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1 � �

�!�� "#!$%Æ"#$
xn+1 − xn + pnxn−k = 0, n = 0, 1, · · · . (1)

%&&''()&''�()**+,+-,.-�/ [1-8], ./0,**1"0231 [2]
/0,/202�/4

lim sup
n→∞

k∑
i=0

pn−i > 1, (2)

5,
lim inf
n→∞ pn >

kk

(k + 1)k+1
, (3)

36#$ (1) &4)%&'3/4

lim inf
n→∞ pn >

kk

(k + 1)k+1
, (4)

36$ (1) )#7)&'%3
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G�02 (3) H1 [3] I+G

lim inf
n→∞

n−1∑
i=n−k

pi >
( k

K + 1
)k+1

. (5)

HIJ1KL�MJNO.-/2Æ"#$
xn+1 − xn + pnxn−k + qnxn−δ = 0, (6)

&&''�PL� {pn, qn} Q#K)L&RS� {k, δ} QTUS�MN,4)%&'&V&
1"02�MJ&O4I+,()1W&O43

X� 1 #$ (6) &%PG)&'&�/4I7%YZGT5YZGL�Q[PR%G
&'&3/4#$&4)%G&'&�[P#$Q&'&3

2 ��\]
MJ&NOO4SQ2T&U7VW
X� 1 X^YH#_TUS l `

lim sup
n→∞

{ K∑
i=0

{pn−i+qn−i}
}

+
K∏

i=o

K∑
j=1

[pn−i+j+qn−i+j ]+
l−1∑
m=0

K∑
i=1

m+1∏
j=0

[pn−jk−i+qn−jδ−i] > 1, (7)

PL K = min{k, δ} Z0�36#$ (6) &4)%&'3
� X^#$ (6) )#7YZT% xn. a#$ (6), MJ)

xn−i = xn−i+1 + pn−ixn−k−i + qn−ixn−δ−i, i = 1, 2, · · · , K = min{k, δ}. (8)

MJ[bc\ i = 1 ] i = K d(^]

xn−K = xn +
K∑

i=1

pn−ixn−k−i +
K∑

i=1

qn−ixn−δ−i. (9)

ea#$ (6), ["Æ_&TUS j ( t MJ^]
{

xn−k−j = xn−k−j+1 + pn−k−jxn−2k−j + qn−k−jxn−δ−j−k ,
xn−δ−t = xn−δ−t+1 + pn−δ−txn−δ−k−t + qn−δ−txn−2δ−t.

(10)

`#$ (10) L& j ( t f i ag (9) c�MJbh^]

xn−K = xn +
K∑

i=1

pn−ixn−k−i+1 +
K∑

i=1

qn−ixn−δ−i+1 +
K∑

i=1

pn−iqn−k−ixn−δ−i−k

+
K∑

i=1

qn−ipn−δ−ixn−δ−k−i +
K∑

i=1

pn−ipn−k−ixn−2k−i

+
K∑

i=1

qn−iqn−δ−ixn−2δ−i. (11)
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` j = i + k, hf t = i + δ agbc�MJbh^]

xn−K = xn +
K∑

i=1

pn−ixn−k−i+1 +
K∑

i=1

qn−ixn−δ−i+1

+
K∑

i=1

pn−iqn−k−ixn−δ−i−k

K∑
i=1

qn−ipn−δ−ixn−δ−k−i

+
K∑

i=1

pn−ipn−k−i(xn−i−2k+1 + pn−i−2kxn−i−3k + qn−i−2kxn−δ−i−2k)

K∑
i=1

qn−iqn−δ−i(xn−i−2δ+1 + pn−i−2δxn−i−2δ−k + qn−i−2δxn−i−3δ). (12)

ghmSija�nk�MJ)

xn−K = xn +
K∑

i=1

pn−ixn−k−i+1 +
K∑

i=1

pn−ipn−k−ixn−2k−i+1 + · · ·

+
K∑

i=1

pn−ipn−k−ipn−lk−ixn−(l+1)k−i+1

+
K∑

i=1

pn−ipn−k−ipn−(l+1)k−ixn−i−(l+2)k

K∑
i=1

qn−ixn−δ−i+1 + · · ·

+
K∑

i=1

qn−iqn−δ−iqn−(l+1)δ−ixn−i−(l+2)δ. (13)

olbc&pmq�^]

xn−K ≥
[
xn +

K∑
i=1

pn−ixn−k−i+1 +
l−1∑
m=0

K∑
i=1

xn−(m+2)k−i+1

m+1∏
j=0

pn−jk−i

+
K∑

i=1

qn−ixn−δ−i+1 +
l−1∑
m=0

K∑
i=1

xn−(m+2)δ−i+1

m+1∏
j=0

pn−jδ−i

]
. (14)

a#$ (6), MJ)
xn+j+1 − xn+j + pn+jxn+j−k + qn+jxn+j−δ = 0, j = 0, 1, 2, · · · , K − 1. (15)

