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1. IntropucTion

Srmallest 4-regular graphs with given girth bave been intensely stdied [3], [4], and
smallest k-regular graphs with girth pair (g, #) are studied also [1], [2].

Let G be 2 connected graph which is not a2 tree. The odd (even) girth of G is the
length of a shortest odd (even) cycle in G. If there is no odd (even) cycle in G, then the
odd (even) girth of G is taken as ¢, Let g be the girth of G which is the smaller of the
odd girth and even girth, and let 4 be the bigger one. Then (g, 4) is called the gimh pair
of G. A k-regular graph with girth pair (g, &) is called a (R: g, A)-graph. The minimum
number of vertices of a (&3 g, #)-graph is denoted by f(&; g, 4).

If three :i.tl'Ll:Er.n *, g-h ﬂﬁsE:r the fu‘llnw;.ﬂ.g standard restrictionss (1)“;3 3, {2_} 3=
g<h, (3) g+ h odd, then there cxists a (k3 g,h)-graph [2].

Harary and Kovécs [2] have given f{2s; 4, 5) = 55 and an infinite family of smallest
(255 4, 5)~graphs. But for f(2s 4+ 15 4, 5) they gave only f(2s +1;4,5) =25 + 3 and
(2s 4+ 15 4, 5)-graphs of order 65 + 2 for every s = 1. They belived that these graphs jare
smallest (21 4 15 4, 5)-graphs, In this paper, we give f(2s 4 1; 4, 5) and construct an
infinite family of smallest (1: 4 15 4, S)-graphs for : = 1,

2. Tue Funcrion fu(2s + 154, 5)

The minimum number of vertices of a (25 + 13 4, 5)-graph contzining graph H is de-
noted by fu(2s 4 13 4,5), where H is a 3-regular graph of order B illustrated in Fig. 1.

1 Xy x5
h\/ . x'
] Xy Xy
Fig. 1

Theorem 1. f,(2: + 1; 4,5) = p, where 5 &5 a natural number and p the smallest
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even infeger not less than % (s 4+ 1), Graphs Hi, s His and Hiy, are smallest (25 +

1; 4, 5)-graphs containing the graph H (see Fig. 2—4),

Proof. First, we prove that fu(2s + 15 4,5) = _:.. (254 1), Let G bea (25 +1;

4, 5)-graph containing the graph H, We define the following sets:

N; ‘N(IE}HV(H}: i=0,1,---,7,
where N(x,) = {y € V(G):xiv € E(G)}, V(G)s E(G) arc the scts of vertices and edges
of G, respectively, Then|N;| =25 —2, i=0,1,++-, 7. Let N;j=NNN;, i5j,
faj=0,1,+--, 7, Since G does not contzin a triangle, all N,;, except the following six-
teen scts, arc emptys

Noza Nois Noss Nogs Wizs Nws Ny Nigs

Navs Nass Nags Nass Nsn:N«: Ngs Na.,

Let Nijp ™ Ni(ANiMNs § 5, joly, i P lyiyfal =0, 1, 04,7,
Nijs» except the following eight sets, are empty:’
Nuzss Nosss Noes Nisss Nisss Niggs Nowgs Nisa,

Similarly, all

Moreover, there is no vertex in V(G ) adjacent to any four vertices of V(H), since G does
pot contain a triangle. Thus, the intersection of any four distinct sets among N,(i =0, 1,
L™ ?) is mptjr'

“For the sake of convenience we use the subseripts modulo B,
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We denote

lN| —Z]N;|, e = Z lN.rr'l:

=0 IRT] X o
and
p= >INl
B P
Thus we have
IN| = 82s—2) —a+ 8. (1)

On the other hand, from |N;| =2y —2 (i =041, *-+5 7), we derive that

1gem 2 == E ING| + (U Nigaagen |+ [ Nigenosnl
4+ ddHhi 45 48]

+ INaraeanl) =0 (=0, 1, 4+, 7).

Thus we have

B(ls—1)—2a+ 38 =20, (2)
Similarly,
s —=1-— (|Nil.r'+:r}:i+:r] + |N:[-'HJ:.-+HI + leﬂ+:Ju+n|) =0
(i_ﬂs ly 2y ?}1
Hence

8(2s—2)— 3 =0, (3)
From (1), (2} and (3}, we derive that

lNl;%u:—z}.

Hence

IV(G)| = |V(H)| + |N| ;s+%{z;—z)—%(z;+1), (4)

Since G is a (25 + 1)-regular graph, the order of G must be cven. Thercfore we get
fu(2e 4 13 4, 5) =2 p.

