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1 " #
��$����%�&��'��(��������)*+���,-��.�/*

 ! !�""�#0!��%�&#����.�1/$$%&%('&()�'2 [1,2]
*()*3�+%+,� Riemann �&#��-4.,$�/0�'2 [3] .�.51-
2345(�66+%+,� Riemann �&#���'2 [4] 07.�7+%+,�66
Riemann �&#��%

.'/(+%+, Dirichlet �&#���,(80��51�89+%+, Dirichlet
�&����7 Dirichlet �&����7�07.2�&#���2+9�/(.3�&
#���2+:4�5;-+%+, Dirichlet �&��� Schwarz 6<�/(.2�&#�
�+�7=<%

2 :;<=>
> L !6:89� Jordan :??�@;#A@<A!�BA�- D 7=C L !�B�

*BCD%
.'5(�+%+, Dirichlet �&#��=> D̃ ���?D+,* (Φ(z), ψ(t)), EE

Φ(z) ! D F�+%+,�GF@ D+L 8�ψ(t) ! L 8 H 6H�G,+,�I0�B:4{
ReΦ(t) = r1(t)ψ(t) + f1(t),

ImΦ(t) = r2(t)ψ(t) + f2(t), t ∈ L,
(1)

* ��JKHLIA�BMJÆ (KJ051206) KNLMC
ODPQE2005-01-27, OFNGDPQE2007-02-07.
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�) rj(t), fj(t)(j = 1, 2) HU L 8 H 6/$H+,�V
λ(t) = r2(t) − ir1(t) �= 0. (2)

I f1(t) = f2(t) = 0 � D̃ ��>!WJ D̃ ���K0 D̃0 ��%2X�L>

κ =
[argλ(t)]L

2π
(3)

! D̃ ���QM%
5RYNO3PQ�2CZCD D P!R[SFS�#�B L P!R[ST%!2�

U\'R[S807 D̃ ���?> D !R[SD |z| < 1, L !R[ST |t| = 1 %

3 :;<V>
!07 D̃ ���WX]<\YÆ$^�6UYT�+%+, Dirichlet �&��U�

Schwarz 6<�EU_$�%VU+%+,��7 Dirichlet �&��%
D'R[S D : |z| < 1 F�+, F (z), `' D FW z = 0 X+%�C z = 0 ! K XY

Z�GF@R[ST L : |t| = 1 8�VI0�B:4

ReF (t) = g(t), t ∈ L, (4)

�) g(t) U L 8 H 6/$H+,%I g(t) = 0 �*3>!WJ�7 Dirichlet �&��%
Z[ 1 WJ�7 Dirichlet �&��a*bU3<�6[+

F (z) =
K∑

m=1

(
cmz

m − cmz
−m
)

+ iβ0, (5)

�) cm(m = 1, 2, · · · ,K) !c\�\,� β0 !c\H\,%
� 9WJ�7 Dirichlet �&���51�2>�6[+!

F (z) =
∞∑

m=−K

cmz
m,

�) cm(m = −K,−K + 1, · · ·) !];�\,%
ZR[dÆSD 0 < |z| < 1 ^RR[ST |z| = 1 0e\_f�5R F (z) ' 0 < |z| < 1

F+%�]$ F (1
z̄ ) ' 1 < |z| < +∞ F+%�&#`@C L : |t| = 1 !g^??��h+%

+,

G(z) =

{
F (z), 0 < |z| < 1,

−F (1
z̄ ), 1 < |z| < +∞,

5Va t ∈ L A�*

G+(t) −G−(t) = F (t) −
(
−F (t)

)
= 2ReF (t) = 0.
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5 Painlevé GF_l`��$ G(z) ' 0 < |z| < +∞ F+%�V G(z) ' 0 < |z| < +∞ F�

Laurent am<n!
G(z) =

∞∑
m=−K

cmz
m,

V8<b�X,' |z| = 1 86cop�d#* t ∈ L, *

F (t) = G+(t) = lim
|z|<1,z→t

∞∑
m=−K

cmz
m =

∞∑
m=−K

lim
|z|<1,z→t

cmz
m =

∞∑
m=−K

cmt
m.