[bcUn\ j = 0 ] j = K − 1 d(�MJb^]

xn = xn+K +
K−1∑
j=0

pn+jxn+j−k

K−1∑
j=0

qn+jxn+j−δ , (16)

rG xn QYZop&�stq)

xn >

K−1∑
j=0

pn+jxn+j−k +
K−1∑
j=0

qn+jxn+j−δ ≥
( K−1∑

j=0

pn+j +
K−1∑
j=0

qn+j

)
xn−1, (17)
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rr�

xn+1 >

( K∑
j=1

pn+j +
K∑

j=1

qn+j

)
xn

=
[ K∑

j=1

(pn+j + qn+j)
]
xn

>

[ K∏
i=0

K∑
j=1

(pn−i+j + qn−i+j)
]
xn−K . (18)

a#$ (6),

xn = xn+1 + pnxn−k + qnxn−δ, (19)

`#$ (19) ag (14) L�uGsf (15) hf xn QYZop&vR�MJbh^]

xn−K ≥
[
xn+1 + pnxn−k + qnxn−δ +

K∑
i=1

pn−ixn−k−i+1 +
K∑

i=1

qn−ixn−δ−i+1

+
l−1∑
m=0

K∑
i=1

xn−(m+2)k−i+1

m+1∏
j=0

pn−jk−i +
l−1∑
m=0

K∑
i=1

xn−(m+2)δ−i+1

m+1∏
j=0

pn−jδ−i

]

>

{[ K∏
i=0

K∑
j=1

(pn−i+j + qn−i+j)
]
xn−K + pnxn−K + qnxn−K +

K∑
i=1

pn−ixn−K

+
K∑

i=1

qn−ixn−K +
l−1∑
m=0

xn−(m+2)k

m+1∏
j=0

pn−jk−i

+
l−1∑
m=0

K∑
i=1

xn−(m+2)δ

m+1∏
j=0

qn−jδ−i

}
. (20)

`2c

xn−(m+2)k ≥ xn−K

(
xn−(m+2)δ ≥ xn−K

agbT&tuc�b^

xn−K ≥
{[ K∑

i=0

(pn−i + qn−i) +
K∏

i=0

K∑
j=1

(pn−i+j + qn−i+j)

+
l−1∑
m=0

K∑
i=1

m+1∏
j=0

pn−jk−i +
l−1∑
m=0

K∑
i=1

m+1∏
j=0

qn−jδ−i

]
xn−K

}
,

f xn−K ovbTtuc&Un�uGww n → ∞ $&bxx�yz�y{3
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X� 2 X^YH#_TUS l `

lim sup
n→∞

{ K∑
i=1

{pn−i + qn−i}
}

+
K∏

i=1

K∑
j=1

[pn−i+j + qn−i+j ]

+
l−1∑
m=0

K∑
i=1

m+1∏
j=0

[pn−jk−i + qn−jδ−i] > 1, (21)

PL K = min{k, δ} Z0�36#$ (6) &4)%&'3w p = 1, #$ (1) |z02 (2) (
(3) $�[#$ (1) )#7)&'%3
� T/VW#&y{�MJ) (14) ( (17) H|z3}~ (17), MJ)

xn >

[ K∏
i=1

K∑
j=1

(pn−i+j + qn−i+j)
]
xn−K . (22)

`#$ (21) ag (14) L�uGsf (15) hf xn QYZop&vR�MJbh^]

xn−K ≥
{ K∑

i=1

{pn−i + qn−i}
}

+
K∏

i=1

K∑
j=1

[pn−i+j + qn−i+j ]

+
l−1∑
m=0

K∑
i=1

m+1∏
j=0

[pn−jk−i + qn−jδ−i]xn−K . (23)

f xn−K ovbTtuc&Un�uGww n → ∞ $&bxx�| (21) yz3y{3
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OSCILLATION CRITERIA FOR A CLASS OF

DELAY DIFFERENCE EQUATION

Jia Ming

(College of Internation, Central South University of Forestry and Technology, Changsha 410004;

College of Mathematics and Computer Science, Hunan Normal University, Changsha 410081)

Shen Jianhua
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Abstract The oscillation of the first order difference equation is studied, and the oscil-
lation criteria of any solutions is established. The obtainded results extend the existing results
in the literature.

Key words Oscillation, nonoscillation, iterative procedure, difference equations.