MNow, let s=3k+:¢ (0=<i=12), Tn order to prove
ful2s +134,5) =p,

we construct a (25 4+ 1; 4, 5)-graph Hi,, of order p which contains Ff as subgraph in the
following way.

l.i=10, Sols+1==6k4+1, p=16k+4 (k=1). We construct H},, as
follows. Let |V(HS,5,)| = 16k + 4 and {A;:j =0, 1, »++, 7} bea partition of V (Hi..),
where each A; is an independent set of Hi,,, and |A,] = |A,] = | 4] == | 4;] =2k,
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| Ay ] = |A] = | 4] = |A;] = 2k 41 (see Fig. 2). T 2 set A; has been joined to A, by
areal line in Fig. 2, then the sobgraph of Hi,induced by A;UA; is a complete bipartite
graph. T a set A4; has been joined 10 4; by a dotted line, then the subgraph induced by
AjUA; is a graph obtained from the complete bipartite graph by omitting a 1-factor.

.i=1 Soe2r+1=¢6k+3, p=16k+ 3% (R=0). We construct H.,, as fol-
lows, Let |V(His)| = 164 + 8 and {417 = 0,1, -+, 7} be a partition of V(Hi1)s
where cach A is an independent set of Hipys and |4y =24 + 1 for j=0,1,+++,7
(see Fig. 3). The meaning of the real line in Fig. 3 is the same as above. Note that if
k= [ the graph H} is the graph H,

3.i=2, So2r+1w==6k+5, p=16k+ 14 (k=0). We construct Hi., as
follows. Ler |F{HL )| = 16k + 14 and {427 =0, 1, -+, ?}beap:rﬁﬁﬂn of V{HL1)s
where each A is an independent set of Hiy,, and |4y = |4 =28+ 1, |4 =2k +
2 for j€{0, 1,3, 4,5, 7} (see Fig. 4). The mesnings of real and dotted lines in Fig. 4
arc the same a5 above.

Tt is obvious that the graphs Hi,,..H., and .., are(2s+1; 4,5)-graphs of order p.

This completes the proof of Theorem 1.

We see that r==2 or s =4, and p is just equal to the smallest even integer not less
than 5¢ 4 3, It is shown that f{354,5) =8, f(55;4,5) =14 and f(9:4,5) =124, Tt
is interesting that p = 6s 4+ 2 for s =23, Bat p is less than 65 4+ 2 for s = 4,

Thus, we assume below that s = 3 (5 5% 4),

3. Guards G2y anD Gl

If r =2k, =2 heing an integer, then 2r -+ 1 =4k + 1. Now we construct the
graph G3.4; as follows. Let |F(GLy)| = 104 + 6 and {dy, A,y A3y Asy Ay Byy Byy By
By, B} be a panition of V(Gl+.). Each 4; (or B;) is an independent set of Gles and
|dol = |Bol = |B;| = |Bil = ks [Ba|l = [Bs|l = sl =+--= |l =k + 1 (see
Fig. 5). The me:nings of real and dotted lines in Fig. 5 are the same as sbove.

Fig. 3 Fig. &

If i =2+ 1, =1 being an integer, then 2s 4+ | =4k + 3, We construct the
graph G;J+] as 'El.'l].l.l:l“"ﬁ-. LE‘I :V{GEJ'H-Jl = lﬂ& + I.[. lnd {Au* A:, .'1], J’i!, .l"i‘,! Eud_‘ Bli
By By, B,} be a partiion of, F(GL,.,)s where each 4; (or B;) is an independent set of
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Glsis and |A;| = |Bi| =k +1 (i=0,1,---,4) (sce Fig. 6). The meanings of real
and dotted lines in Fig, 6 arc the same as above.

It is obvious that the graphs G3,4., Gl arc (25 + 1; 4, 5)-graphs. Therefore we
get immediately the following lemmas

Lemma 1. If s = 3 is odd, then
f(2s+1;4,5)=<5s+ 5.
If s 2 3 is even, then
f(2s+1;4,5) =55+ 6,

4. Tue Fuowcron §(2s + 15 4, 5)

Let G be a (254 154, 5)-graph and €* = xyx,r,2,005 be a cycle of length 5§ in G,
We define the following sets:

Voo V':G}: C = {-Tn Xis X33 X1y h}; N, = N(#:}\E: {‘. =0y 1y v7=y ‘i):

L] L]
Ay =Nia(Niy G=0,1, -+, 4), Ne=|J N;iand 4 = | J 4,.