eZ8<dq�B:4 (4) (g(t) = 0), 5K cm = αm + iβm, t = eiθ, f*

Re
∞∑

m=−K

cmt
m = Re

∞∑
m=−K

(αm + iβm) eimθ =
∞∑

m=−K

(αm cosmθ − βm sinmθ) = 0,

d#
α0 = 0, αm = −α−m, βm = β−m(m = 1, 2, · · · ,K), αm = βm = 0(m = K + 1,K + 2, · · ·),
&#`@

F (z) =
−1∑

m=−K

(−α−m + iβ−m) zm + iβ0 +
K∑

m=1

(αm + iβm) zm

=
K∑

m=1

(−αm + iβm) z−m + iβ0 +
K∑

m=1

(αm + iβm) zm

=
K∑

m=1

(
cmz

m − cmz
−m
)

+ iβ0,

�) cm(m = 1, 2, · · · ,K) !c\�\,� β0 !c\H\,%
Z[ 2 �7 Dirichlet �&��a*bU3<�6[+

F (z) =
1

2πi

∫
L

t+ z

t− z

g(t)
t

dt+
K∑

m=1

(
cmz

m − c−mz
−m
)

+ iβ0, (6)

�) cm(m = 1, 2, · · · ,K) !c\�\,� β0 !c\H\,%
� > F (z) !�7 Dirichlet �&���+�5K

F0(z) =
1

2πi

∫
L

t+ z

t− z

g(t)
t

dt.

5 Schwarz 6<$ F0(z) ' D F+%�VI0�B:4 ReF0(z) = g(t), &#*
Re (F (t) − F0(t)) = 0, t ∈ L.

5g�e?$ F (z) a*7=< (6).
e'�f@r07� Dirichlet �&#��8s%th�Z�B:4 (1) ig3<{

ReΦ(t) = r1(t)ψ(t) + f1(t),

Re (−iΦ(t)) = r2(t)ψ(t) + f2(t), t ∈ L,
(7)
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uh (7) i 1 <]jkC r2(t) ji 2 <]jkC r1(t) hkl�`

Re
[
λ(t)Φ(t)

]
= f(t), t ∈ L, (8)

�)
f(t) = r2(t)f1(t) − r1(t)f2(t). (9)

U\�Z�B:4 (8) Mlm�D D F�+%+, s(z), vm�B:4
Re s(t) = s1(t), t ∈ L, (10)

�) s1(t) = argλ(t) − κ arg t, V Im s(0) = 0 %9+%+,� Dirichlet �&��� s(z) n'
Vw6��w6+!

s(z) =
1

2πi

∫
L

t+ z

t− z

s1(t)
t

dt. (11)

x

Ψ(z) = e−is(z)Φ(z), (12)

fZ Φ(z) vm��B:4 (8) P! Ψ(z) vm��B:4

Re
[
t−κΨ(t)

]
=
f(t)es2(t)

|λ(t)| , t ∈ L, (13)

�) s2(t) = Im s(t).
U\��WJjoWJ*3��p07 Dirichlet �&#���2+9%

3.1 D̃0 no
q9y\�07�5 D̃0 ���B:4 (1)(f1(t) = f2(t) = 0), r( Ψ(z) = e−is(z)Φ(z)

vm�Ml3�B:4
Re
[
t−κΨ(t)

]
= 0, t ∈ L. (14)

aQM κ ≥ 0 A�d Ψ(z) ' D F+%�d# z−κΨ(z) C z = 0 !ps κ XYZ�&#

�� (14) !6WJ�7 Dirichlet �&��%9g�e�`@�� (14) �6[+

Ψ(z) =
κ∑

m=1

(
cmz

m − cmz
−m
)
zκ + iβ0z

κ, (15)

&# D̃0 ��) Φ(z) *6[+

Φ(z) =
κ∑

m=1

(
cmz

m − cmz
−m
)
zκeis(z) + iβ0z

κeis(z), (16)

�) cm(m = 1, 2, · · · , κ) !c\�\,� β0 !c\H\,�t* 2κ+ 1 uH\,%
Z Φ(z) �6[+ (16) df D̃0 ����B:4 (1)(f1(t) = f2(t) = 0), uhiV<]j

kC i hji6<kv�`@
Φ(t) = (r1(t) + ir2(t))ψ(t) = iλ(t)ψ(t), t ∈ L, (17)
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�)
Φ(t) =

