηn+1‖2

0 + δ‖∂tη
n+1‖2

0,

(ε∇ηn+1,∇∂tη
n+1) ≥ ε

∆t
(‖∇ηn+1‖2

0 − ‖∇ηn‖2
0).

d_`Z�`Y9Y Schwartz <@EU

|(σn+1θn+1, ∂tη
n+1 + δβn+1 · ∇∂tη

n+1)| ≤ Ch2‖un+1‖2‖∂tη
n+1‖0,

|(ε∇θn+1,∇∂tηn+1)| ≤ Ch2‖un+1‖3‖∂tη
n+1‖0,

|(βn+1 · ∇θn+1, ∂tηn+1)| ≤ Ch2‖un+1‖3‖∂tη
n+1‖0,

|(βn+1 · ∇θn+1, δβn+1 · ∇∂tηn+1)| ≤ Ch2‖un+1‖3‖∂tη
n+1‖0,

|(βn+1 · ∇θ, δβn+1 · ∇ηn+1)| ≤ Ch2‖un+1‖3‖ηn+1‖0,

|(∂tθ
n+1, ∂tη

n+1 + δβn+1 · ∇∂tη
n+1)| ≤Ch2 1

∆t
‖un+1 − un‖2‖∂tη

n+1‖0

≤Ch2
( ∫ tn+1

tn

‖utt(s)‖2ds + ‖un+1
t ‖2

)
‖∂tη

n+1‖0,
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a(θ, ∂tη; n+1) ≤ Ch2‖un+1‖3(‖∂tη
n+1‖0 +‖ηn+1‖0)+

( ∫ tn+1

tn

‖utt(s)‖2ds+‖ut‖2

)
‖∂tη

n+1‖0.

�5

‖un+1
t ‖2 ≤∆t−1

[ ∫ tn+1

tn

(s − tn)‖utt(s)‖2ds +
∫ tn+1

tn

‖u(s)‖2ds
]

≤∆t−1
(
∆t

∫ tn+1

tn

‖utt(s)‖2ds +
∫ tn+1

tn

‖u(s)‖2ds
)
.

id1%`E^K.Y9 3.7, mef12!/UIY9+
XF� Gronwall <@E!Sg[h� ε1, kXY9 3.6 "Y9 3.8 ll/U`O-9
me 3.1 � m = 0, 1, · · · , N − 1, [ ∆t g[h/!if1O<@E

max
1≤m≤N−1

‖ηm+1‖2
0 + δ

m∑
n=0

‖βn+1 · ∇ηn+1‖2
0∆t + δ

m∑
n=0

‖∂tη
n+1‖2

0∆t + ε

m∑
n=0

‖∇ηn+1‖2
0∆t

≤C{h4 + (∆t)2}.

4 nopqr
-9 3.1 L,# uh − uI �G�\1!1Oi,C.D [7] 5�M<&>9LL!"3-

2%��)+�/!'\_�jfa�d^i$fla� e, ? e %
∏2

2h u � u �KmnM

<+ns
1) ‖

2∏
2h

u − u‖l ≤ Ch3−l‖u‖3, l = 0, 1.

2)
2∏
2h

uI =
∏
2h

u.

h
w = I2huh − u = I2h(uh − uI) + I2hu − u.

XM<!HW-9 3.1 WYko<@Em12/U`O-9
me 4.1 ?-9 3.1 `eO!if`O\1E

max
1≤m≤N−1

‖wm+1‖2
0 + δ

m∑
n=0

‖βn+1 · ∇wn+1‖2
0∆t + δ

m∑
n=0

‖∂tw
n+1‖2

0∆t + ε

m∑
n=0

‖∇wn+1‖2
0∆t

≤C{h4 + (∆t)2}.

t u v w
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THE POSTPROCESSING OF FINITE

DIFFERENCE-STREAMLINE DIFFUSION METHOD FOR A

CLASS OF TIME-DEPENDENT CONVECTION-DIFFUSION

EQUATIONS

Jin Dayong Zhou Junming

(Hebei University of Technology, Tianjin 300130)

Liu Tang

(TianjinUniversity of Finance and Economics, Tianjin 300222)

Abstract In this paper, we consider the finite difference-streamline diffusion (FDSD)
method with bilinear element for time-dependent linear convection dominated diffusion prob-
lems. The optimal error estimates of 1-order in time and 2-order in space are derived for FDSD
scheme.

Key words Difference-streamline diffusion method, postprocessing, convection-dominated.
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