=g ima

Note that the subscripts are redoced modulo 5.

Since G does not contain a trangle, each A, is an independent set of G, and AN A ji=&
(i#f: iy f =051, -5 4) (aee Fig. 7).

Fig. 7
Obviously, we have
IN| =5(2:s — 1) — | 4], (5.1)
INNA| = 2(5s — |4]) — 5, (5.2)
lN-nl —25—1;3|31| + idlli (5-1}
INJ =2 =12 |4, + [4.], (6.2)
INa| =25 — 1= |4,]| + |4 (6.3)
|Ny| =25 — 12 | 4;] + |44, (6.4)

N =25 = 1= | ;| + | 4sl. (6.5)
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Lemma 2. Let G be a (25134, 5)-graph and |V(G)| < 55 + 5, Then 5:—3
= |A| =5 — 4, |[PNAUC)| =3, Furthermore, if |A| == 55— 3, then |N\A|=1;
if |A] ="55—4, then |N\A| =3,

Proof. From (6.1)—(6.5) we obamn that 105 — 5= 2|4|, SsSs—3= |4, On
the other hand, if | 4] =< 5s — 5, from (5.1 we have
V1= €]+ NI =5+ (1002 — 1) — 2141) = 55 + 5,

which contradicts the sssumption of the lemma. Henee
St—32 |4| =55 — 4,
The rest of the lemma follows by (5.2) immediately,
By Lemma 2 we get immediately that f(2r 4 1; 4, 5) = 5s 4 3.

Lemma 3. Ler G be a (204154, 5)-graph with |V(G)| <5+ 4+ 5, and wue€
FIGW(AULY, Then there are at most two non-empty sets among the sets N(u) A,y i =
Oy 1y -+ 4, Furthermore, N(u)N A; &= @& implies N(a)NAju =2, i=0,1,---,
4.

Proof. If the lemma is not true, we distinguish the following two cases.

Case 1. Thereisanindex !, 0 =S!="4, such tha N(a) N4, == &, N(au) 4,5
@ and N(u) Ay # B, Suppose the vertices sypuy-3, and w4y belong to the sets N(u)
Ny N(u)NAp; and N(a) A 4pe respectively. We see that the subgraph of G induced
by the set Lty t142s Xi—zn Ti1s Bin Tisrs Elszs m_,]' is the graph H, illustreted in Fig. 1.
Form Theorem 1, we get [V]| = p.  But thizs i3 impossible, sinee p=5s+ 5 for s =3
(s 4.

Case 2. There is an index 1,0 < | < 4, such that N(&) A, % @, N(u) A5 &
and N{u)NAp 7= &, By case 1 we see that cther two sets N{a) A, =&, i=1—
2,142, Since G does not contain a triangle, we have N(u)N € = @, From |P\(4
UC)| = 3, we can suppose that [NGIN(VANAUCY)| = ¢ (0=¢=2), Since d(u)
= ¢ = 1, we have

INGe) N AL+ IN(e) N Ayl + NN Aps] =25+ 1 — 1,
We consider the following two subcases.
Subcase 1, [NG)N Al =L s +1—0),
Suppose £ € N(u)} d;_,. Since G does not contain a trimagle, N(x) (N (=) .;:f,}=
g, 'We see that -
INGCON(AUC) <2+ |4y + Al — INGuDN 4,

<24 (25— 1) -—%(2;4—1—:)

-+ 31-[1-1-:)1

Hence,
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INGON(P(AUC))] =25 + 1 —;—%(1 + 1)
- -é—-(l—-—:)_
In the same way as above, since G dots not contsin a tiangle, we get
IPNAUC Zs+ (U= Hr=s+ —(1+0) =4,

Therefore, |V | = 55 + 5, which i5 & contradiction.
Subcase 2. |N(&)N Aisl + |N(&) NAp] = %(z; +1—¢),

Now we suppose r€ N(s)N Ay, sod consider N(x), Then the result can be proved
similarly as above.

Thus, we get immedistely that there are st most two nonempty sets in the ses N{a ) A,
pe= 0y, ---54,

Finally, if there is an index I, 0 =<7 =4, such that N(u)NA4; % @ and N(u)
Ay 7 A, then we can also derive & contradiction in a similar way.

This completes the proof of Lemma 3.