κ∑
m=1

(
cmt

m − cmt
−m
)
tκeis(t) + iβ0t

κeis(t), (18)

&#`@ D̃0 ��) ψ(t) �6[+

ψ(t) =
tκeis(t)

iλ(t)

(
κ∑

m=1

(
cmt

m − cmt
−m
)

+ iβ0

)
. (19)

aQM κ < 0 A�d z−κΨ(z) ' D F+%�&#�� (14)!YT� Dirichlet �&��%
9 Schwarz 6<�`@�� (14) �6[+ Ψ(z) = iβ0z

κ, d Ψ(z) ' D F+%�,@ β0 = 0,
&#`@ D̃0 ��) Φ(z) = 0, Z�df D̃0 ����B:4 (1)(f1(t) = f2(t) = 0), &#`
@ D̃0 ��) ψ(t) = 0 %w κ < 0 A� D̃0 ��q*z+%

r08{07���`@ D̃0 ���bU;�%
s[ 1 *R D̃0 ���aQM κ ≥ 0 A���a*6[+ (Φ(z), ψ(t)), �) Φ(z), ψ(t)

�p5 (16), (19) /(�6[+)x* 2κ+ 1 uc\H,yaQM κ < 0 A���q*z+
(Φ(z), ψ(t)) = (0, 0).

3.2 D̃ no
5 D̃ ����B:4�y\/Yr( Ψ(z) = e−is(z)Φ(z) vm�Ml3�B:4 (13),

aQM κ ≥ 0 A�d z−κΨ(z) C z = 0 !ps κ XYZ�9g� 2, `@�� (13) �(+

Ψ0(z) =
zκ

2πi

∫
L

t+ z

t− z

f(t)es2(t)

t|λ(t)| dt, (20)

&#`@ D̃ ��) Φ(z) �bU3<�(+

Φ0(z) =
zκeis(z)

2πi

∫
L

t+ z

t− z

f(t)es2(t)

t|λ(t)| dt. (21)

Z Φ0(z) df D̃ ����B:4 (1), uhiV<]jkC i hji6<kv�`@
Φ0(t) = iλ(t)ψ(t) + (f1(t) + if2(t)) , t ∈ L, (22)

Z (21) zig

Φ0(z) =
zκeis(z)

2πi

(∫
L

1
t− z

f(t)es2(t)

|λ(t)| dt+ z

∫
L

1
t− z

f(t)es2(t)

t|λ(t)| dt
)
, (23)

|- Cauchy t{�� Plemelj 6<�`@

Φ0(t) = tκeis(t)

(
f(t)es2(t)

|λ(t)| +
1

2πi

∫
L

τ + t

τ − t

f(τ)es2(τ)

τ |λ(τ)| dτ
)
, (24)

Z (24) df (22), 5u\@ es2(t)eis(t) = eis1(t), s1(t) = argλ(t) − κ arg t, &#`@ D̃ ��)
ψ(t) �bU3<�(+

ψ0(t) =
tκeis(t)

iλ(t)

(
f(t)es2(t)

|λ(t)| +
1

2πi

∫
L

τ + t

τ − t

f(τ)es2(τ)

τ |λ(τ)| dτ
)
− f1(t) + if2(t)

iλ(t)

=
f(t)

i|λ(t)|2 − f1(t) + if2(t)
iλ(t)

− e−s2(t)

2π|λ(t)|
∫

L

τ + t

τ − t

f(τ)es2(τ)

τ |λ(τ)| dτ. (25)
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aQM κ < 0 A�d z−κΨ(z) ' D F+%�&#�� (13) !YT� Dirichlet �&�
�%9 Schwarz 6<�`@�� (13) �(+b (20), -#`@ D̃ ��) Φ(z) �(+b (21),
!| (21) � Φ0(z) ' z = 0 GF�XD (21) )�∫

L

t+ z

t− z

f(t)es2(t)

t|λ(t)| dt (26)