Theorem 2. If s =3 (s 2 4) is an integer, then (s + 1;4,5) =5+ 5,

Proof. We assume that f(2s + 1;4,5) <S5+ 5. Let G be & {254 154,5)-graph
with |¥(G)| =55+ 5. From Lemma 2 we have cither |A| =55 — 3 or |Ad| = 55—
4,

Cage 1. |4| = 55— 3,

From Lemma 2, |N%A| = 1. Let x€ N\A, rx,€ E(G) without loss of generality.
Now (6.1) becomes 25 — 2 = | 4,| + |4,|, and (6.2)—(6.5) become equalitice. Hence
we get that |4, = |4, = |4, =s— 1, |4;]| = |4,] =5, Sinee |V(G)| <5:+
S, we have |PN(4UC)| <2,

I IPN(AUC)| = 1, then r is just the only vertex in PAN(AUC), Since xx¢€
E(G) and G does not contain a triangle, N(s#)Nd,= &, N(z)NA,= @. From
Lemma 3, we have either N(x)NA; = @ ar N(z)NA, = &, In cither case, we always
have |N(x)| =1+ |4, +s=2r. This contradicts that G iz a (25 1)-regular
graph,

F IP\N(AUC)| =2, let {o, 25} =P\(AUC), Then v &ENUC,N(e)NC =&,
Hence |NC#) N A| = 155 otherwise, d(v) << 2s + 1. But by Lemma 3 wehave |[N(e) N
Al =2 — 1, a contradiction,

Case 2, [A4| =5:— 4,

In this case, |[NNA| = 3, Let B == N\ == {u, ¢y w}, Sinee|V| <<5s+ 5, there
must be [V] =5+ 4, and {4, B, €} is a partition of I,

Similarly to Case 1, we can sec that the induced subgraph G(B) has not any isolated
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vertex; otherwise the degree of the isoluted vertex of G{B) would be less than 25 + 1, More-
over, G(B) obviously is not a complete graph. Hence G(B) is » path, and we let G(B)
= wvw, Furthermore, without loss of generality, we can suppose that o€ N(x,), namely
v € E(G), Assume ux;€ E(G), wx;€ E(G), 1 = i=j=4, and consider the follow-
ing two subcases respectively.

Subease 1. =7,

If § == j =1, then (6.1) becomes 25 — 2 == | A,| + |A4,|, (6.2) becomes 25 — 3=
|Aq| + 43| and (6.2)—(6.5) become equalities, Hence, we have | 4,] = |4,] = s — 2,
|Az] =s—1, |As] =s+ 1 and |A,| =, From Lemma 3, the vertices # and & need
be joined to each wertex of A,l) 4,5 otherwise their degrees would be less than 25 4 1,
Thus, the wertex ¢ can only be adjacent to the vertices of A,00A4:5 otherwise & contains a
triangle. Henee |N(e)| =X 3 4+ |4,| + | 4:] = 2¢, which is impossible,

If fwefj=2,3, or 4, we can prove it in a similar way.

Subcase 2. 1==i<"j=4,

We take § = 1, = 2; other cases can be proved similerly. IEé=1,§ = 2, then (6.1)
becomes 25 — 2 = |A4y| + |4,]s (6.2) becomes 25 — 2 = |dy| + | 43|, (6.3) becomes
25— 2= |A4,| + |4,|, (6.4) and (6.5) become equaliies. Hense we have |A,| =
|dsl =s—1, |4l =5 =12, [4;]| = |4, =3, From Lemms 3, we have either N(a)
Cx, vfUA,UAy or NGu)S{x, vflUA,UA,. In either case, we have the following
resuli:

IN(w)| =245—14s5s=2s,
It contradicts that G is & (25 4 1)-regular graph.
This completes the proof of Theorem 2.

From sbove, together with Harary-Kovdes' result [2], we get immediately the following
main resalt:

Theorem 3. (1) f(2s54,5) = 51, wwhere s = 1 is an integer, the graphs Gy, (Fig.
B) are smallest graphs,

(2) §(3; 4,5) =8, the graph H i a smallest;
f(5; 4,5) = 14, rhe graph HE is a smallest;
§(9; 4, 5) = 24, the graph Hj i a tmallest.
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(3) (2 + 13 4,5) =55+ 5, where 1 =2 3 is an odd number, the graphs GL,, are
smallest. Furthermore, when 1 = 9, eoch smalless (28 = 135 4, 5} graph does not contain the
graph H.

(4) f(2s + 1:4,5) =55+ 6, where s = 0 15 an even number, the graphs Gy, are
smallesi. Furthermore, when s = 12, each smallest (25 -+ 13 4, 5}—grﬁpﬁ does nof  contarn
the graph H,
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