' z = 0 |p}* −κ XzZ�5R∫
L

t+ z

t− z

f(t)es2(t)

t|λ(t)| dt =
∫

L

1 + z
t

1 − z
t

f(t)es2(t)

t|λ(t)| dt =
∫

L

(
1 +

z

t

) ∞∑
n=0

(z
t

)n f(t)es2(t)

t|λ(t)| dt

=
∫

L

f(t)es2(t)

t|λ(t)| dt+ 2
∞∑

n=1

(∫
L

1
tn+1

f(t)es2(t)

|λ(t)| dt
)
zn, (27)

&#XD ∫
L

1
tm

f(t)es2(t)

|λ(t)| dt = 0, m = 1, 2, · · · ,−κ. (28)

5R ∫
L

1
t

f(t)es2(t)

|λ(t)| dt = i
∫ 2π

0

f(t)es2(t)

|λ(t)| dθ

Uv,�w:4 (28) H}87= −2κ− 1 uH:4 (H<�), '2:4U�q9 (27), *∫
L

t+ z

t− z

f(t)es2(t)

t|λ(t)| dt = 2
∞∑

n=−κ

(∫
L

1
tn+1

f(t)es2(t)

|λ(t)| dt
)
zn

= 2z−κ
∞∑

n=−κ

(∫
L

1
tn+1

f(t)es2(t)

|λ(t)| dt
)
zn+κ

= 2z−κ

∫
L

( ∞∑
n=0

zn

tn+1

f(t)es2(t)

t−κ|λ(t)|

)
dt

= 2z−κ

∫
L

1
t− z

f(t)es2(t)

t−κ|λ(t)| dt,

&# (21) 2ig
Φ0(z) =

eis(z)

πi

∫
L

1
t− z

f(t)es2(t)

t−κ|λ(t)| dt. (29)

Z (29) <df D̃ ����B:4 (1), `@ (22) <��)

Φ0(t) = eis(t) f(t)es2(t)

t−κ|λ(t)| +
eis(t)

πi

∫
L

1
τ − t

f(τ)es2(τ)

τ−κ|λ(τ)| dτ, (30)

&#`@ D̃ ��) ψ(t) �(+

ψ0(t) =
eis(t)

iλ(t)
f(t)es2(t)

t−κ|λ(t)| −
eis(t)

πλ(t)

∫
L

1
τ − t

f(τ)es2(τ)

τ−κ|λ(τ)| dτ −
f1(t) + if2(t)

iλ(t)

=
f(t)

i|λ(t)|2 − f1(t) + if2(t)
iλ(t)

− eis(t)

πλ(t)

∫
L

1
τ − t

f(τ)es2(τ)

τ−κ|λ(τ)| dτ. (31)



2 i jkbc�� Dirichlet ��	
� 231

r08{07�w"0 D̃0 ���6[+���`@ D̃ ���bU;�%
s[ 2 *R D̃ ���aQM κ ≥ 0 A���a*6[+ (Φ(z) + Φ0(z), ψ(z) + ψ0(z)),

�) Φ(z),Φ0(z), ψ(z), ψ0(z) �p5 (16), (21), (19), (25) /(yaQM κ < 0 A�aV~
a −2κ− 1 uH:4 (H<�)(28) vmA��2+�2A��*w6+ (Φ0(z), ψ0(z)), �)
Φ0(z), ψ0(z) �p5 (29), (31) /(%xy� D̃ ��* 2κ+ 1 uHz5~%

{ | } ~
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A CLASS OF INVERSE DIRICHLET BOUNDARY

VALUE PROBLEMS

WANG Minghua

(Department of Mathematics and Computer Science, Chongqing University of Arts and Sciences,

Chongqing 402160)

Abstract In this paper, the mathematical formulation of a class of inverse Dirichlet
boundary value problems for analytic functions is given. On the basis of the classical and
generalized Dirichlet boundary value problems for analytic functions, the solvability of the
inverse boundary problems is discussed. Using the Schwarz formula of Dirichlet boundary
value problems for analytic functions, the solvable conditions and the representation of the
solutions of the inverse boundary problems are obtained.

Key words Inverse Dirichlet boundary value problems, Dirichlet boundary value prob-
lems, Schwarz formula.


